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SECTION 1 


GENERAL THEORY 


DEFINITIONS 


1. Structure.—A structure is a part, or an assemblage of parts, constructed to 
support certain definite loads. Structures are acted upon by external forces 
and these external forces are held in equilibrium by internal forces, called stresses. 

2. Member.—A member or piece of structure is single unit of the struc- 
ture, as a beam, a column, or a web member of a truss. 

3. Beam.—A beam is a structural member which is ordinarily subject to 
bending and is usually a horizontal member carrying vertical loads. In a 
framed floor, beams are members upon which rest directly the floor plank, slab, 
or arch. 

A simple beam is one which rests on supports at the ends. A cantilever beam 
is a beam having one end rigidly fixed and the other end free. Extending a 
simple beam beyond either support gives a combination of a simple beam and a 
cantilever beam. A beam with both ends free and balanced over a support is ~ 
also called a cantilever beam. A restrained beam is one which is more or less 
fixed at one or both points of support. A built-in or fixed beam is a beam rigidly 
fixed at both ends. A continuous beam is one having more than two points of 
support. 

4, Girder.—A girder is a beam which receives its load in concentrations. 
In a framed floor it supports one or more cross beams which in turn carry the 
flooring. The term ‘‘girder” is also applied to any large heavy beam, especially 
a built-up steel beam or plate girder. In Bethlehem steel sections the terms 
“beam” and “‘girder”’ are used to denote rolled sections of different proportions. 

5. Column.—A column, strut or post is a structural member which is com- 
pressed endwise. A strut is usually considered of smaller dimensions than either 
a column or post. ’ 

6. Tie.—A tie is a structural member which tends to lengthen under stress. © 
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7. Truss.—A truss is a framed or jointed structure. It is composed of 
straight members which are connected only at their intersections, so that if the 
loads are applied at these intersections the stress in each member is in the direc- 
tion of its length. Each member of a truss is either a tie or a strut. 

8. Force.—Force is that which tends to change the state of motion of a body, 
or it is that which causes a body to change its shape if it is held in place by other 
forces. 

9. Outer Forces.—The external or outer forces acting upon a structure consist 
of the applied loads and the supporting forces, called reactions. 

10. Inner Forces.—The internal or inner forces in a structure are the stresses 
in the different members which are brought into action by the outer forces and 
hold the outer forces in equilibrium. 

11. Dead Load.—Dead load is the weight of a structure itself plus any per- 
manent loads. In design, the weight of the structure must be assumed; and the 
design corrected later if the assumed weight is very much in error. 

12. Live Load.—Live load is any moving or variable load which may come 
upon the structure—as, for example, the weight of people or merchandise on a 
floor, or the weight of snow and the pressure of wind on a roof. The total load 
or dead load plus live load must be used in design. In addition the dynamic 
effect or impact of the live load must often be considered. 

13. Statical Moment of an Area.1—The statical moment of an area about a 
given axis is the moment of each element of this area about the given axis. 

14. Center of Gravity of an Area..—The center of gravity of an area is the 
point at which the entire area must be concentrated, in order that the product 
of the area times the distance from this point to a given axis may be equal to the 
statical moment of the area about the given axis. (The statical moment of an 
area is zero for an axis through its center.) 

15. Moment of Inertia..—The moment of inertia of an area with respect to 
any axis is the sum of the products formed by multiplying each element of the 
area by the square of its distance from the given axis. 

16. Moments of Inertia for Parallel Axes..—The moment of inertia of an 
area with respect to any axis equals the moment of inertia with respect to parallel 
axes through the center of gravity plus the product of the area and the square of 
the distance between the axes. 

17. Principal Axes and Principal Moments of Inertia.'—Through the center 
of gravity of a cross section there is always a pair of axes about one of which the 
moment of inertia is a maximum and about the other a minimum. These 
moments of inertia are called principal moments of inertia, and the axes about 
which they are taken are called principal axes. The maximum and minimum 
values of moments of inertia occur for axes which are 90 deg. apart. 

18. Radius of Gyration..—The radius of gyration of an area is the distance 
from a given axis to a point at which the entire area of the section must be applied, 
in order that the product of the area times the square of this distance to the 


given axis may be equal to the moment of inertia of the section about the given 
axis. 


1 See also Appendix B. 


Sec. 1-19] GENERAL THEORY 3 


STRESS AND DEFORMATION 
By C. A. Witison 


19. Stress.—If we consider a body subjected to the action of external forces 
to_ be cut by a plane section, an internal force will be transmitted across this 
section which will tend to hold the body in equilibrium. This force is called 
stress, and the material of which the body is composed is said to be stressed. 
The stress may be uniformly distributed over the area of the section or the stress 
per unit of area may vary in several different ways, depending upon the arrange- 
ment of the external forces acting upon the body. The stress per unit of area 
is called the unit stress or the intensity of stress. 

Let P represent the value of a force acting upon a rod of cross-section A, 
and let p represent the value of the unit stress. Then the total stress on a section 
will be equal to the value of the force or P. If the stress is uniformly distributed, 
the unit stress may be found readily by dividing the total stress by the area of 
cross-section, or 

P 
Le | 
With P expressed in pounds and A expressed in square inches, the resulting 
value of p will be expressed in pounds per square inch. 

20. Deformation or Strain.—When a body is stressed under the action of 
external forces, an accompanying change of shape occurs. This change of shape 
is called deformation or strain, and the body is said to be deformed or strained. 

If a body originally of length / is elongated to a length 7 + 61 when acted 
upon by an external force, its total deformation is 62 and its deformation per 
unit of length, or its wnit deformation, is 


With 62 expressed in inches or a fractional part thereof and I expressed in inches, 
the resulting value of 6 will be expressed as a fractional part of an inch per inch. 
21. Elastic Limit.—The elastic limit is the unit stress at the limit of pro- 
portionality of stress and deformation. From zero load up to the elastic limit 
of the material, equal increments of stress produce equal increments of deforma- 
tion. This relation is known as Hooke’s Law. Above the elastic limit the ratio 
of deformation to stress is greater than that below the elastic limit and is increasing. 
in value instead of remaining constant. For any stress below the elastic limit 
the material will return to its original form and dimensions upon removal of the 
load. When stressed above the elastic limit, the material will not fully recover 
its shape upon removal of the load but a permanent change or set will be produced. 
22. Modulus of Elasticity—The modulus of elasticity is found by dividing 
any unit stress below the elastic limit by the deformation corresponding to that 
point. Let £ equal the modulus of elasticity, f the unit stress, and 6 the unit 
deformation. Then 
mee: 
6 
The modulus of elasticity is often called Young’s modulus. The moduli of 
elasticity in tension and compression are practically the same for all elastic 


materials. 
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23. Kinds of Stress.—Any one of several different kinds of stress, or a com- 
bination of two or more kinds of stress, may be produced in a body, depending 
upon the arrangement of the external forces. These stresses are as follows: 
Tension, compression, flexure, shear, and torsion. ‘Tension and compression are 
called direct stresses because they act perpendicularly to the section under 
consideration. Our knowledge of the mechanical properties of the materials of 
construction is derived principally from tension tests. Compression as it is 
considered in this chapter is limited to its application to short prisms. 

24. Direct Stress.—When a body is subjected to the action of a tensile force, 
it is elongated in the direction of the force and its cross-section in a plane per- 
pendicular thereto is reduced. Conversely, when a body is subjected to the 
action of a compressive force, it is shortened in the direction of the force and its 
cross-section increased. The ratio of the change in length of each lateral dimen- 
sion to that of the longitudinal dimension is called Poisson’s ratio and may be 
denoted by the Greek letter 4. The value of Poisson’s ratio for concrete varies 
from {2 to 242; for steel, glass and stone it is about 32; for copper and brass 
it is about 4; and for lead it is about 549. 

25. Stress—Deformation Diagrams.—As the load is being applied in a 
tensile or compression test, simultaneous readings of load and deformation are 
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Fie. 1.—Stress-deformation diagram for steel. 


made and recorded. The loads are reduced to unit stresses by dividing by the 
area of cross-section of the specimen, and the total deformations are reduced 
to unit deformations by dividing by the length over which the deformations are 
being measured. If the unit stresses are represented by vertical ‘ordinates and 
the unit deformations are represented by horizontal abscissae, and if points are 
plotted which correspond to the readings taken, a curve drawn through these 
points will be a graphical representation of the action of the specimen under 
test. Such a diagram is called a stress-deformation diagram in which the ordinates 
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represent unit stresses and the abscissae represent the corresponding unit deforma- 
tions. Typical stress-deformation diagrams for steel, cast iron, wood and 
concrete are shown in Figs. 1, 2, 3, and 4. 
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Fic. 2.—Stress-deformation Fic. »3.—Stress-deformation Fie. 4.—Stress-deformation 
diagram for cast iron. diagram for timber. diagram for concrete. 


26. Information Obtained from Tension Tests.—The facts usually obtained 
from a tension test are as follows: Elastic limit, modulus of elasticity, ultimate 
strength, percentage of elongation, and percentage of reduction of area. 

26a. Elastic Limit.—The elastic limit as defined in Art. 21 is the 
unit stress at the limit of proportionality of stress and deformation, or, it is the 
unit stress on a stress-deformation diagram where the curve departs from a 
straight lino, as illustrated in Fig. 1. Often it is difficult to determine exactly 
the location of the point where the curve first begins to depart from a straight 
line. For this reason, in the commercial testing of wrought iron and structural 
steel it is customary to locate the point where the deformation increases rapidly. 
This point is called the yield point or the apparent elastic imt. In many cases 
it is so close to the true elastic limit that it may be used as such, but in other 
cases it is considerably beyond that limit and should be used then only with a 
full appreciation of tie distinction between the two points. 

26). Modulus of Elasticity—The stress-deformation diagram for 
a material like steel is straight up to the yield point. Therefore the modulus of 
elasticity is constant up to this point from the point of zero load (see Fig. 1). 

The stress-deformation diagrams for materials like cast iron, timber, and | 
concrete, are curved almost from the origin. Therefore, the modulus of elastic- 
ity is variable and must be determined for the assumed working stress by divid- 
ing this stress by the corresponding deformation (see Figs. 2, 3 and 4). 

26c. Ultimate Strength——The ultimate strength of a material is 
found by dividing the maximum load by the original area of cross-section. Just 
preceding the failure of a ductile material there is a localized elongation and 
reduction of area, or “‘necking-down”’ as it is sometimes called. Therefore, at 
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failure, the area of cross-section may be much less than the original area of cross- 
section. Nevertheless, in finding the ultimate strength the maximum load and 
the original area of cross-section are used. 

26d. Percentage of Elongation.—In order to reduce the results of 
different tensile tests to a comparative basis, the American Society for Testing 
Materials has adopted 8 in. as the standard gage length. After failure has 
occurred the two parts of the specimen are fitted together and the final length 
between two points originally 8 in. apart is measured. The percentage of elonga- 
tion is found by dividing the increase in length by the original length. 

26e. Percentage of Reduction of Area.—The percentage of reduction 
of area is found by dividing the difference between the area of the original cross- 
section and the area of the cross-section at the break after failure has occurred 
by the area of the original cross-section. 

27. Information Obtained from Compression Tests.—Plastic materials like 
wrought iron, soft and medium steel, lead, copper and zine simply flow when 
acted upon by a compressive force without giving any preliminary indication of 
approaching failure. Brittle materials like cast iron, hard or tempered steel, 
brick, stone and concrete fail by crushing to a powder, by crumbling to pieces, 
or by shearing along planes which make certain definite angles with the direc- 
tion of the compressive force. 

In most cases compression tests of a material are made to determine its resis- 
tance to compression and its elastic properties under compression, while the 
general mechanical properties of the material are usually determined by means 
of tensile tests since they can be made more easily than satisfactory compression 
tests. When testing highly elastic materials in compression, it is customary to 
get the elastic limit, yield-point, modulus of elasticity and, if possible, the ulti- 
mate strength. When testing brittle materials it is customary to get the unit 
stress at the first crack or other sign of approaching failure, the elastic limit, if 
there is one, and the ultimate strength. 

28. Shear and Torsion.—Shearing stress exists at a section when the two 
parts of a body in contact at the section tend to move tangential to the plane of 
the section but in opposite directions. The external forces must be an infinitely 
small distance apart in order to develop pure shearing stress unaccompanied 
by the tension and compression caused by flexure. Since, in testing or in actual 
practice there must be, necessarily, some distance between the lines of action 
of the forces producing the shearing stresses, the element of flexure is never 
entirely eliminated. However, in the following discussion we shall assume that 
we may subject a body to pure shearing stress unaccompanied by tension or 
compression except that which is produced in a particle due to the shear itself. 

Torsion is twisting stress. It is seldom of importance in structural design, 
a oars it may occur in such members as spandrel beams with rigidly connected 
slabs. 

29. Shear Tests.—Since the transverse shearing strength of materials 
becomes of major importance only in the design of splices, connections, and very 
short beams, especially wooden beams, we are concerned with the transverse 
shearing strength of only a few metals and the various kinds of structural timber. 
The external forces must be only an infinitesimal distance apart in order to 
produce pure shearing stress on a given plane. This condition is never realized 
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in practice nor can it be attained fully in testing. However, the cross-bending 
effect may be reduced and the ideal conditions may be approached in testing 
by reducing the cross-section of the specimen in the plane of the shear by grooves 
and by reinforcing the specimen on each side of this section. 

_80. Axial and Combined Stresses.—When a force acts parallel to the axis 
of a member and at the center of gravity of its cross-section, it produces what is 
called axial stress. Such stress is uniformly distributed over the cross-section. : 
A force parallel to the axis of a member but not acting along this axis is called an 

eccentric force. It is equivalent to an axial force of like amount and a couple 
whose moment is equal to the product of the force by the normal distance from 
the force to the axis of the member. Thus an eccentric force as described above 
produces combined stresses. ‘The axial stresses may be considered separately from 
those due to moment, and the resulting stresses added to obtain the total stress 
at any point. For cases of combined stresses which are not parallel, as horizontal 
and vertical shear, or shear and direct stress, the combined stress must be figured 
by methods given in the chapter on ‘‘Simple and Cantilever Beams.” 

31. Bending Stress and Modulus of Rupture.—Bending stresses are stresses 
induced by loads perpendicular to the member. Modulus of rupture is the 
maximum bending stress computed on the assumption that elastic conditions 
exist until failure. Bending stress is discussed in the chapter on ‘Simple and 
Cantilever Beams.” 

32. Stiffness.—Stiffness is a term used with reference to the rigidity of struc- 
tural members. In columns or struts it refers to their lateral stability; i.e., by 
a stiff column is meant one with a small ratio of length to least radius of gyration, 
as compared to a slender column. In the case of beams, stiffness refers to lack 
of deflection rather than to strength. 

33. Bond Stress.—The combined action of steel and concrete is dependent 

- upon the grip of concrete upon steel, called bond. Denoting the allowable bond 
stress per square inch by wu, the load which a rod can take from the concrete 
per lineal inch is wrd for a round rod, and 4ud for a square rod. The allowable 


2 
stress in the rod is f, for round rods and f,d? for square rods. ‘The length of 


embedment of a straight rod necessary to develop its allowable strength is there- 


fore! (in inches) for both round and square rods. For given stresses the neces- 

sary length of embedment is easily computed. For example, let f, = 10,000 lb. 
10,000d : 

per sq. in. and wu = 80, then! = (4)(80) = 31 + diameters. 

34. Shrinkage and Temperature Stresses.—Shrinkage is a function of 
materials which are poured in a semi-liquid state and then harden by cooling or 
by chemical action. Such materials are cast iron and concrete. A cast-iron 
member should be designed so that in cooling it will not shrink unequally and 
cause stresses which may crack it. For this reason adjacent parts should be 
made of nearly equal thickness, and filets should be used at all angles and corners. 

Concrete shrinks when setting in air and expands when setting under water. 
If the ends of a concrete structure be rigidly fixed, stress will be developed equal 
to that required to change the length by the amount of the deformation which 


would occur if the ends were free, or f = 6H. 
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All bodies change in length with changes in temperature, expanding with heat 
and contracting with cold. The coefficient of expansion is the change in length, 
per unit of length, per degree change in temperature. The total change in 
length of a body for a given change of temperature may be found by multiplying 
this coefficient by the length and the change of temperature in degrees. The 
fact that the coefficient of expansion is practically alike for both steel and concrete 
is an important factor in their combined use. As in the case of shrinkage stresses, 
a tendency to change of length in a member fixed at the ends induces stress equal 
to that which would cause the computed change in length; that is f = 6H. This 
may be an important factor to consider in almost any form of steel or concrete 
construction. In wood construction there is usually sufficient play at columns 
to take up any expansion. 2 

35. Impact.—Experience has shown that the stress produced in a member 
by a load which is applied in the nature of a blow is greater than that produced 
by the same load applied gradually. This excess of stress caused by the sudden- 
ness of the application is called impact. In many types of buildings and roof 
trusses the moving or variable load is relatively small compared to the dead 
load and hence this dynamic effect becomes unimportant. However, in the 
case of highway bridges which must carry fast moving motor cars and trucks 
or the slow but heavy road rollers and tractors and also in the case of railroad 
bridges which must carry rapidly moving trains, this dynamic effect becomes of 
a great deal of importance. 

Provision for impact may be made by arbitrarily increasing the live load 
stress in accordance with some empirical formula which supposedly represents 
the effect of impact or by decreasing the live load working stress. The former 
method is the one usually followed in the design of railroad bridges and seems to 
be the more rational of the two methods. 

The results of a very extensive series of experiments on impact are those 
conducted by the American Railway Engineering Association and described in 
its Bull. 125, 1910. The formula suggested there is 

l= 
L? 
1 + 30,000 
in which S is the live-load stress and L is the length of the span in feet which i is 
loaded to produce the maximum live-load stress. 

In Part III of ‘Modern Framed Structures,” the authors recommend that 

the formula given above be modified to read 
oe S 
L? 
1 + 30,000 30,000 
in order to be in closer agreement with the bxpenmentel results. 

In the series of experiments mentioned above it was found that with track 
and rolling stock in good condition, the chief cause of impact is the unbalanced 
condition of the drivers of the ordinary locomotive. 

36. Repeated Stresses.—It has been found from numerous experiments that 
metals may be made to fail at stresses less than the ultimate strength, or at 
stresses even less than the elastic limit, when loads are repeated many thousands 
or many millions of times. 
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The word fatigue is sometimes used to denote failures due to these causes but 
the term repeated stress failure or alternating stress failure describes more clearly 
what actually occurs. The term alternating stress or reverse stress is used to 
denote the case in which the character of the stress changes from tension to 
compression. Repeated stress is a broader term including the preceding case as 
well as that in which the stress remains compressive or tensile throughout the 
test. 

For stresses well within the elastic limit and for the relatively small number 
of repetitions of stress received by a bridge or other structure which the structural 
engineer is called upon to design, the element of repetition has little or no effect. 
It is common practice to make a liberal allowance for impact and to neglect the 
effect of repeated stress entirely. 

37. Work and Resilience.—When a body is acted upon by a force and is 
deformed by it, the force is said to do work. This work is generally expressed 
in inch pounds. Upon removal of the force from an elastic body, this stored 
up energy may be recovered as mechanical work, provided that the material 
has not been stressed beyond its elastic limit. This ability of a body to give 
back the energy expended in deforming it is called resilience. The work expended 
in deforming a unit volume of any material to the elastic limit is called its modulus 
of resilience. It is the limiting value of the energy which can be recovered as 
mechanical work without loss. Beyond the elastic limit, part of the energy is 
used in permanently deforming the material and is lost in the form of heat. The 
work expended in deforming a unit volume of material when the unit stress is f, 


is the product of the unit deformation J and the average unit force se or the 


work is 
op 
OIE: 
and is expressed in inch pounds per cubic inch when f and EF are expressed in 
pounds per sq. in. 

38. Working Stress and Factor of Safety.—The unit stress to which a material 
is to be subjected in practice, and for which the members of a structure are 
designed, is called the allowable unit stress or the working stress. The working 
stress is arbitrarily chosen and recommended by engineers, or others in authority, 
as the maximum value to which, in their judgment, a given material should be 
stressed in practice. The ratio of the ultimate strength of a material to the’ 
working stress is called the factor of safety. 

39. Influences Governing Choice of Working Stress.—Several different 
influences must be given consideration in determining the value of the working 
stress which should be used under a given set of conditions. Among these influ. 
ences are the following: Reliability of the material, kind of loading, position 
of member, maintenance, type of failure, and consequence of failure. 

39a. Reliability of the Material.—Steel is perhaps the most reliable 
structural material due to its production on a large scale and almost entirely by 
manufacturing organizations of experience. A person who is familiar with this 
material can obtain by inspection and a few simple tests, a good notion of the 
quality of a given product. Concrete is not so reliable because of the variations in 
the composition of the aggregate, and the lack of standardization of the methods 
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of production. Also more elaborate equipment and more time are required for 
the testing of concrete than for the testing of steel. 

39). Kind of Loading.—A lower stress should be used if the load is 
to be applied in the nature of a blow than if the load is to be applied gradually, 
in order properly to care for the stress due to impact (see Art. 35). If the stress 
is apt to be repeated, or alternated several millions of times during the life of the 
member, a lower working stress should be used than would otherwise be the case. 

39c. Position of Member.—The other actions to which a material 
is exposed in addition to the load which it is to carry, will have its influence upon 
the working stress which should be used. Certain kinds of brick and stone are 
not very resistant to the action of weathering forces. Unprotected wood will 
decay when exposed to moisture, air and moderate warmth, and due allowance for 
this action must be made unless some means of preservation is provided. Wood 
may be subjected to the attacks of insects, marine borers and fire. The corrosion 
of steel due to water and to the action of injurious gases given off by passing 
locomotives must be considered in the design of steel structures. 

39d. Maintenance.—In the case of a bridge or other structure 
which is to be inspected frequently and repaired whenever necessary, a higher 
working stress may be allowed than in a case where this service is not to be 
provided. 

39e. Type of Failure.—If there is apt to be some warning or sign 
of approaching failure, a higher working stress can be used than would otherwise 
be justified. fs, 

39f. Consequences of Failure.—Obviously, if failure of a structure 
is to be accompanied by loss of life, every precaution consistent with good 
engineering practice should be observed in order that failure may be avoided. 


SIMPLE AND CANTILEVER BEAMS 
By Groree A. Hoon anv L. D. NorswortHy 


40. Loading.—The load carried by a beam consists of its own weight, known 
as the dead load, and certain temporary loads known as the live load. Dead load 
is present at all times, while live load may be removed from the beam at will. 
In some cases, these loadings are referred to as fired and movable loads, respectively. 

Loads may be concentrated (that is, applied at a single point or over a very 
short distance), or they may be wniform—that is, the loads cover all or a part of 
the beam, and, throughout the portion covered, the amount of load per unit of 
length is the same. 

41. Effect of a Load on a Beam.—Whenever a beam carries a load of 
any kind, whether it is due solely to its own weight or due to external loads 
placed upon it, two things tend to happen, as follows: (1) The beam bends as 
shown in an exaggerated manner in Fig. 5a; (2) the beam tends to break off or 
shear at various sections, as shown in Fig. 5d. 

The effect of the bending of the beam is to lengthen the lower fibers and 
shorten the upper fibers, or, in other words, to put the lower fibers in tension and 
the upper fibers in compression. It is evident that as we proceed from the top 
of the beam to the bottom we will reach a point where the fibers will be neither 
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in tension nor compression. All these fibers that remain unstressed will form a 
surface such as MNOP, Fig. 6, called the neutral surface. The intersection of 
the neutral surface with the plane of bending, the line AB of Fig. 6, is called the 
neutral line or elastic curve. Any section of the beam, such as CD, intersects the 
- neutral surface in a line EF’; this line is called the neutral axis of the section. 

A beam not only tends to fail by shear on any transverse plane, but it also 
tends to split along its neutral surface. 


; | (a) | 
| (b) 


Fie. 5: Fie. 6. 


42. Reactions.—The reactions are the forces acting at the supports which 
balance the loads and so hold the beam in equilibrium. 

43. Principles of Statics Used in Finding Reactions. 

43a. Definitions.—Statics is the science which treats. of forces in 
equilibrium. 

Forces are said to be concurrent when their lines of action meet in a point; 
non-concurrent when their lines of action do not meet in this manner. 

When a number of forces act upon a beam and the beam does not move, then 
the forces considered are said to be in equilibrium. Any one of the forces balances 
all the other forces and it is called the equtlibrant of those other forces. 

A single force which would produce the same effect as a number of forces is 
called the resultant of those forces. The process of finding the single force is 
called composition. 

It is evident from the above that the equilibrant and resultant of a number 
of forces are equal in magnitude, act along the same line, but are opposite in 
direction. 

Any number of forces whose combined effect is the same as that of a single 
force are called components of that force. The process of finding the components 
is called resolution. 

The moment of a force with respect to a point is the measure of the tendency 
of the force to produce rotation about that point. It is equal to the magnitude” 
of the force multiplied by the perpendicular distance of its line of action from 
the given point. The point about which the moment is taken is called the origin 
(or center) of moments, and the perpendicular distance from the origin to the line 
of action is called the lever arm (or arm) of the force. When a force tends to 
cause rotation in the direction of the hands of a clock, the moment is usually 
considered positive, and in the opposite direction, negative. 

A couple consists of two equal and parallel forces, opposite in direction, and 
having different lines of action. The perpendicular distance between the lines 
of action of the two forces is called the arm of the couple. The moment of a couple 
about any point in the plane of the couple is equal to the algebraic sum of the 
moments of the two forces, composing the couple, about that point. (Algebraic 
sum of the moments means the sum of the moments of the forces, considering 
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positive moments plus and negative moments minus.) It can be shown that 
the moment of a couple is equal to one of the forces multiplied by the arm. 

43). Composition of Two Concurrent Forces.—In Fig. 7 let forces 
F, and F, which are concurrent forces acting at the point O, be represented in 
magnitude and direction by OA and OB respectively. From B draw BC parallel 
to OA, and from A draw AC parallel to OB. Join the point of intersection C 
with 0. The line OC represents the magnitude of a single force R which would 
produce the same effect as the forces 7, and ’. Thus RF is the resultant of F'; 


oO nn 


nq 


Fie. 7. Fie. 8. 


and F2. <A force equal and opposite in direction to R and with the same line of 
action would be the equilibrant of /'; and Fs, since it would hold them in equi- 
librium. J; and fF’, are components of R. 

It is not necessary to construct the entire parallelogram since either triangle 
OAC or OBC will suffice. Hither of these triangles is called a force triangle and 
either one, if constructed, is sufficient to give the value of the resultant and the 

_equilibrant of forces Ff; and F2. 

It is convenient to solve the force triangle algebraically where the angle 
between the lines of action of two forces is 90.deg. In Fig. 8 the angle between 
the lines of action of F; and F2 is 90 deg. It is required to find the value of the 
resultant R. Since ABC is a right triangle 


or AB? = AC?+ BC? 
R=VJFP+F? 
The direction of the resultant R is decided by the angle K. K may be deter- 
mined as follows: 


BC _F;, 
AC = Fi 

43c. Resolution of a Force into Components.—TIf the resultant R is 
given at the point O, Fig. 8A, and it is desired to obtain two components of R 

parallel to the lines o’ a’ and o’ b’, 

sar then OC is first drawn equal in mag- 
rh C nitude and parallel to R, OB is drawn 
fi eae R fe from O parallel to 0’b’, and CB is 
5 ES hi drawn from C parallel to o’a’ and 
gn ——---—- Bb A the lengths of the lines OB and BC, 
when scaled from the drawing, give 
Fie. 8A. the magnitudes of the two com- 

ponents desired. : 

When components are required making 90 deg. with each other, the magnitude 
of these forces may easily be determined algebraically. Thus, if R in Fig. 8 is 
known and the components F and F2 are required, 

Fi =Reos K 
F,= R sin K 


tan kK = 
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43d. Composition and Equilibrium of Non-concurrent Forces.— 
The resultant of any number of non-concurrent forces may be found in the follow- 
ing manner: Resolve each force algebraically into components F, and ae 
parallel respectively to X and Y axes. Then the magnitude of R is given by the 
- equation 


R= V(2F.)? + (2F,)? 
and the angle it makes with the X axis is given by 
=F, 
i =F, 
Its line of action is found by placing its moment about any point equal to the 
algebraic sum of the moments of the forces with respect to the same point. If the 
moment arm of the resultant is denoted by a, and the moment arms of the several 
forces by ai, 2, etc., then 


ane 


Ra = Fya, + Foae + ete. 

If a force is applied equal and opposite to R and in the same line of action, 
the system of forces will be in equilibrium. Let 2M represent the algebraic sum 
of the moments about any point. For equilibrium, then 

2h, = 0 2F,=0=2M=0) > 

In practice it is common to use horizontal and vertical axes, for which case the 

above equations may be written: “ 
2H =0 2V=0 2M=0 

Problems in the equilibrium of non-concurrent forces may be solved if the 
number of unknowns is not greater than three. Three independent equations 
may be written, employing the three algebraic conditions above stated, and solving 
these equations simultaneously in any given case gives the three unknowns. It 
is often convenient to use two moment equations and either 2H = 0 or DV = 0. 
‘A new moment center must be taken each time 2M = 0 is used. 

The three unknowns usually desired may be classed under three general cases; 
namely, where the following unknowns are required: (1) point of application, 
direction and magnitude of one force (that is, the force is wholly unknown); 
(2) magnitudes of two forces and the direction of one of these forces; and (3) 
magnitude of the three forces. The first case is nothing more than the finding of 
the resultant of a system of non-concurrent forces. 

A special case in the solution of non-concurrent forces occurs when all the _ 
forces considered are parallel. Then the number of independent equations 


reduces to two and it is possible, therefore, to 300 Ib. 

determine but two unknowns, namely: (a) point : , 2 /b, 
of application and magnitude of one force; and (6) pas sri pecs 4 
magnitude of two forces. x a4 Fon eT ann era 


Illustrative Problem.—Find the resultant of the three 
vertical forces shown in Fig. 9. Since the forces are all  Z00/b. 
vertical, 2H = 0, and the resultant must also act in a eee 
vertical direction. Consider downward forces positive 
and upward forces negative. The magnitude of the resultant may be found as follows: 

R = 300 + 100 — 200 
= 200 lb., acting down (since the result is positive). 

It will be noticed that a force equal and opposite to R would make the forces tn equilibrium. 
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It is now necessary to find the point of application of the resultant R. By the point of 
application in this case is meant a point on the line of action of the resultant. 
The algebraic sum of the moment about the point o is equal to (300) (2) + (100) (8) 
-++ (200) (2) =1,800ft.-lb. The resulting force is 200 lb. and the problem resolves itself into 
finding how far from the point o the 200 lb. should be placed to have the same effect as the 
three loads shown, or, in other words, how far away from 0 a load equal and opposite to 
the 200-lb. resultant should be placed in order to cause equilibrium. Thus, 2M =0 
may be used to find this distance. 
1,800 ft.-lb. 
~ 200 Ib. 
It should be noted that the computations would have been more simple if the point x 
had been selected instead of the point 0, that is, the work would ‘have been simplified by 
taking the origin on the line of action of one of the forces. The computations for that 
case would be arranged as follows: 


(300) (4) + (100) (10) 


= 9 ft. to the right of o. 


= 11 ft. to the right of x. 


200 


Illustrative Problem.—The beam AB (Fig. 
16. 10) is 14 ft. long and loaded as shown. It is 
simply supported at A and C. (a) Determine 
Segses the supporting forces due to the three given 
B loads. (6) Determine the supporting forces, 


A including the weight of the beam which is 50 
wo eceee-----/PL- -----2---- = lb. per lin. ft. : : 
7 (a) R = 200 + 300 + 400 = 900 lb., acting 
Mice, TOE down. 
F+ Fi = R = 900 lb. 
Origin at A: ; 
(200)(4) + (300) (8) +(400)(14) = 12F, 
Fi = 733 |b. ares c =167 lb. 
F = 900 — 733 = 167 lb. : Fy, =733 lb. 
(b) Wt. of beam = (50)(14) = 700 Ib. 
R =900 + 700 = 1,600 lb. 
(200) (4) +(800) (8) + (400) (14) +(700) (7) = 12F\ 
Fy — 151421: a F = 4658 Ib: 
F = 1,600 — 1,142 = 458 lb. DOD OTS | Pn. = oll LAS Wy 


44, Shear.—Consider the forces acting on a beam to be resolved into hori- 
zontal and vertical components. Then the shear at any section is the algebraic 
sum of the vertical forces acting on either side of the section, and is the force 
which tends to cause the part of the beam on one side of the section to slide 
by the part on the other side. This tendency is opposed by the resistance 
of the transverse shearing. 

When the resultant force acts upward on the left of the section, the shear is 
called posztive, and when it acts downward on the same-side of the section, it is 
called negative. Since 2V = 0 when we consider the forces on both sides of the 
section, then the resultant of the forces on the right of the section must be equal 
and opposite in direction to the resultant of the forces on the left of the section. 
Thus, it makes no difference which side of the section we consider, the shear is 
positive when the resultant on the left is upward and when the resultant on the 
right is downward. Also the shear is negative when the resultant on the left is 
downward and when the resultant on the right is upward. 

At the section ab, Fig. 11, the shear, since there are no loads between the 
section and the left support, equals the left reaction and is positive. This is 
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true of any section between the left support and the section cd. The shear to 
the right of cd is negative and is equal to the right hand reaction. 

45. Bending Moment.—The bending moment (or moment) at any section 
of a beam is the algebraic sum of the moments of the forces acting on either 
- side of the section about an axis through the center of gravity of the section, and 
is the moment which measures the tendency of the outer forces to cause the 
portion of the beam lying on one side of the section to rotate about the section. 
This tendency to bend the beam is opposed by internal fiber stresses of tension and 
compression. 

When the resultant moment on the left of the section is clockwise, the moment 
is called positive, and when it is counter-clockwise on the same side of the section, 
it is called negative. Since 2M = 0 when we consider the forces on both sides 
of the section, then the resultant moment of the forces on the left of the section 
is equal and opposite to the resultant moment of the forces on the right of the 
section. Thus, it makes no difference which side of the section we consider, the 
moment is positive when the resultant moment of the forces on the left is clockwise 
and when the resultant moment of the forces on the right is counter-clockwise. 
Also, the moment is negative when the resultant moment of the forces on the 
left is counter-clockwise and when the resultant moment of the forces on the 
right is clockwise. 


At the section ab, Fig. 11, the moment is - (x). It increases uniformly from 


: SN he PL 
the left support where it is zero to the section cd where it is 5) (5 Saye 


Positive bending moment causes compression in the upper fibers of a beam, 
and tension in the lower fibers. The reverse is true for negative bending moment. 
46. Shear and Moment Diagrams.—The variation in the shear or bending 


Moment Diagram 
Fie. 11. Fie 12. 


moment from section to section for fixed loads may be well represented by means 
of diagrams, called shear and moment diagrams. The diagrams are constructed 
by laying off a base-line equal to the length of the beam and marking off on this 
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line the positions of the loads and the reactions. Positive shear and moment at 
given points should be represented above the base-line and negative shear or 
moment below this line. Points are plotted vertically above or below given 
points on the base-line, and the distance these plotted points are from the base- 
line should represent to some scale the magnitude of the shear or moment at these 


Y weload per lin. tt L=span 
Y YIN Uniform LoadW 
Minted ees 


Beh ee meen, A} 


; Shear Diagram 


gual spaces 
c= 


Moment Diagram 


Moment Diagram 
Fie. 13. Fie. 14. 


given points on the beam. The line joining the points plotted in this way is 
called the shear or moment line, depending upon whether a shear or moment 
diagram is being drawn. 

To illustrate, in Fig. 15, the ordinate ab represents the value of the shear at 
the point b of the beam and the ordinate cd represents the value of the moment 
at the point d. 


Moment Diagram Moment Diagram 
Fie. 15. Fie. 16. 


In shear diagrams for uniform loading, ordinates need only be erected at the 
ends of the beam and at the points of support. If concentrated loads are also 
applied to the beam, ordinates must also be plotted at their points of application. 

In moment diagrams for uniform loading, ordinates should be erected and 
points plotted at the reactions and every foot or two along the beam. If con- 
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centrated loads are also applied to the beam, ordinates must also be plotted at 
their points of application. 

If the shear or moment lines are not completely determined by the above 
rules, additional points should be taken. 

A cantilever beam is a beam having one end fixed and the other end free (see 
Art. 3, p. 1). The reaction at the fixed end is indeterminate, but the shear or 
bending moment at a given section may be easily found by considering the loads 
between the section and the free end. 

Shear anil moment diagrams for both simple and cantilever beams with 
various loadings are shown in Figs. 11 to 16 inclusive. In all cases the weight of 
the beam is neglected. 

47. Maximum Shear.—It is always desirable in proportioning beams to know 
the greatest or maximum value of the shear in a given case. The following rules 
apply: 

1. In cantilevers fixed in a wall, the maximum shear occurs at the wall. 

2. In simple beams, the maximum shear occurs at the section next to one of 
the supports. 

These rules can be verified by examining the shear diagrams in Figs. 11 to 16 
inclusive. 

48. Maximum Moment.—By comparing the corresponding shear and moment 
diagrams in Figs. 11 to 16 inclusive, it will be found that the maximum moment 
occurs where the shear changes sign; that is, where the shear line crosses the base- 
line. This could also be shown algebraically.! 


1 Consider the beam carrying the general loading shown in Fig. A(a). Remove the portion of the 
beam contained between two vertical planes ab and cd at a distance dx apart and indicate the forces 
acting on this portion of the beam. These forces are shown in Fig. A(b), where dM and dV represent 
respectively the change in bending moment and shear across the section. Taking moments about a 

“point in the plane ab, we have 


rc) 


SMG ay 0 Vda 4 ao 


Since dz is a small distance, dx? is therefore infinitely small com- , 
pared to the other terms and may be neglected. The above 
expression may then be written, 

dM 


That is, the rate of change of moment at any point is equal to the ax 


external shear at that point. a Cc 
In works on the calculus it is shown that a maximum ora 


minimum value of a function occurs when its rate of change is 
equal to zero. By these methods it can be shown that the bend- (1 V 
ing moment in a beam, such as Fig. A(a), is a maximum when its 


rate of change is zero. But eq. (1) shows that the rate of change b oy 
in moment is equal to the shear at that point. Therefore, the AX. (b) 
bending moment in a beam is a maximum when the shear is Fic. A. 


equal to zero. 
The laws governing the change in the shear along a beam may be determined by taking a summation 


of vertical forces shown on Fig. A(b). Thus 
V+dV—-V-—wdzr=0 


from which 


dV 
G7” (2) 


That is, for uniform loads, the rate of change of shear is equal to the load per unit of length along the 
beam. A study of the shear diagrams given in the preceding articles will verify this statement. 


2 


18 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-48 


For concentrated loads, a summation of vertical forces taken at a point between loads gives ef =) 0} 
that is, the shear is constant between loads. Whena concentrated load is included between the planes 
ab and cd of Fig. A(a), we find os = P, where P is the load at the section. That is, at a point where a 
load is concentrated, the shear changes by the amount of the load. 

By the help of this principle it is necessary to construct only the shear line 
and observe from it where the shear changes sign; then compute the bending 
moment for that section. 


Illustrative Problem.—Construct shear and moment diagrams for a 20-ft. beam sup- 
ported at the ends and loaded as shown in Fig. 17. Also, find the maximum shear and 
maximum moment, and the sections where they occur. 


4000 /b. 4000lb. 5000Ib. 


@ , : 
i a 1c 


44,750 


Moment Diagram 


Mey lve 
Reaction 4 = CCONO EE Vie FE) 
= 14,250 lb. 
Reaction B = 13,000 + 16,000 — 14,250 
= 14,750 lb. 


Shear at A =0 

Shear at section just to right of A = 14,250 

to left 14,250 — (800)(5) = 10,250 
to right = 10,250 — 4,000 = 6,250 


Shear at p{% left = 6,250 — (800)(5) = 2,250 


Shear at a 


to right = 2,250 — 4,000 = —1,750 
Shade aie be left = —1,750 — (800)(5) = —5,750 
to right = —5,750 — 5,000 = —10,750. 
Shear at section just to left of B = —10,750 — (800) (5) = — 14,750 
(check) 


Shear at B = 0. 
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We shall determine the moment at points A, a, b,c and B. Moments should also be 
found at sections 2 ft. apart on this beam to completely determine the moment curve. 
Moment at A = 0 
Moment at a = (14,250)(5) — (800) (5) (54) = 61,250 
Moment at b = (14,250)(10) — (8,000 + 4,000) (5) = 82,500 
Moment ate = (14,750)(5) — (800)(5)(5g) = 63,750 
Moment at B = 0 


The maximum shear = —14,750 lb. at a section just to the left of the right support. 

_ The shear changes sign at section b, consequently the moment is a maximum at that 
point = 82,500 ft.-lb. 

In some cases the shear does not change sign at the point of application of a concen- 
trated load and in such a case the position of the section, where the bending moment is a 
maximum, must be scaled or computed from the shear diagram to the nearest one-tenth 
of a foot. 


49, Maximum Shear and Moment Due to Moving Loads. 

49a. ASingle Concentrated Moving Load.—For a single concentrated 
moving load the maximum positive live shear on a simple beam at any section as 
A, Fig. 18, occurs when the load is just to the right 
of the section. This statement is readily verified 
by considering how the shear varies at the section 
as a load passes across the beam from the right to 
the left support. The left reaction, and conse- 
quently the positive shear, is increased as the load 
P is moved from the right support up to the section, 
being greatest when the load is just to the right of the 
section. Now move the load to the left of A. The shear is equal to the difference 
between the left reaction and the load P and, since a load is always greater than 
either reaction (the load being equal to the sum of the reactions), the shear with 
the load to the left of A is negative, proving that the positive shear is a maximum 
with the load just to the right of the section. In practice the load is always 
placed at the section. This same line of reasoning might be followed through 
for negative shear, moving a load from the left abutment to the section and 
considering how the shear varies to the right of the section. The maximum 
negative shear is found to occur when the load is just to the left of the section. 


The value of the maximum positive shear for the load P is P ne and the maximum 


: 5 GSE 
negative shear is P fre 
The maximum live moment at A occurs with the load at A, for a movement to 
either side reduces the opposite abutment reaction 
and consequently the moment. The maximum 


P. 


3 moment is a (L — 2). 
pa eee At any point on a cantilever beam, such as at 
eG ae aie A, Fig. 19, the shear is a maximum when the load 
Fig. 19. is anywhere to the right of the point. When the 
load is on the left, the shear is zero. The moment 
is a maximum at the section when the load is at B and equals (P)(x). When 
the load is to the left of A, the moment is zero. 
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49h, Moving Uniform Load.—For a moving uniform load the 
maximum positive live shear on a simple beam at any section as A, Fig. 20, 
occurs when the right hand section of the beam is loaded up to the point con- 
sidered. This is seen to be true when we consider that adding a load to the right 
of A increases the left reaction and therefore the positive shear, while adding a 
load to the left of A increases the left reaction by an amount less than the load 
which is added, and hence decreases the positive shear. ne Pe positive 
shear at A in Fig. 21 for a uniform load of w lb. per ft. = 5 we 
From reasoning similar to the above, the maximum negative shear at any 
section as A, Fig. 20, is found by loading to the left of the point. Maximum 


aA 
Fie. 20. 
de : il (L — x)? 
negative shear at A, Fig. 22, for a uniform load of w lb. per ft. = eer 


(considering the right hand reaction). 

The maximum moment at any section as A occurs when the beam is fully 
loaded, for the addition of a load anywhere on the beam will add a positive 
moment at the section. For a load of w lb. per ft., the maximum 

i a)e : w 
M = 4a — 2) - ere = S@—a)\L-L+2) =4@)@-2). 
If the section is at the center of the beam, the 
maximum M = 1¢ wL? 

The above formulas for maximum moment give results in foot pounds, since 

w represents the load in pounds per foot and L the span of the beam in feet. To 


w/b per fh w Jb. 


oe ewe ccc ccnce : 5 


lures, Ga, = Fig: 23. 


get inch pounds, multiply by 12 or insert for w in the formulas the load in pounds 
per inch and for L the span of the beam in inches. 

At any point on a cantilever beam, such as at A, Fig. 23, the maximum shear 
occurs for either a full load over the entire length, or for full load on the portion of 
the beam between the section and the free end, and equals wr. The moment is 
always negative and the maximum moment occurs for the same loading giving 
maximum shear; i.e., 

wu? 


maxinum M = x 


49c. Concentrated Load Systems.—The methods of finding maxi- 
mum shear and maximum moments due to concentrated load systems are 


explained fully in the chapter on “Moments and Shears in Beams and Trusses” 
in the volume on “Stresses in Framed Structures.” 
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50. Common Theory of Flexure for Homogeneous Beams.—Having con- 
_ sidered the external loads and their effect on a beam, there remains to be investi- 
gated the stresses set up in the beam itself which hold these loads in equilibrium 
and prevent the beam from failing. Considering the stresses due to bending 
first, it is shown in Art. 41 that in a simple beam the fibers above the neutral 
axis are in compression and those below in tension, while the fibers at the neutral 
axis remained unstressed. The problem now is to find the stress on the extreme 
top and bottom fibers of the beam when these stresses do not exceed the elastic 
limit of the material of which the beam is composed. It is also necessary to make 
the following two assumptions which are borne out by tests on actual beams when 
the stresses do not exceed the elastic limit: 

1. That all transverse plane sections of the beam which are planes before 
bending, remain planes and normal to the longitudinal fibers after bending. 

2. That the stress varies directly as the deformation and therefore as its 
distance from the neutral axis, and that the moduli of elasticity for the material 
are equal for tension and compress.on. 

As stated in Art. 52, the assumptions made above are not exact, but for all 
ordinary cases of bending the approximate are the true conditions. The formulas 
developed in the following discussion when applied 
to the types of beams generally encountered in a es eee 
practice, give results which enable theengineerto [~ [| si, _—id 
design beams which are entirely adequate for the G 8 fa) 
purpose for which they are intended. 

50a. To Find the Position of the 
Neutral Axis.—Let the shaded triangle in Fig. 
24b represent the intensities of tensile and com- 
pressive fiber stresses in the section AB induced 
“by the bending of the beam. Considering the 
portion EL asa free body it can be seen that the 
internal stresses of tension and compression are 
the only horizontal forces acting. Hence for 
equilibrium, the total tension must equal the 
total compression and have the opposite sign, 
that is 


T= C (1) 
where 7’ and C are respectively the total tension and compression below and , 
above the neutral axis. 


Let 
zdy = the area of a very small strip of the cross-section of the beam parallel 


to the neutral axis, as shown in Fig. 24c. 
z = the variable width of the section. 
f, and f, = the intensity of stress, either tension or compression respectively, 
on a fiber at unit distance from the neutral axis. 
fy and fy = intensity of stress on any fiber at a distance y from the neutral 
axis according to the second assumption. 
Then 
fy:dA = stress on any elemental strip of the cross-section at a distance 1 
above the neutral axis. 
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and 
fydA = stress on any elemental strip of the cross-section at a distance y2 


below the neutral axis. : 
The total compression above the neutral axis is then C = ZefyidA and the 


B 
total tension below the neutral axis is 7 = 2, fzj2dA, where the letters above and 
below the summation signs indicate the portion of the section over which the 
summations are made. Equation (1) then becomes 


SY fadA — DefandA =0 (2) 
According to assumption (2), the deformation of fibers varies directly as their 
distances from the neutral axis. Let e; and ez represent the deformation of 
fibers at unit distance above and below the neutral axis. Hence 


a=Fdl and é: = al 


where H, and LE, = moduli of elasticity for compression and tension respectively, 
and dl = length of fiber. Since these deformations are equal, we have = a, . 
According to assumption (2), the moduli #, and EH; are equal and hence f, = fi. 
Substituting this equality in eq. (2), and replacing y; and y2 by the general value 
y, we have < 

2, ydA = 0 (3) 


Equation(3) is an expression for the statical moment! of the area of the section 
of Fig. 24c about the neutral axis. But the statical moment of an area is zero 
only for an axis through its center of gravity.2, Therefore, the neutral axis for 
bending passes through the center of gravity of the given section. 


50. The Extreme Fiber Stress in a Beam.—Let 


fo= intensity of stress (either tension or compression) on a fiber at a unit 
distance from the neutral axis. 

f = intensity of stress on the most extreme fiber. 

c = distance from most extreme-fiber to neutral axis. 

I = moment of inertia? of cross-section of the beam about the neutral axis. 
M, = moment of resistance of internal fiber stresses taken about the neu tral 

axis. 

M = bending moment due to external forces. 


Other notation same as in Art. 50a. 

Consider again the beam shown in Fig. 24. In order that equilibirum may 
exist on any section, as AB, Fig. 24b, the moment of the external forces acting 
on the portion of the beam from L to E must be balanced by the moment of the 
internal fiber stresses taken about the neutral axis of the section. That is, 

M = M; (4) 

The total stress on any fiber of area dA at a distance y from the neutral axis 


of Fig. 24c is f.ydA, and the moment of resistance of this stress about the neutral 
axisisf.y’dA. For the entire section we have 


My = Ds foy2dA 


1 See definition in Art. 18. 3See Art. 14, 2 See definition in Art. 15. 
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. But 
A 
2,y’dA = moment of inertia of the section about the neutral axis. 
Hence 

Mp = jig 

By definition, f, = i. Therefore, 
Beil 
= 
c 


Substituting this value of M, in eq. (4) we have 


T 
u =! (5) 
which may also be written 
Mc 
Paap (6) 


In these equations, qa moment of inertia of section divided by distance from 


neutral axis to extreme fiber, is known as the section modulus, and is usually 
denoted by S. Equations (5) and (6) may then be written 


aa 
M 


S 
Equations (5) (6) and (7) are the general formulas for the determination of 
moment carrying capacity, or fiber stress due to a given moment. They are the 
fundamental formulas for design of beams for bending. 
The manner in which the stresses due to bending are distributed across the 
section is interesting and instructive. At a point distance y from the neutral 


(7) 


axis of Fig. 24c the total fiber stress is F = fyedy = =" zdy, where zdy is the area 


of a strip parallel to the neutral axis. 
The distribution of stress across the section is best shown by means of curves. 
To plot these curves consider the web of the beam divided into strips whose 


Fie. 25. Fie. 26. 


depth is unity, or say 1in. Determine the area of this strip and multiply by the 
fiber stress as given by eq. (6). When plotted these values form a curve which 
shows the total fiber stress per unit of depth of the beam. 

For a beam of rectangular section, this curve is similar to the fiber stress 
variation diagram. Figure 25 shows the curve for an I-beam and Fig. 26 shows 
the curve for a built-up beam or plate girder. In these figures, the portions of 
the total stress diagrams above and below ab and de show the proportional part 
of the total stress carried by the flanges, while the areas abcde show the part 
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carried by the web between the flanges. It is therefore evident from these 
diagrams that the material in beam sections should be concentrated near the 
top and bottom of the beam section, for it is at these places that the products 
fy,edy are a maximum. 


Illustrative Problem.—Determine the extreme fiber stress in a rectangular wooden 
beam, 6 in. wide and 10 in. deep, due to a bending moment of 8,000 ft.-lb. 


3 bd? Saas ; 
For a rectangular section, J = = and¢ = 2 ort Sa e= Et Substituting 6 in. for b 
and 10 in. for d, ; 
S = — = 100 in.3 


and 
M = 12(8,000) ft.-lb. = 96,000 in.-lb. 
Substituting these values in eq. (7) of the preceding article, we get 
a ee = 960 lb. per sq. in. 
Illustrative Problem.—Proportion a rectangular beam for a bending moment of 50,000 
in.-lb. on the assumption that the extreme fiber stress is not to exceed 1,200 lb. per sq. in. 


uot and from the preceding problem S = 


From eq. (7) of the preceding article S = 7 


a 
for a rectangular section. 


Therefore ae ands 
6 6 (50,000) .: 
Ppa Pacer RCS et ein! 3 
bd f 1,200 250 in. 
If we assume d = 8 
250 : 
oe (8)2 —ro.Oleine 


A4 X 8-in. beam is satisfactory. =F? 

Illustrative Problem.—Determine the extreme fiber stress in a 15-in. 42.9-lb. I-beam 
due to a bending moment of 900,000 in.-lb. 

From a steel handbook we find that I = 441.8 in.4and S = 58.9 in.? and we know that 


d 
c= 5 = 7.5in. The extreme fiber stress f may be obtained by substituting the values of 


M, cand I in eq. (6) of the preceding article or it may be obtained by substituting the values 
of M and S in eq. (7). Using the latter equation, we get 

_ 900,000 
55a 


= 15,300 lb. per sq. in. 


51. Shearing Stresses in a Homogeneous Beam.—In Art. 44 methods have 
been given for the determination of the total shearing force on any section due to 
external loads. It now remains to determine how this shear is distributed over 
the cross-section of the beam. 

Figure 27a shows a beam deflected under any set of applied loads. It is 
assumed that the beam is composed of a single piece 
of material. Suppose now, that the given beam is 


‘ composed of several pieces laid flatwise, as shown in 
Fig. 276. When this beam is deflected by any set 
of applied loads, it will be found that the several 

: pieces composing the beam will slip over each other 


as shown, greatly exaggerated, in Fig. 27b. This 

same tendency for horizontal layers to slide over 

Fra. 27, each other is also present in the beam of Fig. 27a, 

but it is prevented by horizontal shearing stresses set 

up in the web of the beam. Methods will now be developed for the determina- 
tion of these shearing stresses. 
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bia. Relative Intensity of Vertical and Horizontal Shearing Stresses. 
As stated in Art. 44 and shown in Figs. 11 to 17 inclusive, shearing forces exist 
on the vertical sections of a beam under any set of applied loads, and in the pre- 
ceding article it has been shown that horizontal shearing forces must also exist. 
In determining the distribution of shearing stresses over the cross-section of the 
beam, attention must be paid to the conditions of equilibrium existing on the 
particles composing the web of the beam when acted upon by the vertical and 
horizontal shearing stresses mentioned above. 

Consider two sections of a beam, as shown in Fig. 28a. Let the distance 
between these sections be so small that the 

shears on the two sections may be assumed 
to be equal. Take out any small element of 
the web and indicate all forces, as shown in 
Fig. 28b. These forces are the fiber stresses 
of intensity f due to bending, also considered 
as equal; a shearing stress of intensity v acting 
vertically on the faces AC and BD due to the vertical external shear on the sec- 
tion; and a shearing stress of intensity v; acting horizontally on the faces AB and 
CD. 

Since the element is in equilibrium, moments about any convenient point, 
as corner A Fig. 286, must be equal to zero. Assuming the depth of the element 
perpendicular to the plane of the paper to be unity, and noting that the total 
stress on any face, as BD, is vBD, we have 

(v)(BD)(AB) — (v1)(CD)(AC) = 0 
But AB = CD and AC = BD. Hence 
v= Z ; (1) 
That is, the intensities of vertical and horizontal shearing stresses on the faces 
of any element in the web of a beam are equal. 
51b. Intensity of Horizontal Shearing Stress.—The intensity of 
horizontal shearing stress at any point in the web of a beam can be determined 


Fia. 28. 


ax ; 
fa) 7: Se 
ts Cross Section Variation in 
, Fiber Stress 
Nofe: C,and Ce Yes (Cc) @ 
represent fotal stress Stress Conditions 
above section a-b. for Element 
(b) 
Fie. 29. 


by a consideration of the stress conditions on two vertical sections separated by a 
very small horizontal distance. Let Fig. 29a show these sections, and. let My 
and M, represent the bending moments at these sections. Assume that M, 
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is greater than M2. Figure 29b shows the internal stresses acting on these 
sections. 

Let C; and C2 represent the total stresses acting above a line a-b on the two 
sections, as shown in Fig. 29b, and assume, as for moments, that Ci is greater 
than (>. The shearing stress intensity on the area a-b is then equal to C1-C2 
divided by the area on the line a-b, or 
Ci, — C2 

bd (2) 
where v,; = the horizontal shearing stress intensity on a section distance y above 
the neutral axis, and b and dz are the width and length of the area a-b of Fig. 29. 

In general, the total stress above any line, as a-b may be found from the 

conditions shown in Fig. 29d. If C represents this total stress, we have 


1 = 


C= Di f bdz 
But 

fate 
Hence 

Ca =. zbdz 


From eq. (6) of Art. 500, f = es Therefore 


Oe = St ebde. 


In this expression, the term Dizbdz is the statical moment taken about the neutral 
axis, of the area of the section above the surface a-b. Call this term Q. 
Then 


c=%9 


Values of C for the two sections shown in Fig. 29b may be determined by a. 
tuting proper values of M in the above equation, from which 
(OF, => M,® and Ce = M,% 
Placing these values of C; and C2 in eq. (2), we have 
ne ee 


bl 


If the two sections of Fig. 29d are taken an infinitesimal distance dz apart, we 
may write M, — M, = dM, where dM is the change in moment. 
Then 


» <2 .aM 
: bE. de 
dM 
From p. 17, ae V, where V = external shear on the section. Therefore 
QV 
Wal SS ag (3) 


Since we have shown in Art. 61a that the vertical and horizontal shearing stress 
intensities are equal, eq. (3) is a general expression for intensity of horizontal 
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and vertical shearing stress intensity on any section at a distance y from the 
neutral axis. 


In eq. (8) 
v = 0; = intensity of horizontal or vertical shearing stress intensity at any 
= surface distance y from the neutral axis. 


Q = statical, moment, taken about the neutral axis, of the area of the 
section outside the shear plane in question. 


V = external vertical shear at the section in question. 
6 = width of beam section at the shear area in question. 
I = moment of inertia of the beam section. 
5ic. Variation in Shearing Stress Across a Section.—The variation 


in shearing stress intensity for cross- 
sections in common use for beams 


(2-9) 
will now be determined by means ee af 
of eq. (8) of Art. 516. Bia ae 
y\ 2(3ty) 


Neutral Axis-7 0 / 


v= Bag 4y)- 


required to find the general ex- 


i 
| 
Rectangular Section.—Let it be ,} 
| 
| 
pression for the shearing stress | 


intensity at a distance y above the + 

neutral axis of the section shown in Cross Section J 
Fig. 30. Assume the external shear (Gh Variation in Shearing 
on the section to be V. For the Stress Intensity 
dimensions shown on Fig. 30a, the (b) 


a : Fie. 30. 
general expression for Q, the statical * 


moment of the area abcd about the neutral axis, is 


ear -$E-¥) 


It can be shown that the moment of inertia of a rectangle about the neutral axis 


: bd 
is[ = 2 Hence, from eq. (3) 


Neer 
2\4 
v bas Vi 
(ir 
from which — 
v= 5 pg (@ — 4") (4) 


From analytical geometry it can be shown that this is the equation of a parabola. 
Figure 300 shows the curve as plotted, the origin being at point O. 


d 
At the top and bottom of the section, where y = a? we have v = 0; and at the 
neutral axis, where y = 0, we have 


(5) 


which is the maximum shearing stress intensity for the section. Note that the 
term bd in eq. (5) is the area of the section. Therefore, the shearing stress inten- 


p= 


bo] co 
Sis 
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‘ Ste g 
sity at the neutral axis, which is the maximum value, is 2 of the average shearing 


stress intensity found by dividing the external shear by the area of the section. 
[-Section.—The variation in shearing stress intensity will be studied for the 
typical I-section shown in Fig. 3la. In this section the rounded corners and 
sloping inner faces of the flanges have been replaced by parallel edges in order to 
simplify the discussion. 
To determine the intensity of shearing stress on section a-a through the flange, 
substitute in eq. (3), Art. 516, values of the statical moment, taken about the 


— eG Ly 
5 
. Shear Stress 

nsity of : ; 

I Section ee Stress in pounds per unit 
(a) (b) of height of section 

() 
Fie. 31. 


neutral axis, of the flange area above section a-a. From Fig. 3la the required 
statical moment is 


0-15 - )fr 8G -J]-3E-") 


Then, assuming V and J as constants, we have from eq. (3), 


V (a2 
Va = aT (F = ) (6) 
At the lower edge of the flange, section b-b of Fig. 3la, where y = (5 = t), eq. 
(6) becomes . 
Vt 
m= 57 (a = ‘) (7) 


For a section c-c in the web, where the width of section is w, and the statical 
moment of the area of the beam section above c-c is 


o-ta-oe3[G -)— v1 


the intensity of shearing stress at c-c is 


n= {2 (a-8+| ¢— 1) | } (8) 


At section b-b, the under side of the flange, where y = 5 — t), eq. (8) becomes 


% = a7 (2 — 8) (9) 
Note that eq. (7) is taken an infinitesimal distance above section 6-b, where the 
width of section is b, and that eq. (9) is taken an infinitesimal distance below 
section b-b, where the width of section is w, the web thickness. At the neutral 
axis, where y = 0, eq. (8) becomes 


eS ae i" E (2 e )+(F he i)? | : (10) 
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Values given by eqs. (6) to (10), when plotted for special values of the several 
dimensions given on Fig. 31a, will form the shearing stress intensity diagram of 
Fig. 31b. Let AB represent a base line. The value of v, from eq. (6) is repre- 
sented by CD. Note that eq. (6) is the equation of a parabola. If the width of 
the section were constant, the resulting curve would be represented by the para- 
bola AMB. The abscissa EF represents the value given by eq. (7) and HG 
represents the value given by eq. (9). Note the effect of the sudden change in 
the width of section at b-b. The abscissa HK represents the value given by eq. 
(8). It can be seen that the first part of the expression. in brackets is exactly the 
same as a portion of eq. (9), while the last part of eq. (8) represents a parabola 
which is represented in Fig. 31b by the curve @KO. The curves PFM and NGO 
can be shown to be equalcurves. At the neutral axis, the abscissa LO represents 
the value given by eq. (10). Figure 316 gives the complete curve, and represents 
the variation of shearing stress intensity across the whole section. Note that the 
stress intensity across the web is nearly uniform and greatly in excess of the 
shearing stress intensity for the flanges. 

Figure 316 shows the distribution of shearing stress intensity. The distribu- 
tion of the shear over the web may be studied by dividing the web and flanges 
into small vertical sections, determining the area of these sections, and multi- 
plying each by the stress intensity shown in Fig. 31. On plotting these values, 
the resulting curve will show the actual distribution of the shear across the web. 
Thus, at the neutral axis, consider a piece of the web whose height is unity. Since 
the thickness of the web is w, the area of this piece of web is w. On multiplying 
_ this area by the stress intensity given by eq. (10), and for other portions of the 
- web area by eq. (8), we may plot the curve represented by 2-3-4 of Fig. 3lc. 
For the flanges, a similar process gives the curves 1-2 and 4-5. The total area 
of the curve 1-2-3-4-5 is equal to the external shear on the section. 

The curve of Fig. 31c shows that the amount of shear carried by the flanges is 
represented by the areas 1-2-8 and 4-5-6, while the shear carried by the web is 
represented by the area 2-4-6-8. 

A general expression for the relative amount of shear carried by the flanges 
~ and the web may be determined by the process outlined above. Thus, at 
- section a-a of the flange, the area of a strip of height dy is bdy. Equation (6) 
gives the stress intensity on this strip. Therefore, the stress on this strip is 


veddy = Ue ° — y*) dy. The total shear stress on the top and bottom flange 
is then - 
mT 2a» (¢~ ¥)%]= “or (24-2) 
v,=2[or Ho, (7 - v)ay |= “gr (2@ - 2 (11) 


where V+ = shear carried by the flanges. 
To determine the amount of shear carried by the web, subtract the amount 


of shear carried by the flanges from the total. Thus, if V. = shear carried by 
web, Vo = V — Vy, and - 
Vos via 7 (3a =f 2t) | (12) 


On substituting special values in eq. (12), the expression in brackets gives the 
percentage of the total shear carried by the web. 
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In practical designing it is generally assumed that the shearing stress intensity 
in the web is equal to the external shear divided by the web area, which is taken 
equal to the thickness of the web times the total depth of the beam. The results 
given in the illustrative problem at the end of this article for a section of the 
form given in Fig. 31 show that the maximum shearing stress intensity determined 
by the more exact method given in this article is about 1614 per cent greater than 
the value calculated on the above assumption. 

It will now be shown that the maximum shearing stress intensity on the web 
is approximately equal to the external shear divided by the area of the web 
taken for the portion between the flanges. To derive this relation, approximate 
values of Q and I for the section will be used in eq. (3) of Art. 51b. As shown in 
Fig. 31a, let d; represent the depth of the web between flanges. Approximately, 


12 
mation involved in this expression is that the distance from the gravity axis to 
dy 
2, 
manner, the statical moment of the area of the upper half of the section about the 


Cac d 2 eae : ; 
neutral axis is Q = bt . + vee. Substituting these values in eq. (3), noting that 


ear 1 d . 
the moment of inertia of the section is I = —5wdi? + 26i(S)* The approxi- 


: 2 : , 1 
the center of the flange is = instead of its true value 5) (d; +t). In the same 


the width of the section is w, we have 


be - 7) 
Bes He ee 
°N ~ wd, \6bt + wdy 


Making the further approximation that the expression in brackets is equal to 14, 
we have 


vn = a (13) 
where vy = shearing stress intensity at the neutral axis. Noting that wd; is the 
area of the web between flanges, we have a theoretical basis for the above 
assumption. 

52. Limitations of the Ordinary Theory of Bending.—Figure 32a shows a 
simple beam with any set of applied loads. 
Consider a section n-n at which both mo- 
ment and shear exist due to the applied 

(a) loads. From Art. 50b the bending moment 
is resisted by bending stresses which act 
Lahee normal to the section, as shown in Fig. 32b, 
Bending 
{Stresses ; and Arts. 51a and-51b show that the ex- 
ternal shear is resisted by shearing stresses 

(b) (c) acting parallel to the section and varying in 

ig ao: amount from the edges to the center of the 

section, where they reach their maximum 

values. At any point in the section the existing stress is the resultant of the 

bending and shearing stresses. Figure 32c represents approximately the amount 
and direction of these internal stresses. 

Since in most cases of bending, shear and moment exist at the same section 
and the nature of the internal stresses is as shown in Fig. 32c, it is evident that 


® 
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the stress and deformation conditions in such sections are much more compli- 
cated than assumed in the preceding articles in the derivation of the flexure, and 
shearing stress formulas. St. Venant, a celebrated French mathematician, has 
shown that the assumptions made in deriving the flexure formulas of the pre- 
- ceding articles hold true only when the shearing force is constant. For the 
more exact theory developed by St. Venant, the reader is referred to his advanced 
works on the Theory of Elasticity. 

_ For practically all cases of bending encountered in the design of engineering 
structures, it is sufficiently accurate, however, to assume independent action of 
the internal forces. The ordinary theory of bending is based upon this 
assumption. Since maximum moment occurs at the section for which the shear is 
zero, and also, since when the shear is large the bending momentis generally small, 
the ordinary theory of bending gives results in practice very.close to those 
obtained by the exact theory. In these books, the ordinary theory of bending 
will be assumed to hold true. 

53. Principal Stresses in the Web of a Beam.—When shear and moment fiber 
stresses exist on any section of a beam, as shown in Fig. 32c, the maximum fiber 
stress intensity will be a function of the resultant of the stress intensities due to 
bending and shear. 

Let Fig. 33 represent any particle taken from the tension side of a beam, and 
let it be assumed that the stress conditions on this particle are as shown in Figs. 
32bandc. These fiber stresses, which are shown 
in position on Fig. 33a, are the normal bending 
fiber stresses of intensity f acting on the vertical 
faces, and the shearing stresses of intensity v 
acting on the four faces and in the directions 
shown on the figure. Values of f and v to be 
used in Fig. 33a are given respectively by eq. 
(6) of Art. 50b and eq. (3) of Art. 510. 

To determine the resultant stress intensity, consider any plane AF at an 
angle 0 to the horizontal. Remove the portion of the particle to the left of plane 
AE, and represent all stress intensities, as shown in Fig. 33b. Let the internal 
stress conditions on plane AE be represented by a normal stress of intensity n 
and a tangential, or shear stress, of intensity t. 

Resolving forces perpendicular to plane AH, we have 


nAE — vAB cos 6 — vBE sin 6 — fAB sin 6 = 0 


Fig. 33. 


AB : BE 
Solving for n, noting that Ag = Sn 6 and Ak = °° 6, we have 


n = 2v sin 0 cos 0 + f sin? 0 
Expressing sin 0 and cos 6 in terms of the double angle 20, we may write 

n = v sin 20 +2a — cos 24) (A) 
Equation (A) gives the value of the normal stress on plane ‘AL. By a similar 
process, it can be shown that the value of é, the tangential stress intensity on 
plane AZ, is 


t = v cos 20 +4 sin 20 (Rr 
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Equation (A) shows that the value of the normal stress intensity n depends 
upon the angle 6. By methods given in text books on the calculus, it can be 
shown that n is a maximum when @ has a value given by the equation 

tan 29 = — ae (14) 


J, 
and that the maximum value of 7 is 


nae = 3+ 4/(5)2 +02 (15) 


On substituting values of sin 20 and cos 26, as given in the footnote, in 
eq. (B), it will be found that t = 0. That is, when the normal stress intensity n 
on plane AE of Fig. 33 reaches its maximum value, the tangential stress inten- 
sity t is equal to zero. Therefore the stress on plane AF is entirely normal. 
When the resultant stress intensity on any plane is normal to that plane, it is 
said to be the principal stress intensity for that plane. The plane on which a 
principal stress intensity occurs is said to be a principal stress plane. Thus Nmaz 
of eq. (15) is a principal stress intensity and AE of Fig. 33 is a principal stress 
plane when @ has the value given by eq. (14). 

Equations (14) and (15) have been derived for a particle on the tension side 
ofabeam. These equations may also be used where f is compressive by changing 
the sign of f to minus, and placing a minus sign in front of the radical in eq. (15). 


Since f under the radical is squared, the value of \ (2): + v? is the same for com- 


pression as for tension. 
53a. Principal Stress Lines in the Web of a Rectangular Beam.— 
The amount and direction of the principal stresses vary for every section taken 
through a beam. Figure 34 shows the stress lines in 
a simple beam, supporting a uniform load. Note that 
at all sections on the neutral axis where shear exists, 
the principal stresses make angles of 45 deg. with the 

_ neutral axis. 
Lines of maximum compression : 5 2 

pe rs idea Ofer Se enSIon These curves are interesting and prove especially 
Fig ae. instructive in the study of internal stresses in webs 
of beams composed of a material which is weak in 
tension but strong in compression—as for example, a concrete beam. The full 


1 Derivations of Eqs. (14) and (15).—To determine the value of @ given by eq. (14), place equal to 
zero the first derivative of n with respect to @in eq. (A). Thus 


d 
oe = 20 cos 206 +fsin 26 =0 
from which 
20 
tan 20 = —— 
f 


To derive eq. (15), we note from trigonometry that eq. (14) represents either a second or a fourth 
quadrant angle. On substituting values of 20 from eq. (14) in the equation expressing the second 
derivative of n, eq. (A), with respect to 0, a negative value results. This can be shown, by methods 
given in text books on the calculus, to indicate a maximum value of n for second quadrant values of 286. 
From trigonometry, for second quadrant values of 20, we have 


[ss 


sin 20 = Epa and cos 26 = 


Substituting these values in eq (A), 


Nmaz = Z + \ (4) 2 + 2, as given by eq. (15), 
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lines of Fig. 34 show the directions of principal compressive stress intensity, and 
the dotted lines show curves for principal tensile stress intensity. Note that 
these sets of curves cross at right angles. For beams in which the length is great 
compared to the depth, the curves of principal stress as are much flatter 
- than for the conditions shown in Fig. 34. 

53). Principal Stresses in the Web of an I-Beam.—Where sudden 
changes occur in the thickness of the web of a beam, as in the case of an I- beam, 
it will often be found that the principal stress intensity, as given by eq. (15), is 

in excess of the extreme fiber stress in bending, as given by eq. (6) of Art. 50D. 
This is particularly true when heavy shear and moment exist on any section at 
the same time—as, for example, at the wall section in a cantilever beam. In 
such cases the intensity of stress at the junction of web and flanges requires 
careful consideration. 

This matter was first called to the attention of engineers when it was noticed 
that I-beams under test loads showed signs of weakness at the point where the 
web joins the flanges. Later types of I-beams were rolled with larger fillets at 
the junction of flange and web. This change provides additional area at a weak 
point, thus reducing the principal stress intensity at these dangerous sections. 

53c. Effect of Vertical Loads on the Principal Stresses in the Web.— 
In the preceding articles the effect of external vertical loads supported on the 


Wy wv Ib. per Ft 
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flanges of the beam has been neglected in the determination of the principal ~ 
stresses in the web of the beam. Where heavy loads are supported by the 
top flange, the compressive principal stress intensity at the junction of the web 
and flange is considerably increased. If the loads are supported by the 
bottom flange, a corresponding increase takes place in the principal tensile stress 
intensity. An expression will now be derived for the intensity of stress at any 
point in the web of a beam due to vertical loads on the top flange. 

Let Fig. 35a show a portion of a beam which supports a load of w lb. per unit 
of length. Consider two sections a-b and c-d at a distance dx apart, and let the 
moments and shears acting on these sections have the character shown by the 
arrows. Remove the portion of the section above the plane AC of Fig. 35a. 
Figure 350 represents this portion of the beam with all applied forces in position, 
These forces are a vertical EEN load wdz; horizontal loads C; and C2 which 

3 : 
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represent the summation of total fiber stresses f; and fo above the plane AC; 
vertical forces V’ and V” which represent the total shearing stress on the vertical 
faces above the plane AC; a horizontal force on the plane AC representing the 
total horizontal shearing stress on that plane; and a vertical force qbdx acting , 
on the plane of AC, where q is the intensity of the vertical compressive stress in 
the web. The intensity of ¢g will now be determined. 
Placing a summation of vertical forces on Fig. 35b equal to zero, we have 
+V’ — V” — wde + gbdx = 0 
from which 


1 eee 
q.= po lwds —(V' — VY] 


The terms V’ and V” represent the total shear stresses above the plane AC, that 
is V’ =D)! o,kdz for the dimensions shown in Fig. 35c. The value of 2, is 
given by eq. (3) of Art. 516 in terms of V;, the total external shear on section ab 
of Fig. 35a Let N represent the term involving the properties of the section. 
We may then write V’ = NV, and V” = NV», where V2 = external shear on 
section cd of Fig. 35a. Noting that Vi — V2 = change in shear between sections 
ab and cd = wdx, the above expression for g may be written 


1 
l=, [wd — N wdz] 


oe q=70-N) (16) 


The summation mentioned above leading to the value N is not readily accom- 

plished for a general section of irregular outline. However, the value of N 

may be determined by placing moments about point A of Fig. 350 equal to zero. 

In making this moment summation, we may neglect the moments of forces wdx 

and qgbdzx, for they involve the term dz squared which is infinitely small when 

compared to the other terms. Also, the moments of C; and C, will be stated in 

terms of f,andf2, Wethen have 

+V'de + 3) fie(e—y)kde — Di fre(e-y) kde = 0 

But 
f= “Ef MY, and V = NV, 


Since M; = M,, we may write 


h 
NVo= ae EH eS "* chde | 
dM hy Soin : 
But Fras Vi; 2 — 2kdz = moment of inertia about neutral axis of area out- 


y 
side plane AB of Fig. 35c, which we will denote by I,; and D hdz = statical 


moment about the neutral axis of the area outside plane AB, which will be 
denoted by Q,. We then have 


N = 7 Uy- 10) 


On substituting this value of N in eq. (16), the general expression for stress inten- 
sity q is 


a= $F] 1- Fu, -1a)| | an) 
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Equation (17) shows that the value of q varies across the section. At the 


top of the section, IJ, = 0,Q, = Oand q= = At the center of the section I, = 


4 1,y = Oandq = }4 = At the bottom of the section, I, = I,Q, = Oandq = 


0. Figure 36 gives the curve for q across the upper half of see: 


an I-beam web. 5 
For a rectangle of width 6 and depth d, as shown in 
Fig. 37, ies Oe 


b b(d3 
I, ae 24 (d —8y*), Q, = de ia v), Fie. 36. 
and — bd3 
a 12° 
Equation (17) then becomes 
ay eer Oy 
Sas eon a Ns ee 
The curve shown in Fig. 37 represents the value of the term in brackets for various 


values of y. 

When the load on the flange is concentrated instead of uniform, as assumed in 
the above analysis, the concentrated load may be reduced to a uniform load by 
assuming that it is uniformly distributed over a certain portion of the flange 
(see Arts. 51c and 51d, Sec. 2). 


Curve showing variation 
in q across section 


Hie. 37. 


Figure.38 shows a particle on the tension side of the web of a beam which 
is acted upon by a vertical stress of intensity q in addition to the bending and 
shearing stresses considered in Art. 58. The stress intensity q is determined from 
eq. (17). In Fig. 38 it has been assumed that q is a tensile stress. 

Let p represent the intensity of principal stress on a plane AZ at an angle 0 
with the horizontal. By methods similar to those employed in Art. 53, it can be 
shown that 


I a) 
Pmar = 5 F +9) + (54 ae (19) 
and that the angle which the principal stress plane for p maz makes with the hori- 


zontal is given by the equation 


tan 26 = — a (20) 
bea 


When f or q are compressive, negative values for these terms must be substituted 
in eqs. (19) and (20). 


26 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-54 


54. Plain Concrete Beams.—The first assumption in the common theory of 
flexure, as given in Art. 50, may be applied directly to plain concrete and also to 
reinforced-concrete beams. Careful measurements seem to show some deviation 
from a plane, but in general this assumption seems to be warranted. From this 
fact it follows (as stated above) that deformations of the fibers are proportional 
to the distances of the fibers from the neutral axis. OS in Fig. 39 is the stress-_ 
deformation diagram for concrete in compression with the deformations repre- 
sented vertically. The curve OT is the stress-deformation diagram for concrete 
in tension. For working loads the curves OS and OT do not vary materially from 
straight lines and the unit stresses in the fibers at any section of a plain concrete 


See 


ka 
pee 


Lines of maximum tensién 
sees Lines Of maximum compression 


Fie. 39. , Fie. 40. 


beam may thus be assumed to vary directly as the deformations and consequently 
as the distances of the fibers from the neutral axis. Hence, the common flexure 
formula for homogeneous beams applies when the loads are workingloads. For 
ultimate loads, however, the formula does not strictly apply. 

A plain concrete beam will fail by cracks opening up along the uneven lines 
which are shown in Fig. 40 on account of the low strength of concrete in tension. 
If concrete were only stronger in tension, then the plain concrete beam might be 
of some structural value. In order to offset this disadvantage of plain concrete, 
steel is used. 

55. Purpose and Location of Steel Reinforcement in Concrete Beams.— 
Steel reinforcement should have the general directions shown in Fig. 41 in order . 


Bre. 41. Fie. 42. 


to take the tension in the beam and prevent the cracks starting along the lines 
indicated. Figure 42 is the simplest method of reinforcement and quite often used 
for light loads. In beams highly stressed, curved or inclined reinforcement is 
needed, in addition to the horizontal rods. The most common method is to use 
several bars for the horizontal reinforcement and then to bend up some of these 
at an angle of from 30 to 45 deg. as they approach the end of the beam and where 
they are not needed to resist bending stresses. The concrete is depended upon 
to take care of the compressive and pure shearing stresses, its resistance to such 
stresses being large. 

56. Tensile Stress Lines in Reinforced-concrete Beams.—Lines of maximum 
tension in the concrete of reinforced-concrete beams are considerable inclined 
immediately above the line of the steel. The inclination*of these lines is greater, 
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the greater the shear, and the less the horizontal tension. The inclination, 
therefore, increases toward the end of the beam. At points nearer the neutral 
plane, the horizontal tensile stresses become less and the inclined tension 
approaches the value of the shearing stress, 
- while its inclinaton approaches 45 deg. 
Figure 43 is an attempt to represent roughly : 

the general direction of the inclined tensile Grae Tkely fo oceur “Tne ancrere here ary) 


stresses in a simply supported beam uniformly fensiorn’faco, 
loaded and with horizontal reinforcement. Fic. 43. 


57. Flexure Formulas for Reinforced-concrete Beams.—A great many 
varieties of flexure formulas have been proposed from time to time to be used in 
the design of reinforced-concrete beams. As might be expected, many of the 
earlier formulas considered the concrete to carry its share of the tension which 
we know now cannot be done with safety. Only two classes of flexure formulas 
are at the present time in practical use. In each of these classes, tension in the 
concrete is neglected and a plane section before bending is assumed to be a plane 
after bending takes place. 

The formulas almost universally used and made standard by the Joint 
Committee relate to working stresses and safe loads, and are based on the straight- 
line theory of stress distribution. The other formulas referred to above relate 
to ultimate strength and ultimate loads and the stress-deformation curve for con- 
crete in compression is assumed to be a full parabola. Ultimate-load formulas 
are used to such a limited extent that they will not be considered here. 

57a. Assumptions in Flexure Calculations.—The following assump- 
tions are made in deriving the flexure formulas: (1) the adhesion of concrete to 
steel is perfect within the elastic limit of the steel; (2) no initial stresses are con- 
sidered in either the concrete or the steel due to-contraction or expansion; (3) the 
applied forces are parallel to each other and perpendicular to the neutral surface 
of the beam before bending; (4) sectional planes before bending remain plane 
surfaces after bending within the elastic limit of the steel; (5) no tension exists 
in the concrete; (6) modulus of elasticity of concrete is constant. 
57b. Flexure Formulas for Working Loads.—Straight-line Theory.— 
The unit stress in the steel is 
_ within the elastic limit, and the 
unit stresses in the concrete at 
the given section of the beam are © 
considered to vary as the ordi- 
nates to a straight line (see Fig. 


ar Degren section 44). Tension in the concrete is 
Fig. 44. neglected. The formulas follow! 


(see Notation, Appendix A): 
1 The formulas may be derived as follows: 
Total compressive resistance = total tensile resistance, or 
146 f-kbd = Asfs (a) 


From the assumption that deformations vary as the distances of the fibers from the natural axis and 
assuming stress proportional to deformation 


te = fe 
Eid E.d(1 —k) 


which reduces to 
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———_—__—— 1 
k = V/2pn + (pn)? — pn = jf (1) 
1+ rs 
j=l— wk (2) 
= A, 25 aA _ feck 
Ear bd ah he ) OF, (3) 
wef we + 1 
fe\nfe sa oi 
M. = \46f-kj(bd?), or bd? = Foky or f. = kjbd? (4) 
aa Ne ae 
M. = pfai(bd?), or bd? = 5, or fe = aay (5) 


_ 2fep Sok 
fee ere nd =) £2 


The above formulas show that for a given ratio of fe p and k remain the same 


for all sizes of beams The formula for M, gives the resisting moment when the 
maximum allowable value of f. is introduced as the-limiting factor and the for- 
mula for M, gives the resisting moment when the maximum allowable value of 
f, is the limiting factor. The lesser of these two resisting moments, when proper 
working values are assigned to f, and f., is the safe resisting moment of the beam 
in question. 

Unlike steel beams, reinforced-concrete beams require a preliminary formula 
to be solved before the formula for resisting moment may be employed. Solving 
this preliminary formula locates the position of the neutral axis which is in the 
same position only for beams of a given percentage of steel reinforcement. 

The method of procedure in flexure formulas is to determine the vertical 
section of the beam where the moment is a maximum and apply the formulas at 


lk fsk 1 


fess ie Ele isan fs (b) 


The total resisting moment of the beam is the sum of the moments of the total compressive stresses 
and of the total tensile stresses about the neutral axis, or 
M = 3kd(14 fekbd) + d(1 — k)Asfs ; 
= lg fck®bd? + Asfed(1 — k) (c) 
Eliminating & between eq. (a) and (6), the following formula for steel ratio results: 
% 
Pp SS 
f(t 
te nie of 1) 
Introducing the value of fs from eq. (b) into eq. (a), we have 
16 k°bd — Asn(1 —k) = 0 
or 
16k2b — pbn(1 — k) = 0 
from which 
k= V/2pn + (pn)? — pn 
Substituting the value of Asfs from (a) into (c), we get 
M. — Lefek(1 woo! 1gk)bd2 
or 
Me = 16 fckjbd? 
Substituting the value of fe from (a) into (c), and remembering that As = pbd 
Ms = pfajbd2 
Equation (a) may be solved to give 
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that section. Hither formula for p, containing the value of f. and f., determines 
the amount of steel reinforcement which is needed to cause the beam to be of 
equal strength in tension and compression. The formulas for resisting moment 
determine the bending moment which a beam will safely withstand (for an exist- 
~ ing structure) or the size of the beam needed to resist a given bending moment (for 
a proposed structure). 

If a beam is over-reinforced, its resisting moment depends on M,, and if 
under-reinforced on M,. 

If it is desired to find the fiber stresses in concrete and steel of a given beam, 


M 2M Fe 
the formulas f, = ime inl $j = ibd? (or in = 12) should be used, where M 


is the external bending moment in each case. For a given external M, either 


2M M 
bd, = ae or bd2 = cm may be used to determine cross-section, when the p used 
is obtained from the formula p = yoy or from p = oe in which k = 
i. nfs — 1) 
- soe oa 
aes 
1+ af, 


Illustrative Problem.— What will be the resisting moment (M) for a beam whose breadth 

(6) is 8 in. with a distance from the center of the reinforcement to the compression surface 

(d) of 12 in., the area of steel section being 0.96 sq. in.? Assume n = 15;f- = 650 lb. per 

sq. in.; and fs = 16,000 lb. per sq. in. 
A, 0.96 


2 ri eas 7°" 


From (1) 
k = / (2) (0.01) (15) + (0.01)2(15)2 — (0.01)(15) = 0.418 
j = 0.861. ~ 
From (4) 
M,. = 4$(650) (0.418) (0.861) (8) (12)? = 134,700 in.-lb. 
From (5) 


M, = (0.01) (16,000) (0.861) (8) (12)? = 158,700 in.-lb. 
M, is the lesser of the two resisting moments and hence controls in the design. 
Illustrative Problem.—Assume the beam of the preceding problem to be 14 in. deep 
and subjected to a bending moment of 130,000 in.-lb. Compute the maximum unit stresses 
in the steel and concrete. 


F 0.96 
p= £ = @®asy = 0.0086 

From (1) ; 

k = V/(2)(0.0086)(15) + (0.0086)2(15)? — 0.0086)(15) = 0.395 

j = 0.868 
From (4) 
130,000 = a) (0.395) (0.868) (8) (14)2 
fc = 480 lb. per sq. in. 

From (5) é 


130,000 = (0.0086) (f;) (0.868) (8) (14)? 
fs = 11,100 lb. per sq. in. 


‘Illustrative Problem.—A beam is to be designed to withstand a bending moment of 
300,000 in.-lb. and to have equal strength in tension and compression. A concrete will be 


ll 
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used with ZH, = 2,000,000 and f, = 600 lb. per sq. in. The pull in the steel is to be limited 
to 14,000 lb. per sq. in. Its modulus of elasticity E is 30,000,000. 


Es _ fx _ 70 
UES we) me 
From (1) and (2) ‘ 
~~ = ; = 0.870 
—— ak. 14,000 0.391 and j 0 
(15) (600) 
From (3) Z 


_ (600) (0.391) 
P = (21) (14,000) 


Either (4) or (5) may now be used in determining b and d since the amount of steel to be 
employed will cause simultaneous maximum working stresses. 
From (5) 


= 0.0084 


Bas 300,000 
~ (0.0084) (14,000) (0.870) 


Many different values of b and d will satisfy the last equation. If 6 is taken as 10 in., then 
__ 2,930 
S10 


bd = 2,930 


d? = 293, ord = 174 in. 


Finally 
A, = (0.0084) (10) (17.25) = 1.45 sq. in. 


If 13% in. is allowed between the tension surface of the concrete and the center of the steel, 
the entire depth of the beam should be 19 in. 


58. Shearing Stresses in Reinforced-concrete Beams.—In Fig. 45 is shown a 
small portion of a concrete beam, so short that no appreciable portion of the load 
on the beam acts directly upon it. The op- 
posing total compressive forces are denoted by 
C’ and C; and the tension in the steel on each 
face by T’ and T. The tension in the concrete 
may be neglected. Let V be the total shear on 
this small portion of the beam. From con- 
ditions of equilibrium, C’ = JT’ and C = T. 
The total horizontal shearing stress upon a hori- 
zontal section immediately above the steel is 
T’ — T, and if b denotes the breadth of the beam 


and v the unit shear (horizontal or vertical) at any point between the neutral 
axis and the steel, then 


Fig. 45. 


T’ —T 
shag tire ie (1) 


The various coupies acting upon the element produce equilibrium; hence 
Va = (T’ — T)jd 


or 
Va 
[eee ay ae 
Sra 
Substituting this value in eq. (1) there results 
eas 
= Bj @) 


which is the value of shear intensity at any point between the neutral axis and the 
steel. 
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The value of j for working loads varies within narrow limits and v will change 
but slightly if the different values of 7 are inserted in eq. (2). The average value 
of j for beams in ordinary construction is 74. Using this value, eq. (2) reduces to 

sea 
i Peeabd (3) 

Shearing stress is the same at all points between the neutral axis and the steel, 
and above the neutral axis it follows the parabolic law. Figure 46 represents 
the distribution of shearing stress on a vertical cross-section 
assuming no tension in the concrete. 

The longitudinal tension in the concrete near the end ° 
of beam modifies the distribution of the shear, increasing L——Ste!——J-- 
the shearing stress somewhat at the neutral axis and de- L 
creasing it at the level of the reinforcement. Equation (2), } 
however, gives results which are sufficiently accurate and 
are derived for beams having the horizontal bars straight throughout. When 
any web reinforcement is used, the distribution and the amount of the shearing 
stresses at the end of a simply supported beam are materially different from the 
foregoing. The analysis of the stresses becomes more complex and a determi- 
nation of their value impracticable. Even here, however, the above formula 
serves a useful purpose. It is found that shear is the chief factor in the failure 
of a beam by diagonal tension and either eq. (2) or eq. (3) may be used in 
design if properly controlled by the results of experiments. 

Failure by the actual shearing of the concrete in a beam is not a likely occur~ 
rence under any conditions as the shearing strength of concrete is at least one-half 
the crushing strength. 

59. Methods of Strengthening Reinforced-concrete Beams Against Failure 
in Diagonal Tension.—The intensity of the diagonal tensile stress at any point 
in a beam depends upon the shear and horizontal tension in the concrete, with 
shear as the chief factor. The percentage 
of horizontal reinforcement must also be 
considered, since the amount of steel 
employed affects the horizontal deforma- 
tion and consequently the tension in the 
concrete. Thus beams may be strength- 
ened against failure in diagonal tension by 
keeping the horizontal tension small 
through the use of considerable horizontal 
steel at points of heavy shear, by avoiding 
heavy shearing stresses, and by providing 
some type of web reinforcement. A low 
unit working stress in whatever type of 
web reinforcement is employed is also much to be preferred. 

The most unfavorable part of a beam as regards diagonal tension is at points 
of excessive shear combined with considerable bending moment. A sufficient 
number of reinforcing rods should be extended horizontally to the ends of the 
beam to provide for bending with low unit stresses in the steel. In small beams, 
vertical stirrups looped about the horizontal rods may be employed throughout 
for web reinforcement but in large beams under heavy shearing stresses, both 


Neutral. plane. 


Fie. 46. 


Fie. 47. 
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stirrups and bent rods should be used. The stirrups in large beams should be 
securely fastened to the longitudinal rods in such a way as to prevent slipping of 
bar past the stirrup. Inclined web members may also be used in place of vertical 
stirrups if securely attached to the horizontal rods. Vertical stirrups may be 
made in various forms, as indicated in Fig. 47. | 

60. Bond Stress.—The tension in the horizontal steel near the lower surface 
of a reinforced-concrete beam is a maximum near the center of beam and decreases 
each way toward the end. The difference in the tension between any two points 
is transmitted to the concrete by the bond between the steel and the concrete. 

A formula for bond may be derived for beams in which the reinforcement is 
horizontal or straight throughout. The total shearing stress per linear inch 
between the steel and the concrete, considering a length of beam equal to z, 
is 


(RE Yb 
Tan 
From Fig. 45 aM 
; Va = (1 —T)jd 
or 
ty 
rat = lif (bond stress per linear inch) 
x jd 

and the bond stress per square inch of the surface of the steel bars is ue divided 


jd 
by the sum in inches of the circumference of the bars at the given vertical cross 
section. If w= unit bond stress, and Zo the total circumference of all bars in a 
beam at the given section, then # 
w Boyd 
The above formula shows that theoretically the bond stress is a simple function - 
of the shear and varies with the shear. Thus, shear diagrams may be used to 
represent the variation of bond stress along a beam. When using the above 
formula, the average value of 7 = 7% may be taken. 

61. Web Reinforcement.—Inclined web reinforcement may be separate 
members firmly connected with the horizontal reinforcement to prevent slipping, 
or some of the horizontal bars may be bent up near the ends of the beam where 
they are not needed to resist bending. The vertical reinforcement may be used 
separately or in combination with inclined reinforcement, depending upon the 
preference of the designer and upon the amount of diagonal tension to be provided 
for. Vertical stirrups should be looped around the horizontal bars and in impor- 
tant beams should also be firmly secured to these bars by wiring or otherwise. 
Stirrups should usually be looped or hooked at the top in order to prevent slipping 
due to insufficient bond. 

The proportioning of web reinforcement cannot be done with any degree of 
exactness since very little experimental work has been performed along this line. 
However, rough determinations of what is required may be obtained on rational 
grounds. The only information from tests is the value of the maximum shearing 
stress which measures diagonal tension failure—(1) for beams with horizontal 
bars only, and (2) for beams having an effective system of web reinforcement. 
Also, tests on beams, with and without web reinforcement, show that when 
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veinforcement is provided for diagonal tension, the concrete may be assumed to 
carry its full value of the shear and the steel the remainder. 

Consider now Fig. 48, in which V represents the average total shear over the 
bortion s of the beam. Let v’ represent average unit hori- 
- zontal shear on any plane below the neutral axis, A, the 
total area in the stirrup, and f, the tensile stress in the 
stirrup. Then (see Art. 58) 


/ 


v+S 7g 
bjd 
The total shear over any such horizontal plane is v’bs; whence 
Is = as 
aa 


The function of stirrups, either vertical or inclined, is to resist by their tensile 
strength that portion of the above shearing stress which is not carried by the 
concrete. 

Assume a vertical stirrup to be placed at the section A-A, and to oppose the 
shear over the portion of the beam. The total stress in the stirrup is A,f, (in 
a U-shaped stirrup, A, is the sum of the areas of the two legs), and it is produced 
by that part of the total shear over the horizontal plane 6s not taken by the 
concrete. Let V’ represent the shear carried by the web reinforcement. Then 


V's 
Asis pega (1) 
Solving 
Ave V's Gealiant 
ee pa (vertical stirrups) (2) 
or 
A, fd 


For inclined members and bent-up bars, the lines on a beam representing the 
direction in which the diagonal tensile cracks are likely to occur, are crossed more 
times per unit of length for a given horizontal spacing than would be the case if 
vertical stirrups were employed; that is, a given amount of inclined steel is much 
more effective in taking diagonal tension than the same amount of vertical steel. 
If a represents the angle between the web bars and longitudinal bars, then 


V’s sina 
A, =— 4 
fd (4) 
or , fe 
_ APF oj 
~ V'sin a (5) 


DEFLECTION OF BEAMS 
By W. 8S. Kinne anp Caas. A. Enis! 


62. Methods of Computing Deflection.—The structural engineer frequently 
desires to determine the deflection of a beam or girder at one or more points in its 
length. This in itself makes a study of deflections desirable. However, a more 
important use for the theory involved is its application to the analysis of statically 


indeterminate structures. 
1 The Area-Moment Method of Art. 63 contributed by.Chas. A. Hllis. 
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There are several methods by which deflections caused by bending moments 
may be determined. The oldest and most widely known method, which was 
used by the mathematician Euler as early as 1744, is known as the Elastic Curve 
Method, and also as the Double Integration Method. 4n this method the change in 
slope of the tangent to the elastic curve is expressed as an ordinary differential © 
equation of the second order in terms of the bending moment at any point. This 
equation must be integrated, the constants of integration determined, and the 
complete equation of the elastic curve derived before the deflection at a given 
point may be determined. The method is long and greatly involved, except for 
the simplest conditions of loading. 

A simpler but less known method, which is called the Area-~-Moment Method, 
was derived independently by Prof. C. E. Greene of the University of Michigan, 
and Prof. Otto Mohr of Dresden, Germany. The methods derived by Profs. 
Greene and Mohr differ in certain respects, although both express the deflection 
at any point as a function of the moment due to a loading which is proportioned 
to the bending moment diagram for any given set of applied loads. 

The Area-Moment Method, as derived by Prof. Greene, and as treated in this 
chapter, establishes a relation between the intercepts on a given axis of the tan- 
gents at adjacent points on the elastic curve and the moment about the given 
axis of the moment diagram area for the portion of the beam between the points 
at which the tangents are drawn. 

The Area-Moment Method as derived by Prof. Mohr is based on the observed 
similarity between the deflection and slope diagrams for the given beam and 
the moment and shear diagrams for a similar, or properly chosen, beam due to 
loading which is proportional to the moment diagram for the loading causing 
the deflection. As first presented, Prof. Mohr’s method was applicable only to 
simple beams. It was later extended by Prof. Mueller-Breslau so that it was 
applicable to any type of beam. Prof. Mohr’s method, as presented in this 
chapter, is called the Method of Elastic Weights. This name is applied to the 
method due to the fact that in deriving the fundamental principles, use is made of. 
an arbitrary weight which is a function of the elastic deformation of the beam 
elements. 

Another useful method for the determination of deflections, which is known as 
the Unit-Load Method, was derived by Prof. Fraenkel. This method is based on 
the necessary condition that for elastic equilibrium the internal work due to 
fiber stresses and the external work done by the loads during deflection must be 
equal. 

The Area-Moment and the Unit-Load methods are particularly useful when 
the deflection of a certain point is desired, without reference to the deflec- 
tion at any other point. In this respect, these methods have an advantage over 
the Elastic Curve method, for as stated above, the complete equation of the 
elastic curve must be derived in this latter method before the deflection, or slope 
of the elastic curve, at any point may be determined. However, if so desired, 
the general equation of the elastic curve may also be determined by means of the 
Area-Moment and Unit-Load methods. 

Prof. Greene's Area-Moment Method and the Method of Elastic Weights are 


treated in this chapter. The Elastic Curve and Unit-Load Methods are treated 
in Appendix C. 
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63. Area~-Moment Method (Prof. Greene’s Method)! 

63a. Method in General.—Let A and B, Fig. 49, represent any two 
points on the neutral axis of a beam, which is bent by any arrangement of loading. 
Through A and B draw the tangents AD and BC intersecting at C, and the 
-normals AJ and BI intersecting at I. Then ZAIB = ZBCD = ¢. Let 
QPRS represent the bending moment diagram for the portion of the beam 
between A and B. Let EFHG represent an element of the beam between two 
right sections HG and FH (drawn to a larger scale in Fig. 50) which were parallel 


| : 


Fie. 49. Bra: 50: 


and a distance ds apart before the element was bent by the bending moment M. 
Let r, Fig. 50, represent the radius of curvature of the neutral axis for this ele- 
ment. The fiber at the neutral axis remains unchanged in length, while the 
fiber KL at a distance y below the neutral plane has been increased in length from 
ds = rdf to (r + y)dd. Hence the total deformation in the length ds is ydd 


and the unit deformation is a Let f represent the unit stress on the fiber KL; 


ds” 
and let H represent the modulus of elasticity. Then 
Eyd¢ 
ca a3 orf = As 
ds 
Let J = moment of inertia of the cross section about the neutral plane. Then 
My 
eo 
Eyd¢ _ My 
whence ie Coat | 
je = Mas 
or Piss El 
B B Mds 
and = {| do= Er 


1 Contributed by Chas, A. Ellis. 


46 STRUCTURAL MEMBERS AND CONNECTIONS _ (Sec. 1-63a 


If the beam in its natural state is straight (not arched) and is prop- 
erly designed, the curvature will be so slight that ds may be replaced by dz, 
allowing the integration to be made horizontally between A and B instead of 
along the path of the elastic curve. 

Then 


If the beam is homogeneous and has a uniform cross section, E and J are 
constants, and the equation may be written thus: 


" 1 B 
=a, f, Ma (1) 
The expression Mdzx represents the area of the cross-hatched element in the 


‘B 
bending moment diagram. Hence the integral expression 5 Mdzx is the area 


of the M-diagram between the ordinates RS:and PQ; and if this area is divided by 
EI, the quotient is the angle ¢. If M is expressed in in.-lb., the area Mdz is 
expressed in in.2-lb. If E is expressed in lb. per sq. in. and J in in.‘, then EI 
is also expressed in in.*-lb., and the angle d isaratio. In any practical beam ¢ is 
comparatively very small; hence, when the tangent CB, Fig. 49, is horizontal, the 
ratio @ may be taken as the slope of the-tangent AD. Likewise when AD is 
horizontal, the ratio ¢ may be taken as the slope of the tangent CB. 

From this analysis the first principle may be deduced, namely: If tangents 
are drawn through any two points on the elastic curve of a homogeneous beam of uni- 
form cross-section, the angle which one tangent makes with the other tangent equals 
the area of the M-diagram between the two points, diwided by ET. 

Now imagine that the unstrained position of the beam was in the direction AD, 
and that the beam was subsequently bent so that the point D moved to B, the 
point A remaining stationary. This movement is caused by the bending of all 
the elements from A to B. The bending of the element EFGH causes the point, 
in its travel from D to B, to move a distance dt = xdd. Since the curvature is 
comparatively small, the path of the point moving from D to B deviates but 
slightly from the straight line DB. Hence 


t= fra = [" aap = Ff Made (2) 


The distance DB = ¢ is called the tangential deviation; since it represents the 
distance through which the point B has been displaced by the curvature of the 
beam, when AD is assumed as the original position. 

In eq. (1) and (2), J is the gross moment of inertia of the cross-section. No 
deductions are made for holes, as is the case when the strength of a beam is being 
computed. 

The expression Mxdx represents the moment of the elemental area Mdz about 


. ° . B 
the ordinate through B. Hence the integral expression f, Mud represents the 


moment of the area QPRS about the ordinate through B, and is‘ called the area- 
moment of QPRS about B. The area-moment is expressed in in.’-Ib., when M is 
expressed in in.-lb. Since EI is expressed in in.”-lb., the tangential deviation t 
is expressed in inches. The second principle may now be stated: I f the tangent 
to the elastic curve is drawn through any point A, the tangential deviation at any other 


Sec. 1-636] GENERAL THEORY 47 


point B may be obtained by finding the area of the M-diagram between ordinates through 
A and B, and dividing by EI the moment of this area about the ordinate through B. 
Let J represent the centroid of the area QPRS, and let k be the distance from J 

to the ordinate through B. Then 


area QPRS 
t= an hee k 
Since, from the first principle 
: area QPRS _ 
Elore ? 
then 
t= ko 


Hence the tangents to the elastic curve at any two points A and B intersect on the 
ordinate through the centroid of the M-diagram included between the ordinates 
through A and B. 

63). Application of the Method.—Beam with Single Concentrated Load 
(Determination of Deflection Under the Load).—The beam in Fig. 51 is a2 X 1-in. 
piece of wood laid flatwise. J = int H = 1,500,000 lb. persq.in. Hence HI 


18" 


wm er ee ene ef ee 


Big. 51. 


= 250,000 in.%-lb. The M-diagramis PQS. The deflection A under the load will 
be determined in several ways, by drawing the tangent to the elastic curve through 
different points as shown in Figs. 51a, 51b and 51c. Considerable time and labor 
may be saved by exercising good judgment in choosing the most advantageous 
point in the elastic curve through which the tangent is to be drawn. 

In Fig. 51a, the tangent to the elastic curve ATB is drawn through T. The 
deflection A is readily found after the tangential deviations t; and t, have been 
computed. From the second principle, 


ty = if M,adz 


where M, is the bending moment at any distance x from the ordinate on which the 
tangential deviation is required. Hence, M; = 45z, and 


al 6 
ty = EI f 45a2da = ak 
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The origin for tz is at B; hence M, = 15x, and 
1 oye _ 29,160 
te = EI f, M,xdz = VEER 


From similar triangles in Fig. 5la 
6 9,720 9,720 
A=h +94 (4 —4) = “aT = 950,000 
When the M-diagram can conveniently be divided into portions whose areas 
and centroids are easily found, a semigraphic or geometric solution can readily be 
made. The area of the M-diagram to be considered in each case is. included 
between two ordinates. One ordinate passes through the point of tangency, on 
the other ordinate the tangential deviation is found; the moment of this area is 
taken about the latter ordinate. 


= 0.039 in. 


6 
The expression f. M,zdz represents the area-moment of PQV aboutP. Hence 


3,240 
EI 


1 
t= EI (270)(3)(4) = 


18 
Likewise, the expression f, M,xdz represents the area-moment of SQV about S. 


Hence 
29,160 
EI 
In Fig. 516 the tangent is drawn through A. The area-moment for f4 is PQS 


about S; and for ts, the area-moment is PQV about QV. The geometrical.solu- 
tion is as follows: 


1 
te = EI (270)(9)(12) = 


Pash pate (12) = 29,160 _ 45,360 


* ~~ ET | (270)(8) (18-42) = 16,200 EI 
as _ 1,620 
fg = EI (270)(3)(2) = EI 
From similar triangles in Fig. 516, 
St aap 
A +3 = AoE SET 


and 


11,340 — 1,620 9, 
A= EI eee * (as before) 


In the algebraic solution, the origin for ts is at S. M = 15z for values of x 
between 0 and 18, and M = 15x — 60(x — 18) = 1,080 — 452, for values of x 
between 18 and 24. Hence 


= 1 24 1 18 1 24 
bag ak Mrdz = = Ab Lada + a7 f _ (1,080a — 450%)da 
rid 29,160 + 16,200 _ 45,360 
EI eer 
The origin for t; is at V. Hence, M = 45 (6 — 2), and 


oe 1,620 
t= py J, Ge — 2*)dr = on 

The geometric solution is considerably shorter when VM is not a continuous 
function of x as in the case of ts. 
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In Fig. 51c¢ the tangent is drawn through B. Hence 
= a “Hero (4) = 3,240 |- 32,400 


+ 
(270)(9) (6+6) = 29,160 He 
14,580 
Fy (270)(9) (6) = “ED 
_ 24,300 — ae 9,720 
= EI iaey (as before) 


Beam with Single Concentrated Load (Determination of Maximum Deflection). 
Let X, Fig. 51d, represent the point of maximum deflection. Since the tangent 
through X is horizontal, A maz = t7 = ts. Let KL be the ordinate in the M- 
diagram at the point of maximum deflection, and let LS = a. Then KL = 15a. 
Let ¢ represent the angle which the tangent through B makes with the horizontal 
tangent through X, then 


ZABC = ZBID = ¢ 
246 = ts = moment area PQS about P 


Hence 
Viste. 1,350 
RY ay | 
Also 
area KLS 7.5 a? 
x EI PT 
Hence 
025 0 = ABOU 
and 
@— 13.42 


Since the centroid of the triangular area KLS is on the ordinate through J, 
JAD) = : a 


2) (ee ,350) See = ae = 0.048 in. 


te= 5 ag = 


The value of ts may also be determined as follows: 


ha! (a7 ones: of) . ay — 52° _ 12,078 


KLS about S EI E T 
Since EI = 250,000, we have 
12,078 
(— W _ f 
ts 250,000 0.048 in. (as before) 


The distance a might also be found by equating the values of t7 and ts without 
any reference to the tangent through B. 

Beam with Single Concentrated Load (Derivation of Equation of Elastic Curve). 
The general expression will be developed for the deflection of a simple beam 
1 inches long when supporting a single concentrated load of P pounds, at any dis- 

4 
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tance kl from the left support, (Figs. 52 and 53). The deflection A is found at T, 
a distance cl from the left support, 


When c< k 


In Fig. 52 the tangent CD is drawn through T. 
EIt,; = area moment of PKL about P = c(1 — k)Pl (3) (Ee 1) 


EIt, equals the area-moment of KQSL about S which is the area-moment of 
PQS about S, minus the area-moment of PKL about S. 


Ei 6 —»Pi(Z)2( ym mY = ol = bP! (2) (1 ke val) 


Simplifying these expressions, we have 
a PIs 3 
and 


Pl 
to = 6EI (1 


— k)(2k — k? — 3c? + 2c?) 
By similar triangles, 
A=ti+ C(te a, th) 
Substituting values of ¢; and te, we have 
SED 
A = GRIT [k(2 — k) — c*] (1 —k) (3) 


Whenc >k 


Sin Ces 53 se tangent CD is drawn through T as before. 
Pis 
6EI 
Pis 

“= BET 2k(1 — c)8 
A = t3 + C(t4 = ts) 
Plk 
A = ep le — ¢) — k*] d —e) (4) 
The deflection at the load may be obtained from either eq. 8) or (4). Since 
c = k for this condition, either equation reduces to 
Pls 
Jism 3hI k2(1 — k)2 
The maximum deflection occurs in the longer segment of Fig. 53 where c is 
greater than k, and at the point where the tangent through T is horizontal; hence _ 


ts = k(8c2 — 2c3 — k?) 
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the value of c for A maz may be found by equating the expressions for ¢; and ts, 
whence 


gaa) 


Since the limits of & are 0 and 0.5, all values of c for maximum deflection will 
fall between 0.4227 and 0.5. Hence the point of maximum deflection for a 
single load is between the load and the center of the span, and always relatively 
near the center. The most eccentric loading which a simple beam of uniform 
cross-section and span / can experience, occurs when a single load is adjacent to 
one of the supports, and & is on the point of becoming zero. Under this condi- 
tion the point of maximum deflection cannot be at a distance greater than 0.07731 
from the center of the span.- Any second load applied to the beam must neces- 
sarily throw the point of maximum deflection 
nearer the center. Hence the point of maxi- 
mum deflection of asimple beam of uniform 
cross-section, loaded in any manner, will be 2 g 
near the center and not more than 0.0773 of its 
length from the center. et Y 

A 20-in. 65.4-Ib. I-beam supports two loads Fie. 54. 
of 30,000 lb. each, Fig. 54. Since the loads are symmetrically placed, the elastic 
curve and M-diagram are symmetrical about the center. The tangent to the 
elastic curve at the center, drawn through T, is horizontal and A = ¢; EH = 
29,000,000 lb. per sq. in., J = 1169.5 in.* 

Hence 


EI = 33,915,500,000 in.*-lb. 
Area-moment of PQV about P is 
150,000(2.5)(3.33) = 1,250,000 
Area-moment of SUVQ about P is 
~ 150,000(7.5) (8.75) = 9,843,750 
Area-moment of PQSU about P = 11,093,750 ft.*-lb. 


_ 11,093,750 (1,728) 


= S 05Gb an: 
A =t= 33 915,500,000 ~ °° ™ 


When the length of a beam is expressed in feet, and the loads are expressed : 
in pounds, the area-moment will be expressed in ft.3-lb. and the factor 1,728 is 
introduced if EI is expressed in in.?-lb. Lat 

EI may be expressed in ft.?-lb. by dividing by 144, whence 


EI = 235,521 ft.?-lb. 


Th 
11,093,750 ft.%-Ib. 


235,521 ft.2-Ib. 


Beam with Uniform Load.—The beam in Fig. 55 supports a uniform load 
and the M-diagram PQS is a parabola. The maximum deflection is at the center 
of the span. The tangent to the elastic curve at C' is horizontal, and A =t. 
EIt= the area-moment of SQV about S. The area SQV is two-thirds the area 


= 0.0471 ft. = 0.565 in. 


A=t= 
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of the rectangle QRSV, and the centroid of the area SQV is five-eighths of VE, 


hence 


1 2 884,736,000 
A=t=a (19,200)(8) (5) (5)(1,728) - 


Equation of Elastic Curve, Beam with Uniform Load.—In Fig. 56 the span is 


a Ib. per Ft 


aig 
(I-cJ€ 


Fig. 55. Fic. 56. 


lin., and the uniform load is w lb. perin. The deflection at any distance cl from 


: ; w 
A will befoumd. At any distance z from either support, M = gill — 2), 


1 


a i 


4 
* Mada =v (408 — 38) 


SE U4 
tf = EI Lf " Madx = oi (1 oe + 8c? — 8c*) 


A ty + c(te — ti) 


I 


A = 5 (e — oh + ef) = ec c)(1 + ¢ — ¢?) 


Let W = the total uniform load, when W = wl. Then 


Wh Wie 
ABT (c — 2c? 4+ ct) = sant! — c)(1 + ¢ — c?) (6) 


A = 
The formula for deflection at any point may be determined from eq. (6) by sub- 


stituting the proper value of c. Thus, at the quarter point, where c = 14, we 
have 


aa 19 We 
~ 2,048 EI 

At the beam center, where c = 14, the deflection is a maximum, and from eq. (6), 
5 We | 
> 884 ET 


Beam with Load of Uniformly Varying In- 
tensity—The beam in Fig. 57 supports a load 
of uniformly varying intensity. * The total load 
is W lb., and the length of the beam is lin. The 

% bending moment at ze distance x from A is 


M,= aR Wie — 2°) 
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The ‘irae moment at any distance x from B is 


M2 = W er 2 — 3le? + ae 


31? 
1 
i EJ. lM ae = ont (20c3 — 12c5) 
hoa f° Ol Mande = "(7 — 30c2 + 20c8 + 15e# —- 12c8) 
"1808 7 ? é 
A=t+c(te—t) = ae (7e — 10c? + 3c5) 
The value of ¢ forA naz may be found by equating t; and te, whence 
15c4—30c? = —7 
c = 0.519 
eg RTOS es MMi 
me (SO ET “ EI 


The intensity of the load in Fig. 58 increases 
uniformly from each support to the center of 
the span. The total load is W lb., and the 
length of the beam is/in. The bending moment 
at any distance x pare the end and center is 


M,= Bl? W (gtx — 4a) 
The bending moment at any distance x, when Fie. 58. 
,» « isgreater than 14 I, a 
M, = 62 Me 13 + 92a — 12la2 + 4x3) 
1 Wis eee. 
= EI pees => 60EI (103 8c ) 
i 
i 2 1 (1-61 
boa J Myxdx = aah Mexdz 
2 
et (28 = 50 3 fee s) 
= sonT (3 15c? + 10c? + 10ct — 8c 


A=t4+c(t,—th) = a (25c — 40c? + 16c5) 


in which c¢ may have any value between 0 and 1. The value of c for Ames 
may be found by equating ¢; and t2, whence, 


25 

10c* — 15c? = = 
c= 5 
2 

eh ee 

ES GOEL 


Beam with Several Concentrated Loads.—A 24-in. 79.9-lb. I-beam supports 
three loads (Fig. 59). The linear dimensions of the beam are expressed in feet 
and the units in which # and J are usually expressed will be changed accordingly. 
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I = 2,087 in.4 E = 29,000,000 lb. per sq. in. Hence EI = 60,523,000,000 
in.2-Ib. or 420,300,000 ft.2-Ib. The tangent is drawn through C at the center of 
the span. The deflection due to the weight of the beam will be considered later. 


Area-moment about P 


AreaPQY 108,000 (5) (6.67) = 3,600,000 
Area YQW 108,000 (7.5) (15) = 12,150,000 
AreaQRW 120,000 (7.5) (20) = 18,000,000 


33,750,000 ft.8-Ib. 
33,750,000 


tee : ? = 
i= 420,300,000 0.0803 ft. 


Area-moment about U 
Area USV 78,000 (7.5) (10) = 5,850,000 
AreaSVW 78,000 (5) (18.33) = 7,150,000 
Area SRW 120,000 (5) (21.67) = 13,000,000 


26,000,000 ft.*-Ib. 


_ 26,000,000 _ 
ts = 55,406,000 = 0.0018 tt. 
casei + fs = 0,071t) = 085 int 


The maximum deflection caused by the three loads is at 7, where the tangent 
is horizontal, and the ordinate in the M-diagram is KL. Let LW = a and let 
be the angle made by the two tangents; then ¢ A ae) the slope of the tangent 
through C. The beam is 50 ft. long; hence 


_ti—t: 0.0185 


wees eas 0.00037 
also 
_ area KRWL 
ae 
Thus 
area KRWL = EI = 155,000 ft.%lb. 
and 


1.3 ft. 


g 
I 
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The centroid of the area KRWL is approximately 24.35 ft. from P, and the area- 
moment of KRWL about P is 


155,000 (24.35) = 3,774,000 ft.*-Ib. 
n rier 3,774,000 _ 29,976,000 
max — 1 EI ay EI 
29,976,000 _ 5 : 
Amar = 420,300,000 = 0.0713 ie = 0.86 in. 
Although the loads are eccentric, it is clear that there is practically no difference 
between the deflection at the center and the maximum deflection. 
The deflection at the center may be found from eq. (3), p. 77. The coeffi- 
cients F! are given in Table I, p. 79. c = 0.5; & = 0.2 for the load at A; 0.5, 
for the load at B; and 0.3, for the load at C. Hence 


Se: (0.071) = 14,792,000 


3 
$,000(50)° (9 195) = 13,021,000 


oo: (0.099) = 2,062,000 
29,875,000 ft.%-lb. 


— 29,875,000 _ 9 971 = 0.85 in. 


~ 420,300,000 

The deflection at the center, due to the weight of the beam, may be found from 
eq. (7), p. 80. The coefficient J! when c = 0.5 is 0.3125. W = 50 (79.9) = 
4,000. 


4,000(50)3 A " 
= 54(420,300,000) (0.3125) = 0.0155 ft. = 0.19 in. 

~ The total deflection atthe center is 0.85 + 0.19 = 1.04 in., which in this case 
may be assumed without appreciable 
error as the maximum deflection. = 
A deflection of }4¢0 of the span is ,1 | Dom treet a ry 
~ not considered excessive. ha ss 
: Beam with Partial Uniform Load. Z 

In Fig. 60a, the tangent is drawn 
through C at the center of the span. 
Assume that HI is expressed in 
ft.2-lb. The M-diagram under the F 
uniform load cannot be accurately 
divided into triangles, and an in- : 
tegration is necessary if an accurate - be 
solution is desired. A sufficiently (b) 
accurate solution for all practical Sete: 


purposes may be obtained by the , 
geometric process of dividing the area QBDFJ by vertical ordinates into strips, 


so narrow that their areas may be considered trapezoidal. The accurate method 
by integration is given below. Let M, represent the bending moment under the 


1 See Art. 65. 
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uniform load at any distance x from the left support; and M, the bending moment 
under the uniform load at any distance x from the right support. Then 
M, = —100x? + 5,000x — 2,500 
and 
M, = —100z? + 5,800x — 24,100 
Area-moment about A 
Area ABQ 20,000 (2.5) (3.33) = 166,667 
sf 18,446,266 .. 5 
Area BENQ { Miedx = peo tL 
18,612,933 
EI 
Area-moment about H 
AreaGHI 20,000 (2) (2.67) = 106,667 
AreaGIJ 20,000 (7.5) (9) = 1,350,000 
Area F@J 50,000 (7.5) (14) 5,250,000 
27 


Area FENJ f. _ Merde — = 10,332,600 
17,039,267 ft.*-Ib. 
ft. 


ty oe ft. 


_ 17,039,267 


ts EI 


The deflection at the center is 
_htte = 17,826,100 


9 WI ft. 


A 


The slope of the tangent is 
© ty te 929,142 
ON. ee 9 iar 
Let KL represent the ordinate in the M-diagram at the point of maximum deflec- 


tion, then 


area KENL 
wpe pe 
Therefore 
area KENL = 29,142 
Whence 
LN = 0.488 ft. 
The area-moment of KENL about A is 
29,142 (26.756) = 779,723 
te Se 779,723 __ 17,833,210 
EI EI 
The area-moment of KENL about H is 
29,142 (27.244) = 793,945 
793,945 _ 17,833,212. 


Amaz = to = EI — EI 


When the tangent is drawn to the elastic curve at the right end of the uniform 
load, the tangential deviations ts and ts at the left and right supports respectively 
may be determined by the geometric process; for if a straight line be drawn from 
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ee ’, the area of the M-diagram BDF has all the properties of the M-diagram 
B'D'F’ for a beam 30 ft. long when uniformly loaded with 200 Ib. per ft. (Fig. 605). 


Area-moment about A 


Area ABQ 20,000 (2.5) (3.38) = 166,667 

Area BQJ 20,000 (15) (15) = 4,500,000 

Area FBJ 50,000 (15) (25) = 18,750,000 

Area BDF 22,500 (30) (24) (20) = 9,000,000 
32,416,667 ft.%-lb 


Area-moment about H 
Area GHI 20,000 (2)(2.67) = 106,667 
Area GIJ 20,000 (.75) (9) = 1,350,000 
Area FGJ 50,000 (7.5) (14) = 5,250,000 


6,706,667 ft.?-Ib. 
The slope of the tangent is 
_ts—t, 476,315 _ area KF JL 

Dee asda A aE 
The area EFJN, when considered as four trapezoidal areas, each 2 ft. wide, is 
446,400. Hence, the approximate area of KENL is 

476,315 — 446,400 = 29,915 
from which we find that the ordinate KL is located 

_about 0.5 ft. to the left of the center of the beam as 

~ before. ; , 

b. Cantilever Beam with Single Concentrated Load.— 
The beam in Fig.-61 supports a single load P at the 
frée end. It is fixed in the wall at A in such a way 
that the tangent to the elastic curve at A remains hori- 
zontal. Hence the deflection at the free end is 


1 1 2 Ps 
a at (—*)(5) (52) Sosa 


_- The negative sign indicates that the elastic curve deviates below the tangent. 


Fig. 62. 


Cantilever Beam with Uniform Load.—The beam in Fig. 62 supports the load 
W uniformly distributed. The M-diagram is SQV. The curve SV is a parabola 
with the vertex at S. Hence the deflection at the free end is 


sh —F)G)G) “te 
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Cantilever Beam with Overhanging Ends.—A 7-in. 15.3-lb. I-beam, Fig. 63, 
supports a load of 2,000 Ib. EI = 1,050,000,000 in?.-lb. The tangent is drawn 


through C. 


_ =12,000(1.5)(2)(1,728) _ _ 
ty = 1,050,000,000 = —0.0592 in. 
_ —12,000(8) (4) (1,728) _ __ . 
t2 = 7 950,000,000 Bm ate 


A = 2t, + t2 = — 0.3552 in. 
The deflection at B may also be found by drawing the tangent through either 


A or B. 

A cantilever beam is shown in Fig. 64. In finding ¢; positive and negative 
areas are encountered in the M-diagram. ‘These may be treated in one of two 
ways. The point of zero bending moment at J may be determined, and the areas 


/0,0001b. 


Fie. 64. 


PIW and IQV treated separately, or the area WIV may be included with both 
positive and negative areas as follows: 
Area-moment about P 
Area PVW — 30,000 (8) (2) = —180,000 
Area WQV + 36,000 (3) (4) = +432,000 
Area QVU_ + 36,000 (6) (10) = +2,160,000 
Area QRU_ + 48,000 (6) (14) = +4,032,000 


| +6,444,000 ft?.-Ib. 
If EI is expressed in ft.?-lb., then 


Area-moment about S 
Area SRU _— 48,000 (6) (8) = 2,304,000 ft.2-Ib. 
ec Oe : 
EI 
go = abe _ 138,000 
30 EI 


Sec. 1-63b] GENERAL THEORY 59 


Let KL represent the ordinate in the M-diagram at the point of maximum 
deflection. Then 
Area KRUL = 138,000 
a = 2.967 ft. 
KL = 45,033 ° 


The maximum deflection may now be found as in previous cases. 

Beams with Cross-section not Constant—The moment of inertia of beams 
having uniform cross-section is constant, and for this reason J appears outside 
the integral sign in eqs. (1) and (2), p. 46. When the cross-section is not uniform, 
the moment of inertia varies, and eqs. (1) and (2) become 


1 72 Mdx 

Soa sta ®) 
1 62 Madxz 

Sida ME (9) 


In order to perform the integration, J as well as M must be expressed as a 
function of z. This is relatively a simple matter when the beam has a rectangu- 


3,600,000 
%260,000 
4,320,000 


8 
iS} 
S 
u 
a 


4 - diagram (a) 
Fia. 65. 


lar cross-section varying uniformly in breadth or depth; but this method often 
~ results in long and cumbersome expressions when applied to structural steel 


sections. In all such instances the geometric method is preferable. 
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The beam in Fig. 65a is a plate girder. The 3g-in. web plate is 24 in. wide at 
the ends, and the width increases uniformly to 36 in. at the center. Hach flange 
is composed of 2 angles, 5 X 314 X 36, with the 3)4-in. leg against the web. The 
distance back to back of angles is the width of the web plus one-half inch. Ordi- 
nates in the M-diagram, Fig. 65), are given in inch poundsevery 3ft. AnI -diagram ~ 
is shown in Fig. 65c. The ordinates represent the moment of inertia in inches4 
at 3-ft. intervals. Each ordinate in the M-diagram has been divided by the 


, : M 
corresponding ordinate in the J-diagram, and the quotient recorded in the > 
diagram, Fig. 65 d. The ordinates in this diagram are expressed in Ib.-in.8 
Since the girder and the loads are symmetrical, the a diagram is symmetri- 


cal about the vertical ordinate through the center of the span; the maximum 
deflection is at the center and the tangent to the elastic curve (not drawn) at the 

‘ center is horizontal; hence the tangential deviation ¢ at the left support equals 
the area-emoment ABCD about A divided by E. ; 


Area-moment about A 


443.6 (36) (36) = 575,000 
748.5 (36) (72) = 1,940,000 
957.8 (36) (108) = 3,724,000 


917 (36) (144) = 4,754,000 
876.5 (36) (180) = 5,680,000 
837.2 (18) (204) = 3,074,000 


19,747,000 
: More 
In calculating these area-moments, the a diagram was broken up into triangles 


as shown in Fig. 65d. The lever arms to the centers of gravity of the several 
triangles are shown in position. 

Then 
_ 19,747,000 


A =ft= 
te 29,000,000 


= 0.68 in. 


When the ordinates in the “ diagram are computed only for the ordinates 
at B and C, and AB and BC considered as straight lines, the computations are 
as follows: 

Area-moment about A 
957.8 (54) (72) = 3,724,000 
957.8 (54) (144) = 7,448,000 
837.2 (54) (180) = 8,138,000 


19,310,000 


“10810 00m ee 
A max ~ 29,000,000 = 0.67 in. 


Thus, it is clear that if the ordinates in the Fe diagram were relatively close 
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together, say at every foot or closer, or even if J were expressed as an exact func- 
tion of x in eq. (9) and the integration performed, the results in either case would 
not differ materially with those obtained above. 

The plate girder in Fig. 66a consists of a 24 X 3<-web plate, 4 angles 5 X 3% 
-X 3g, and 2 cover plates 12 x 3¢ X 24 ft. 0 in. symmetrical about the center 


4,320,000 


Zk pe 


eel 


I-diagram (C) 


diagram (a) 
Fie. 66. 


line. The M-diagram is shown in Fig. 66); the J-diagram, in Fig. 66c; and the i 


diagram in Fig. 66d. 
: Area-moment about A 
1,065.1 (36) (48) = 1,840,500 
631.6 (18) (84) = 955,000 
947.4 (18) (96) = 1,637,100 
947.4 (54) (144) = 7,367,000 
1,263.2 (54) (180) = 12,278,300 


24,077,900 
The deflection at the center is 
24,077,900 

~ 29,000,000 
_ The solution by integration may be obtained as follows: Let M, represent the 
bending moment for values of z between 0 and 9; and M., the bending moment for 
values of x between 9 and 18. Then 

M, = 30,000z 
M2 = 10,000z +.180,000 


= (ECS tiny 
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Then for values of « between 0 and 6, EJ, = 408,417,000 ft.-Ib. and for values of x 
between 6 and 18, EJ. = 688,750,000 ft.2-lb. The deflection at the center 
expressed in feet is 


il 6 1 9 il 18 
A She lt Mude + gr. J Mirde + gy. J Moxdx 


The solution by integration is much more simple in this problem than in the 
preceding one, for in this problem J is constant between certain limits of « and is 
therefore not a function of x. 

64. Method.of Elastic Weights. 

64a. Derivation of General Formulas.—As stated in Art. 62, 
the Method of Elastic Weights is based on the observed similarity between 
the deflection and slope diagrams for a beam due to a set of applied loads, and the 
bending moment and shear diagrams due to a loading which is a function of the 
elastic distortion of the beamelements. Due toits nature, as explained below, this 
loading is called an elastic weight. The beam on which this elastic weight loading 
is applied is known as a conjugate beam. It must be selected so that it meets 
certain initial conditions imposed by the character of the true deflection and slope 
diagrams. In the discussion which follows, the general principles will be given 
on which this method is based and a few simple typical cases will be followed 
through in detail. For a more complete discussion of this subject, the reader is 
referred to an article by Prof. H. M. Westergaard on “‘ Deflection of Beams by the 
Conjugate Beam Method.’”! / 

Let ACB of Fig. 67a represent a simple beam which supports any set of 
applied loads. This beam will hereafter be referred to as the given beam. 
Assume for the present that the beam element at C, a distance a from the left 
end of the given beam, is elastic and that all other elements are non-elastic. 
Figure 67) shows the elastic element at C. Assuming that the flexural stress 
and strain on this element are subject to the conditions stated in Art. 50, p. 21, it 


can readily be seen that 6 = Z where 5 = deformation of extreme fiber, f = 


stress intensity on that fiber due to bending, and ZH = modulus of elasticity of the 
material composing the beam element. The angular rotation of the face of the 


6 ‘3 Mc 
c 


distorted beam element is then dg = = = Be From Art. 50), p. 23,f = seo 


and hence 
Pret 
EI (1) 
The effect of the distortion of the elastic element at C on the deflection of the 
beam is shown (greatly exaggerated) in Fig. 67c. All points from A to C rotate 
about point A through an angle a and all points from C to B rotate about B 
through an angle 8, taking the positions shown in Fig. 67c. To determine the 
values of the angles a and 8, note from Fig. 67b that the angle between AC pro- 
duced and CB of Fig. 67c is equal to d@ as given by eq. (1). Since the angles are 
all very small, we may write 
BB, 


e2= 


l 


1See Journal of the Western Society of Engineers, vol. 26, No. 11, Nov., 1921. 
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But 
BB, = (l —a) d¢ 
Therefore 
bat l—a\M 
Sects ce t ) a 
Unit Length 
Deformed 
Element 
(b) 
Jo! 
| + Directions 
Je 
EI ETS Soest aaa ee 
Conjugate Beam 
(e) oe bs 
BT aan Boom 
Complete feonuaate Beam Loading 
(f) 
Fig. 67. 
Also 
CC; 
ie l-—a 
But 
a(l—a ) 


63 


(2) 
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Therefore 


aT (3) 


The deflection of point D on the neutral axis at a distance x, from the left end of | 
- the beam is 


M 
yp = me = 7 l—4) Fy (4) 


and the deflection of point F on the neutral axis at a distance x2 from the left end 
of the beam is 


a M 
yr = (l— %2)8 = 7 (l — &2) By (5) 
Equations (4) and (5) give the deflection of points on either side of the dis- 


M 
torted element in terms of ED the elastic deformation of that element. The 


deflections given by eqs. (4) and (5), when plotted, give a deflection diagram 
which is represented by the triangle of Fig. 67d. 

The slope of the tangent to the elastic curve at any point due to the elastic 
deformation of the element at C of Fig. 67a is equal to the angular rotation for the 
portion of the beam containing the point in question. Thus in Fig. 67c, a vertical 
section n-n through D of the undeformed beam is rotated through an angle a to 
mi-m, after the deformation has taken place. Since the tangent to the elastic 
curve is perpendicular to n-n, it also rotates through the anglea. In the same 
manner it can be shown that the tangent at F rotates through an angle 8. We 
may then write, substituting for a and B the values given by eqs. (2) and (8). 

For point D 


dps a SNe SET : (6) 
For point F 

dy aM 

dz P= — 7 ET @) 


The signs given .to a and # are determined by the direction of rotation shown ip 
Fig. 67c. Denoting clockwise rotation as positive, a is a positive rotation and B 
is negative. The slope given by eqs. (6) and (7) is plotted in the slope diagram of 
Fig. 67d. ' 

As stated above, a conjugate beam is to be selected and a loading condition 
determined for that beam such that its bending moment diagram will represent 
the deflection of the given beam and its shear diagram will represent the slope 
diagram of the given beam. On examining the diagrams given in Art. 46, p. 15, 
we note that the moment and shear diagrams for a simple beam with a single con- 
centrated load are of the same form as the deflection and shear diagrams of Fig. 
67d. 

Consider a simple beam of span J, Fig. 67e carrying a single load W at a dis- 
tance a from the left end. The values of moment and shear at point D are 


Mp = Ryt = sal — a)W (8) 


l-—a 


Vp =Rh =+ i W (9) 
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At point F, the values are 
Mr 


Ril 2.)3— at — 2)W (10) 


Ve =—-Ri=-7W (11) 
_ On comparing the right hand members of eqs. (4) and (8); eqs. (5) and (10); 
_ eqs. (6) and (9); and eqs. (7) and (11), we note that they differ only in that eqs. (4) 
to (7) have a term M/EI where eqs. (8) to (11) have a term W. Therefore, 
if W of eqs. (8) to (11) be replaced by M/EI for the distorted element at C, 
the resulting moments and shears are exactly the same as the deflections and 
slopes given by eqs. (4) to (7). Note that to secure agreement in signs the load 


a2 must act downward. 


This observed similarity between the two sets of equations suggests the type 
of conjugate beam and the character of the loading to be used on the conjugate 
beam in order to determine the deflection and slope at any point on a given simple 
beam due to the distortion of a single beamelement. Thus, ona beam of thesame 
span as the given beam and supported in the same manner, apply at the position of 


~ the distorted element, a load M/EI, which is equal to the elastic distortion of 


the given beam element due to the applied loads on the givenbeam. Calculate the 
moment and shear at a point on the conjugate beam at a position corresponding 
to the location on the given beam of the point whose deflection and slope is required. 
This moment and shear are respectively equal to the desired deflection and slope. 
_ Positive moment indicates downward deflection. Positive shear indicates clock- 


wise rotation, and negative shear indicates counter-clockwise rotation. 


The above analysis is general and holds true for each and every element of the 


- givenbeam. Hence if all elements are considered to be elastic, each element must 


be loaded with its M/HI value. The resulting load on the conjugate beam is 

then the M/EI diagram for the given beam, as shown in Fig. 67f. Moments and 

shears calculated at any point on the conjugate beam loaded as shown in Fig. 67f, 

will give the deflection and slope at a corresponding point in the given beam due 
~ to the applied loads. 

Since M/EI is a function of the elastic distortion of a beam element, it has 
been called the elastic weight of that element, and the method for the determina- 
tion of deflections and slopes is called the Method of Elastic Weights. When E 
and I are constant for the entire beam, the conjugate beam loading may be taken 
as the moment diagram for the given beam. After the moments and shears, 
representing deflection and slope, have been calculated, they must be divided 
by the constant EI. 

Cantilever beam deflections may also be determined by the method of elastic 
weights, suitably modified to meet the new conditions. Figure 68a shows a canti- 
lever beam which is fixed at B and free at A and supporting any set of applied 
loads. Assume as before that an element at C at a distance a from the left end is 

elastic and that all others are rigid. For the conditions shown in Fig. 68), the 
deflection of any point D with respect to an origin at O, the free end of the unde- 


formed beam is - 
Yp = (a — z)dd = (a — *) aT (12) 


66 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-64a 


A positive value in eq. (12) indicates downward deflection. The deflection 
diagram plotted from eq. (12) is shown in Fig. 68c. Ai 

The slope of the tangent to the elastic curve at point D is equal to dd. Accord- 
ing to the assumed direction of rotation, dd is a negative, or counter-clockwise _ 
angle. Therefore 


dy Men (13) 


b L@ 
AL ere We ae 8 pede lidar 3 ¢ | 
tDirections Deformed Given Beam Portions 
A 2 e £ | Deflection Diagram 
a 
= Deflection Diagram Fglelee kan 
epi aeC B - = 
, lope Diagram 
“i Slope Diagram () | 
| eh x) Aw 


eb! 
WHET 


Conjugate Beam 
fa, 


i Pa Diagram 
ts A Diagram, 


Conjugate Beam Loading 
@) 


Zi, 

Conjugate Beam Loading 
(e) ‘ 

Note: Deflection and slope of given beam Nofe: Deflection and slope of 

at x= moment and shear to right of x given beam at x=moment and shear 

in conjugate bear. to left of x in conjugate beam. 


Fig. 68. Fie. 69. 


A conjugate beam must now be selected subject to the conditions that the 
moment and shear diagrams due to an elastic weight M/EI will be similar to the 
deflection and slope diagrams of Fig. 68c. A cantilever beam fixed at A and 
free at B, as shown in Fig. 68d, and loaded with an upward force M/EI will 
answer the given conditions. This load must act upward, for, according to the 
direction of rotation, the deflection is upward or positive. Hence the conjugate 
beam moment must also be positive. Positive moment (compression in the top 
fibers) will occur for a load directed as shown in Fig. 68d. This conjugate beam 
of Fig. 68d applies when only element C is elastic. Similar conditions hold for 
all other elements, when they are also considered as elastic. The complete 
loading for the conjugate beam is then as shown in Fig. 68e, being the M/EI ~ 
diagram for the applied loads on the given beam of Fig. 68a. 


{ 


the beam. 


applied to the solution of typical problems. 
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Figure 69a shows the conditions for the beam of Fig. 68a when the origin is 
taken at the deflected position of the free end of the beam, as shown in Fig. 690. 
The deflection and slope diagrams for a single elastic element at C are shown in 
Fig. 69c. A conjugate beam fixed at the right end, free at the left end, and loaded 


with a couple ET ® as shown in Fig. 69d, will give moment and shear diagrams 


similar to the deflection and slope diagrams of Fig. 69c. When all elements are 
considered as elastic, the conjugate beam loading will be as shown in Fig. 69e. 
The M/EI values for each element will form the M/EI diagram shown in Fig. 
69e, and the concentrated load at the free end will be equal in magnitude to the 
area of the M/EI diagram. 

Algebraic or graphical methods may be used in the solution of problems in the 


_ deflection of beams by the method of elastic weights. If the equation for the 


M/EI diagram can be expressed as a continuous function of x, an equation for 
the deflection at any point may be derived. “This equation is exactly the same 
as the one derived by the elastic curve method of Appendix C. When the 
‘equation for the M/EI diagram cannot be expressed as a function of 2, it is 
possible to plot the moment curve from values calculated at several points. By 


' the use of semi-graphical methods, similar to those used in the area-moment 


method in Art. 636, the desired deflection of any point may be determined. 

Graphical methods for the determination of the deflection of beams by the 
method of elastic weights are based on properties of the equilibrium polygon. 
The equilibrium polygon may be used to determine the moment of forces about a 
_given point, and it may be so drawn that it represents the moment diagram 


' for a given set of forces. To apply these principles to the determination of the 
_ deflection of beams, the M/EI diagram for the given loading may be divided 


into small areas. At the center of gravity of each of these areas the corresponding 
M/EI is applied as a force. An equilibrium polygon drawn for these forces 
represents the moment diagram for these forces, and is therefore a graphical 
representation of the deflection of the beam as shown by the elastic curve for 


64b. Application of the Method.—The method of elastic weights 


'_ offers a very convenient method for the determination of the deflection and slope 


of simple and cantilever beams of variable cross- Wie per fie 
section supporting complicated loading systems. ; 
In the following articles the method will be 


Simple Beam with Uniform Load (Moment of 
Inertia Constant).—As stated in the preceding 
article the deflection at any point due to the given 
‘uniform load is equal to the moment at that 
point due to a loading represented by the M/EI Boricaate. beam 


diagram for ‘the given loading. The bending Fic. 70, 


moment diagram for a beam with a uniform load 
is a parabola. In Fig. 70 this bending moment is shown as a load applied to the 


beam. For the conditions shown 


yp = Ryx — (area.abc)x 
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d 1 wl (2 
Now R, = one-half the area of the moment diagram = (5) (2) fa) (3) = 


wl, x = distance to center of gravity of area abe = 2 (31 — 2n) and area 


abc = a (31 — 2x). Then 
Wx 
2S DART 
The slope of the tangent to the elastic curve has been shown to be equal 
to the shear in-the conjugate beam at the required point. Hence at point D, 
dy 
dx 
Substituting the values given above 


dy _ _w a 
ae = AEFI (13 6lax2 + 473) 


Illustrative Problem.—A simple beam 16 ft. long supports a uniform load of 600 lb. per 
ft. Determine the maximum deflection of this beam. Assume that the moment of inertia 
of the beam is 100 in.‘, and that the material 
is steel for which E = 30,000,000 lb. per sq. 
in. 

The conjugate beam loaded with the 
bending moment diagram for the given 
beam is shown in Fig. 71. The ordinate 
Cha = 6 alee =" (hea (600)(16)2 lS) 0 230) ese ania a cece eee 
400 in.-lb. and other ordinates follow the 4_ 5 =F 


rt 
parabolic law. ‘For the conditions shown %=2*(@4)~, Poi hleaeea 
it is evident that the maximum moment in ae Omens: 
the conjugate beam, and therefore the 
maximum deflection in the given beam 


will occur at the beam center. Therefore 


(Is — Ql? + 23) 


= Shear = R, — area abc. 


Sey ibm, w/b. per fr, of 


EI-diagram 
G00 I pen Ft. 


Ir _W 
Fe “2ELR(Cw) Se 


Given Beam 6g. area aba 
/o+o0" 
ke Bisse” 
/4,750,000_|\C @ 


f 69.area Nabe’ Xe 
230,400 1t R- = 
BYES 


AR. 96" | b eg ee eens 
F,=14,750,000 £t-Diagram and 
Conjugate Beam Conjugate Beam 
Fie. 71. Fie. 72. 


Z 1 
Max. deflection = EI (Moment about beam center). 


For the loading shown Ri = one-half the area of moment diagram = (34) (3¢) (192) (230,400) 


= 14,750,000. Therefore, 
Max. deflection = (14,750,000) (96 — 36) 


(30,000,000) (100) ~ ‘9-295 in. 


Simple Beam with Uniform Load (Moment of Inertia Not Constant).—Figure 72 
shows a simple beam carrying a uniform load. The moment of inertia of this 
beam is not.constant, being J, for the end quarters and J» for the center half 
The moment diagram, EI diagram, and the M/EI diagram are shown. Let it 
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be required to determine the general expression for center deflection of the given 
beam. As shown in Art. 64a, the required deflection is equal to the moment at 
the center of the conjugate beam. 

For the conditions shown in Fig. 72, the moment at the center of the conjugate 
beam is 


Ry : _ | (area abd) (x, ) + (area afe)x1 — (area abc) (=, + ‘)| 
It can readily be shown that the several areas and lever arms have the following 


values, which were obtained by substituting in the general equations for area abc 
and zx given on pv. 577. 


abe = Bisse bd = eae 
ASSES OTT Ts mg aan ac aR? WT 
eee ite 
area afe = AFT» 
3 if Bey 
t1 = 76! 2 = gol 2 +4 = go! 


Now R; = one-half the area of the M/EI diagram = area abd + area afe 
— area act. Substituting values given above 
5 wis 11 wi 
: Fi = 384 ET, + 384 BT, 
The complete expression for yc, the center deflection, is then 
_ wilt (335 65 
UC 384 N801, 7) 8011 
However, we may write 
j 335 _ (400-65) _ 565. 
80Ilz S80f2 Iz 8012 


Center 
Given Beam 


Conjugate Beam 
Fie. 73. 


Substituting this value in the above expression, we have finally 
hs E 13 || 
Uo A SBAN ie 16 Ve Ls 
Simple Beam with a Single Concentrated Load.—A simple beam with asingle 
concentrated load W at a distance kl from the left end of a beam is shown in 
Fig. 73. The conjugate beam is shown with the M/ET loading in position. For 
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the conditions shown, Ri = (area 1 — 8 — 4) a and R. = area (1 — 8 — 4) 
_~ 1, WwW 1 W 
ans In these equations, area (1 — 8 — 4) = 5 lz (1 — rad [0 Se a 


(1 — k)kl?, and x; = distance from right end of beam to the center of gravity 
of the M/EI diagram. From Fig. 73 it can readily be seen that 


t_1(y_ 1) @_ 
TAS ag: kl — 5 = 3 (2 k). 
With these values we readily derive, 
Ww 
Ri = xT & — k)(2 — k)kl2 
and - 
Ry = gat — k?)ki?. 
The equation of the elastic curve for the portion of the beam from A to D is 


given by the general expression for moments in the conjugate beam for a section 
2—3 ata distance x from the left end. Thus 


y = Riz — (areal — 2 — 3) 


1,Ww 1W = ; 
Now area 1—2—3 = 3 i (1 — k) x | © =o RT (1 — k)xz?, and z = dis- 


tance to center of gravity of area 1—2—3 = - Then, with Ri as given above, 


we have 
_ Wil — kz 
ene 28 

In the same manner, the equation of the elastic curve for the portion of the given 

beam from D to B is equal to the moment at section 5—6 of the conjugate beam, 

from which 


(2 — bk? — 22] 


y = R.(l — x) — (area 4—5—6)x 

Substituting values in this expression and reducing, we have finally 
Wk 

Y = eRT (1 — x)[x(2l — x) — kl2] 


The slope of the tangent to the elastic curve has been shown to be equal to 
the conjugate beam shear at the point where the slope is required. Hence, at 
the left end of the given beam, 


dies. OW. 

ci Ry = ent — k)(2 — k)kl2 
At the right end of the given beam, 

dy. i. Ww 

Wee —-R,= — ar & — k?)kl? 


The maximum deflection in the given beam will occur at the point of maximum 
moment in the conjugate beam. As shown in Art. 48, the moment is a maximum 
at the point of zero shear. For the conditions shown in Fig. 73, zero shear will 
occur when the 


Ww : 
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If xo denotes the distance from the left end of the conjugate beam to the point of 
zero shear 


Area 1-2-3 = — k)ao? 


W 
apt 
-Equating these expressions and solving for ao, we have 


w=1(2—m%|” 


The maximum deflection of the given beam is equal to the moment at the 
zero shear point. Thus 


Ymaz = Rito — (area 1-2 — —3) 5 ae 


Substituting values as given above, we have finally 


Ymeo= ar [42 —®) | —®) 


Illustrative Problem.—A 2  X 1-in. piece of wood 
laid flatwise spans a 24-in. opening. The beam car- 4 
ries a 60-lb. load at a distance of 18 in. from the left 
end of the beam. Determine the deflection under the 
load and the maximum deflection of the beam. As- 
sume # = 1,500,000 lb. per sa. in. 

Figure 74 shows the given beam andthe conjugate 
beam with its loading diagram. For the given beam, 
the maximum moment occurs under the load and the 
moment is 


60) (6 
M= (60) ) (18) = 270 in.-lb. 
24 _ R,=0.00540 Fe2= 0.00756 
The moment of inertia is mariage: Dear 
Fig. 74. 


1 il 1 1i\ 
aoa =(=) 2)(1)3=-—,and EF -(2) 4 = ' 
12 12 (2) (1) gan T ; (1,500,000) = 250,000 


Lars VG 2 Onan 
Therefore maximum jy = 250,000 ~ 0.00108 


the value shown on the conjugate beam. 

To calculate Ri and R2, the M/EHI diagram is divided into two triangles. The areas 
of these triangles and the location of their centers of gravity are shown on the M/EI dia- 
gram. Values of R: and R2 as calculated are shown on Fig. 74. 

The deflection under the load is given by a moment equation about point C, from which 

= (0.00540) (18) — (0.00972)(6) = 0.0389 in. 

Maximum deflection occurs where the shear in the conjugate beam is zero. Let 20 
be the distance from the left end of the beam to the zero shear point. It can readily 
be shown that the area of the triangle AC,C from A to a point distant 20 from the 


0.001082? 0.00108. 
left end is Se This must be equal to Ri. Therefore oT. sb: 
Solving for xo, we have z) = 13.42 in. The moment about a point 13.42 in. from the left 


end of the beam gives the required maximum deflection. Therefore, 


Ymaz = (0.00540) (13.42) — ed) (13.42) eS =) (22 a2) = 0.0482 in. 


Cantilever Beams.—Figure 75 shows a cantilever beam carrying a uniform load. 
The equation of the elastic curve and the maximum deflection will be determined 
with respect to an origin at point O. The conjugate beam and the loading for 
this case is of the type shown in Fig. 68e. This calls for a cantilever beam fixed 


= 0.0054. 
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at the left end and carrying an upward loading represented by the M/EI diagram 
for the given beam. Figure 75 shows the conjugate beam with the loading in 
position. ' : 

The equation of the elastic curve is given by moments to the right of point 
C of the conjugate beam. Thus 

yo = Area (CBED) (a — 2) 
Substituting and reducing, we have 
Yo= ne — Alta + 314) 

The slope of the tangent to the elastic curve is equal to the shear due to forces 
to the right of C; that is 


eda os ee ak oe 
Slope Are = Area CBED = 6HI (I x3) 


w 1/8. per fry 


Origin, 
/ 


Given Beam 


Br eye aX) ees - 
c.garea CBED, 
a cg.area AGE, 
Wx 
ZEIT 
i fa 
G-a)- 
ae actu Heat : 
Conjugate Beam Conjugate Beam 
nike, 742% Fie. 76. 


The maximum deflection, which occurs at point A of the given beam, is equal 
to the moment to the right of point A of the conjugate beam. Thus 
4 
Ymaz = Moment of area ABE about point A-= (Area ABE)(a2) = + a 
The slope of the tangent to the elastic curve at point A of the given beam is equal 
to the shear for forces to the right of point A of the conjugate beam. Thus 
UE ses = BOLE 
Slope = Pane Area ABE = 6EI 
Figure 76 shows a cantilever beam carrying a single concentrated load at a 
distance a from the freeend. The equation of the elastic curve and the maximum 
deflection at the free end will be determined with respect to an origin at point A 
of Fig. 76, the free end of the beam. Figure 69e shows the type of conjugate 
beam and M/ETI loading for this case, and Fig. 76 shows the actual conjugate 
beam with the M/EI values in position. The load at point A is equal to the 
area of the M/EHI diagram = 


1 
sla¢—«@) |@-a) =)" G@_ a) 
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The equation of the elastic curve for the portion of the given beam from A 
to C is given by a moment equation for M/EI values to the left of point D of the 
conjugate beam. Thus 


Wa 
; es erga (1 — a)? 
The slope of the tangent to the elastic curve at D is equal to the shear to the left 
of D, thus 
dy _ W - 
; de — — 2n7 4-9) 
Note that the moment and shear have negative values. 

For the portion of the given beam from C to B, the equation of the elastic 
curve is given by a moment equation for M/EI values to the left of any point, 
as E. Since the M/HI diagram is a triangle, whose center of gravity is readily 
located, the moment equation is readily written out. Thus 

yz = —(M/EI load at A)ax + (area triangle CEF) (14 CE) 


Ve 2 1 W \ @ —a) 
= — apy  — 2)? + ‘slr @—a) |@-a }@59 
from which 
Ube = ay lo? — Ban? — Sle(1 — 2a) — a3] 


The slope of the tangent to the elastic curve at H is equal to the shear for M/EI 
values to the left of that point. Thus 


2 = =(M/BI load at A) + (area trianfle CEF) 


= = gap — a) +5 | fe - 0) | @ - 0) 
from which 
dy WW 
“dz 2EI 
‘The above values are the same as those given on p. 588. 
¥ The maximum deflection occurs at point A and the value of this deflection 
- is given by moments about point B of the conjugate beam. Thus 


[z? — 2axz — (1 — 2a)] 


WwW W 
Ymaz = — 2EI ( a a)?l t gp re a) 


from which e 
Ymaz = — 6EL © ae a)2(20 + a) 


Illustrative Problem.—A 24-in. cantilever beam made up of a 2 X 1-in. piece of wood 
laid flatwise supports a 20-lb. load at a distance of 18 in. from the free end of the beam. 
Determine the maximum deflection of the beam. Assume H = 1,500,000 lb. per sq. in. 


In tuis case J = < = aos = ; in.4, ] = 24 in., anda =18in. Substituting in the 


apove equation for Ymaz, we have 
eee sy 20 (24 — 18)2[2(24) + 18] = 0.307 in. 
6(1,500,000) (34) 


64c. Graphical Methods for the Determination of the Deflection 
of Beams.—As stated on p. 67 of Art. 64a, a graphical determination of the 
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deflection of a beam may be made by dividing the M/EI diagram into smal] 
areas, each of which is replaced by a force proportional to the area in question. 
These forces are applied at the center of gravity of each area. An equilibrium 
polygon drawn for these forces represents their moment. diagram. Hence, as 
stated in Art. 64a, this moment diagram represents the deflection diagram for the 
given beam. 
Graphical methods for the determination of the deflection of beams are partic- 
ularly useful when the loading is complicated or when the moment of inertia of 
the beam is not constant. 
An algebraic solution for such 
cases is long and tedious. 
However, the results ob- 
tained by graphical methods 
are in general not as precise 
as those given by the algebraic 


8285-- ~~. ee ‘solutions of the preceding ar- 


BA So a pape ggooorH  ticles,even when great care is 
ae bs taken in constructing the. 

Al Ins ce 

| 8 


ry graphical diagrams. There- 
7 fore, graphical methods are 
i, See 2; A recommended for use when 
y Conaate Beam ana a reasonably precise result is 
eirels M Diagram Loading _ . desiredinashort time. When- 

%! (6) : ; 
8 , ever possible use algebraic 

y methods. 
2 d To illustrate the applica- 
. tion of graphical methods, 
a graphical solutions will be 
z Conjugate Beam Moment given for the problems shown 
2 Diagram and Deflection in Figs. 64 and 65. An alge- 
pigaran ae Beam braic solution of these prob- 
2 lems is given in Art. 630, p. 
58. i 

Fore e palygen Figure 77a shows a beam 


with an overhanging end sup- 
porting concentrated loads 
(see Fig. 64 for an algebraic 
solution). This problem was 
chosen in order to explain the graphical method for beams with overhanging ends. 
The moment diagram for this beam is shown in Fig. 77b. This moment diagram 
is applied as a load to the conjugate beam ABC. 

The form of the conjugate beam is determined by the following conditions: 
(a) The conjugate beam for the span BC of the given beam is a simple beam of the 
same span; (b) the conjugate beam for the cantilever AB of the given beam is a 
cantilever of the same span fixed at A and free at end B; (c) the deflections at 
points B and C of the given beam are zero as these points form rigid supports; 
and (d) in the given beam the tangent to the elastic curve at B for the cantilever 
AB must have the same slope as the tangent for the span BC. 


EEG. Side 
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To satisfy the above conditions, the conjugate beam of Fig. 776 must consist 

of a cantilever AB fixed at A and supporting by a hinged connection at B a 
simple beam BC, which is also freely supported at C. Thus the conjugate beam 
moments at B and C will be zero, indicating zero deflection at these points in the 
given beam. The conjugate beam shears on either side of the hinge at B will be 
- equal, indicating equal slopes for the tangents to the elastic curve in the given 
_ beam on either side of point B. All of the above conditions are therefore satisfied. 
To construct the conjugate beam moment diagram, divide the M-diagram 

of Fig. 776 into small areas and apply at the center of gravity of each area a 
force equal to that area. These forces are shown in amount and direction on the 
_ figure. The greater the number of subdivisions the greater will be the accuracy 
of the construction. Next construct the force diagram of Fig. 77d, plotting the 

forces in order beginning at the left end of the conjugate beam. The pole distance 
H may be chosen at will. A convenient value is some multiple of EJ. Thus 


if we make H = Te: the ordinates to the resulting equilibrium polygon will be 


n times the actual deflection. 

Suppose the deflection for the case under consideration is desired in foot units. 
For the given beam I = 215.8 in.‘ and E = 30,000,000 Ib. per sq. in. Assume 
that the ordinates to the deflection diagram are to be represented at 100 times 
their true value. Then ( 

H= EI _ (30,000,000) (144)(215.8) 

100 (100) (12) 
Figure 77c shows the equilibrium polygon constructed from the force polygon 

' described above. The construction is started at any convenient point, as 1, 
_and the complete equilibrium polygon is shown by 1-5-2-4. Since the deflections 
_ of points B and C of the given beam are zero, the conjugate beam moments for 
these points must be zero, . -To represent this condition in the equilibrium polygon 
extend verticals from points B and C of the given beam to intersections at 1 and 
2 of Fig. 77c. Through these points draw the line 1-2-3, which is the closing line 
_ for the equilibrium polygon and the base line for the conjugate beam moment 
- diagram Finally, the deflection of any point in the given beam is measured by 
the intercept on a vertical through that point between the equilibrium polygon 


= 448,000 lb.-ft.2 


and the base line 1-2-3. Ordinates below the base line indicate downward deflec- 


_ tions. The scale for deflections is the same as the distance scale for the given 
beam. Remember that these distances represent 100 times the true deflection. 
. The deflection of A, the free end of the cantilever AB of the given beam is 
shown by the ordinate 3-4 of Fig. 77c. By scale this distance is 7.83 ft. as shown. 
The true deflection of A is therefore 7.83/100 = 0.0783 ft. To determine the 
- maximum deflection locate by trial the maximum ordinate to the equilibrium 
- polygon. This ordinate is found to be 5-6, and the distance as scaled is 9.30 ft. 
_ The corresponding deflection is 9.30/100 = 0.0980 ft. 

Figure 78 shows a beam of variable moment of inertia carrying concentrated 
loads (see also Fig. 65, p. 59). Two methods will be given for the graphical 
determination of the deflection of the given beam. In each case the conjugate 
- beam is a simple beam of the same span as the given beam. 

: First Method—The M/EI diagram for the conjugate beam is divided-into 
- small areas as shown on the left side of Fig 78). At the center of gravitv of each 
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area, a load is applied, which is equal to the area in question. The information 
for the determination of these areas was taken directly from Fig. 65d. The 
resulting forces are shown in amount and in direction in Fig. 780. Figure 78d 
shows the force diagram drawn for these forces. The pole distance H has been 
taken as Z/100, or 290,000. Therefore, the equilibrium polygon shown on the 
left half of Fig. 78c represents 100 times the true deflection. By scale the 
maximum ordinate of this diagram is 67.0 in. Hence maximum deflection = 
0.67 in. 


20,000/b, 20,000/b. 20,000 /b. 
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Fig. 78. 


Second Method.—The M-diagram shown on the right half of Fig. 78) is divided 
into small areas each of which is replaced by a force applied at the center of 
gravity of the area. Information for the determination of these forces was taken 
from Fig. 65d. Figure 78e shows the force polygon plotted from these forces. 
The pole distance used for each force is the average of the values of HI/100 taken 
from Fig. 65c for the corresponding moment area. Thus for the first force 


(29,000,000) (4,518 + 5,160) (34 
H = po = G8) _ 1,403,300,000 lb.-in.2 
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Other pole distances were determined in the same manner. The right half of 
Fig. 78c shows the equilibrium polygon drawn for these forces and pole distances. 
Deflections given by this equilibrium polygon represent 100 times the true 
deflection. 

65. Deflection Coefficients..—The detail work involved in the solution of 
problems in the deflection of beams is greatly reduced by means of tables or 
_ diagrams. A few such tables and diagrams will be given for standard beams. 
Simple Beam with a Single Concentrated Load.—Figure 79 shows a simple 
beam with a load P at a distance kl from the left support, where & is a fraction 


Fig. 79. 


less than unity. From the preceding articles, the deflection at a point distance 


~~ el from the left support, where c is a fraction less than unity, is given by the follow- 


ing formulas: 
For point D, where c <k 
BREA oe eee ; 
Y = ERT ‘ c[k(2 — k) — c?7](1 — k) i (1) 
For point #, where c >k 
Y= az le@ — 0) — IA 0) (2) 


“In these equations y is the deflection in inches at any distance cl from the 
— left support, # is the modulus of elasticity in pounds per square inch, and I 
is the moment of inertia of the constant cross-section of the beam about the 
neutral axis, measured in inches.* | 
Let F represent the expression in the parenthesis of eq. (1) when c is less than 
__-k, and the expression in the parenthesis of eq. (2) when cis greater than k. Then, 
in general, 
ce a 
mon! 
The values of F for various values of ¢ and k are given in Table 1, or may be 
found from Fig. 80. It has also been shown on p. 51 that when the deflection is 
- amaximum, the relation between c and k is given by the equation 


o=1— Via —m) (4) 


F (3) 


- Values of c from eq. (4) are given in Table 1 and Fig. 80. 
1By C. A. Ellis. 
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TasLe 1—Vaturs or F 


\ 


nN 0.05 | 0.10 | 0.125] 0.15 | 0.20 | 0.25 | 0.30 | 0.333] 0.35 | 0.375! 0.40 0.45 | 0.50 
~0.05)0.0045/0. 0084/0. 0101/0. 0117 0. 0143 0. 0163|0. 0178/0. 0184/0. 0187/0. 0190/0. 0191/0. 0191/0. 0187 
0. 10/0. 0084/0. 0162/0. 0196/0. 0227 0. 0280 0. 0321/0. 0350/0. 0364/0. 0369/0. 0375 0. 0378/0. 037810. 0370 
0. 15/0. 0117\0. 0227|0. 0278/0. 0325/0. 0405/0. 0467/0. 0512/0. 0533|0. 0541/0. 0550/0. 0556/0. 0557/0. 0546 
0. 20/0. 0143/0. 0280|0. 0344 0. 0405 0. 0512/0, 0596|0. 0658/0. 0687/0. 0699/0. 0712/0. 0720/0. 0723/0. 0710 
0. 25/0. 0163/0. 0320/0. 03960. 0467 0. 0596 0. 0703|0. 0783/0. 0822/0. 0837/0. 0855/0. 0866/0. 0873/0. 0859 
0. 30/0. 0178/0. 0350|0. 0433|0. 0512/0. 0658/0. 0783/0. 0882/0. 0931/0. 0951/0. 0974/0. 0990/0. 0999/0. 0990 
0. 35/0. 0187/0. 0369|0. 0457/0. 0541/0. 0699|0. 0837/0. 0951/0. 1011/0. 1035/0. 1065|0. 1087/0. 1107/0. 1098 
0. 40/0. 0191/0. 0378|0. 0468/0. 0556/0. 0720/0. 0866/0. 0990/0. 1058/0. 1087/0. 1124/0. 1152/0. 1183/0. 1180 
0. 45/0. 0191/0. 0378)0. 0469 0. 0557/0. 0723)0. 0873/0. 1002/0. 10750. 1107/0. 1149/0. 1183 0. 1225/0. 1232 
0. 50/0..0187|0. 0370/0. 0459/0. 0546/0. 0710/0. 0859/0. 0990/0. 1065/0. 1098/0. 1143/0. 1180 0. 1232/0. 1250 
0. 55,0. 0179/0. 0354/0. 0440/0. 0523/0. 0682/0. 0827/0. 0955 0. 1030\0. 1063/0. 1108/0. 1148/0. 1205/0. 1232 
0. 60/0. 0168/0. 0332/0. 0412/0. 0491/0. 0640)0. 0778/0. 0900/0. 09720. 1005/0. 1049/0. 1088/0. 1148/0. 1180 
0. 65/0. 0153/0. 0304|0. 0377/0. 0449/0. 0586/0. 0713|0. 0827|0. 0894/0. 0925/0. 0967/0. 1005/0. 1063/0. 1098 
0.70 0. 0136)0. 0270/0. 0335/0. 0399/0. 0522|0. 0636/0. 0738/0. 0799/0. 0827|0. 0866/0. 0900/0. 09550. 0990 
0. 75/0. 0117/0. 0232)0. 0288/0. 0343/0. 0449|0. 0547/0. 0636/0. 0689/0. 0713\0. 0747/0. 0778'%. 0827/0. 0859 
0. 8010. 0096/0. 0190/0. 0236/0. 0281/0. 0368/0. 0449/0. 0522/0. 0566/0. 0586|0. 0615/0. 0640|0. 0682/0. 0710 
0. 85 0. 0073\0. 0145/0. 0180/0. 0215 0. 0281/0. 0343/0. 0399 0. 0433/0. 0449/0. 0471/0. 0491/0. 0523/0. 0546 
0. 90 0. 0049/0. 0098/0. 0122/0. 0145/0. 0190/0. 0232/0. 0270/0. 0293)0. 0304/0. 0319/0. 0332/0. 0354/0. 0370 
0. 95,0. 0025|0. 0049/0. 0061 0. 0073/0. 0096 0. 0117/0. 0136/0. 0148 0. 0153/0. 0161/0. 0168 0. 0179/0. 0187 

For maximum deflection 

ce |0. 4234/0. 4255/0. 4272/0. 4292/0. 4343|0. 4409|0. 4492/0. 4557/0. 4592/0. 4648/0. 4708/0. 4850\0. 5000 
F |\0. 0192/0. 0379/0. 0470/0. 0558|0. 0724|0. 0873/0. 1002/0. 1075|0. 1107|0. 1150/0. 1185/0. 1234/0. 1256 


Illustrative Problem.—A 20-in. 65.4-lb. I-beam supports two loads of 30,000 lb. each 
symmetrically placed about the center line of the beam. The span of the beam is 25 ft. 
and the distance between loads 15 ft. Determine the deflection at the beam center using 
deflection coefficients. EH = 29,000,000 lb. per sq. in. and J = 1,169.5 in.4 

For the given conditions k = 0.2 and c = 0.5, for each load, since the loads are sym- 
‘metrically placed on the beam. From Table 1, or Fig. 80, for k = 0.2 and ¢ = 0.5, we 
. find F = 0.071 for each load. Then 
2Pl 


8 
- Y= RI (0.071) = 


60,000(25 X 12)30.071 
(6) (33,915,500,000) 


= 0.565 in. 


Illustrative Problem.—A 15-in. 37.3-lb. I-beam, 10 ft. long, carries.a load of 10,000 lb. 
at a point 3 ft. from one end and a load of 5,000 lb. at a point 2 ft. from the other end. 
Determine the deflection at the center using deflection coefficients H = 29,000,000 lb. per 
sq. in. and J = 405.5 in.* ‘ 

With k& = 0.3 and c = 0.5 for the 10,000-lb. load we find from Tablel or Fig. 80, that 
F = 0.991. With k = 0.2 and c = 0.5 for the 5,000-lb. load we find from Table 1, or Fig. 
80, that F = 0.710. The total deflection at the center equals the sum of the deflections: 
caused by the two loads considered independently. Then, substituting in eq. (3) of the 
preceding article, we have w lb. per fis, Total load W=we 


Is A 
= 991 5,000(0.710 
y = gz [10,000(0.991) + 5,000(0.710)] 


___ (120)8(13,460) 
= 6(29,000,000) (405.5) 


= 0.33 in. Fia. 81. 


Simple Beam with a Uniform Load.—Figure 81 shows a simple beam of span 
{ supporting a uniform load of w Ib. per ft. The deflection at any point distance 
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cl from the end of the beam, where c is a fraction less than unity, is as 


follows: 
wl 


Fee) ae a = — 2 5 
which may also be written, in terms of the total load W = wl, in the form 
a Wis = yy 
y= 24E1 [ei oa =e) (6) 


Let J represent the expression in brackets. Equations (5) and (6) may then be 
written 

wl im Wis 

YC 24S and 


Values of J are given in Table 2 and in Fig. 82. 


J : (7) 


TaBLe 2.—VALUES OF J 


C J Te J 
0.05 0.0498 0.30 0.2541 
0.10 0.0981 OFS5 0.2793 
0.15 0.1438 0.40 0.2976 
0.20 0.1856 0.45 0.3088 
0.25 0.2227 0.50 0.3125 


Illustrative Problem.—A simple beam 12 ft. long, composed of a 10-in. 25.4-lb. I-beam 
carries a uniformly distributed load of 800 lb. per ft. Find the deflection at the center and 
at the quarter-point using deflection coefficients. H = 29,000,000 lb. per sq. in. and J = 
122.1 in.4 


From Table 2 or Fig. 82, when c = 


a 0.5, J = 0.3125 and when c = 0.25, J= 
t+—J 0.2227. Substituting these values of J 
patel in eq. (7) of the preceding article we find 

> ae that at the center 

Go exaicead _ 12200) (144)3(0.3125) _ 9 693 sn 
gO = = 29,000,000(122.1) preci” 
ies = 
al (oar 
= = 
ra aa 
eee) 
(e) al 02 OF Od Os 
Values OF Oo 
Fie. 82. 
and at the quarter-point 
site 12(200) (144) 3(0.2227) e054 in, 


29,000,000(122.1) 


Cantilever Beam with a Single Concentrated Load.—Figure 83 shows a canti- 
lever beam with a single concentrated load at the free end. The deflection at any 


point distance kl from the free end with respect to an origin at O, Fig. 83, is given 
by the expression 


y= Ge Id — be +h) (8) 
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Denoting the term in brackets by L, eq. (8) may be written 


PI 
Y= 6ny L (9) 


_ Values of L are given in Table 3 and Fig. 84. 


TaBLe 3.—Vatuss or L 


k L k L 
0.0 2.0 0.6 0.416 
0.1 1.701 0.7 0.243 
0.2 1.408 0.8 0.112 
0.3 1.127 0.9 0.029 
0.4 0.864 1.0 0.000 
0.5 0.625 


Illustrative Problem.— A cantilever #9 


Niel Ea eel PS 
heam 8 ft. long, composed of a10-in. 25.4-lb. eS ee 
ea carries a concentrated load of - ar Somes 
4, 00 lb. at its free end. Find the deflec- |, ios weaned toes oa 
tion at the free end and at a point 4 ft. ‘& eo 

- 2 9 ae es ae | | 
from the free end using deflection coeffi- 9, g/ | | XT 
5 . Cee i Da al a (aa (SW eae 
cients. # = 29,000,000lb. persq.in.and 2 ([-—_[ [TK J 
ca ey, | a Ee ISS 
= 12901 ins Se era Ee TS eee PRT 
; From Table~3 or Fig. 84, when k = a 
0. 5, L = 0.625 and when k = 0.0, L = /-—+—+—}_ | 
2,0. Substituting these values of LZ in ——E 
eq. (9) we find that at a point 4 ft. from O Q/ 02 03 04 O5 06 OF 28 Af 10 
Protcceedd Values of k 
= Fie. 84. 
3 
ae 4,000(96) 3(0.625) © OHOLE 


6(29,000,000) (122.1) 


and at the free end 
_ _ 4,000(96)(2.000)_ _ 
fe. 6(29,000,000) (122.1) 0.333 in. 


66. Deflection in Terms of Fiber Stress.—In the solution of problems in 
certain statically indeterminate structures, it is convenient to have an expression 
for beam deflection in terms of the extreme fiber stress on the section due to 
bending. To illustrate, consider the case of a simple beam of span / carrying a 
uniform load of w lb. per ft. As stated on p. 52, the maximum deflection for the 


given conditions is 
7 ee ott 

irae og4, ie] 

To express this deflection formula in terms of fiber stress, we may proceed as 


follows: From the general formula for fiber stress, we have f = ee Solving 


21 
for M, and letting d= depth of section = 2c, we have, 7. For the given load- 


2 
ing conditions, we have, M = ~ Equating these values of M, and solving for 


) 
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16f1 


w, we find w = Fis On substituting this value of w in the above deflection 
formula, we derive 
Bee 
Ymaz = 24 ue (1) 


Equation (1) expresses the deflection as a function of fiber stress instead of the 
loading. Note that the deflection is proportional to the fiber stress. 

Similar values may also be derived for other loading conditions. Such values 
are given as a part of Table 6, p. 95. 


Illustrative Problem.—A 10-in. 25.4-lb. steel I-beam, 20 ft. long, supports a uniform 
load. If the maximum fiber stress for the given loading conditions is 15,000 lb. per sq. in., 
determine the maximum deflection in inches. 

For the given conditions the several terms of eq. (1) have the following values: f = 
15,000 lb. per sq. in., 7 = 20 ft. = 240 in., H = 30,000,000 lb. per sq. in., andd = 10 in. 
From eq. (1) 

(5) (15,000) (240) 2 


Ymaz ~ (34) (30,000,000) (10) — BITS 


67. Limiting Deflection of Beams.—In designing beams, it is the usual 
practice to fix the allowable fiber stresses in bending and determine the beam 
section subject to the given conditions. However, there are certain types of 
construction in which it is desirable to place certain limits on the deflection under 
the applied loads. 

In practice this limiting deflection is obtained by specifying that the depth of 
a beam shall not be less than a certain fractional part of its span length. To 
illustrate the methods employed in determining these practical rules, consider 
the case of a simple beam uniformly loaded. Suppose the allowable fiber stress 
in bending to be f lb. per sq. in. and suppose the deflection is imited to 1400 part 
of the span, a usual limit placed on ordinary construction. 

The desired relation may be determined by equating the allowable deflection, 


l : ey : 
300) to the maximum deflection in terms of fiber stress, as given by eq. (1), p. 82. 
Thus 


Rae 

300 =. 24 ~Ed 
Solving this expression for - the desired ratio, we have 
l E . 


Suppose the beam is of steel for which # = 30,000,000 lb. per sq. in. and allow- 
able f = 16,000 lb. per sq. in. From eq. (2) 
1 _ (0.016)(30,000,000) 
d (16,000) 


That is, the depth of the beam shall not be less then 149 of the span. When 
this condition has been satisfied, the deflection will aoe exceed the limiting 
value specified. For plastered peilings: it is usual to specify a limiting deflection 
of 1460 of the span. 

“Table 4 gives general formulas and limiting spans for steel and wooden beams 


for various standard loadings. These values are based on the formulas given in 
Table 6 on p. 95. ' 


= 30 
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TABLE 4 
Limiting deflection = 5P2" Limiting deflection = 5P2” 
300 360 
Limiting ratio span to Limiting ratio span to 
: depth depth 
Loading 
condition Sheet General 
ormula Wooden formula Wooden 
Steel beams Steel beams 
E =30,000,000| , beams E =30,000,000 , beams 
f = 16,000 [PP ON0 f= 16,000 Petey 
cuuenmcncateat l E 
l l 1 l 
{ w Ib per ft. f q70-0165 q 730.0 | 7=12.0 || 5=0 0133 4228.0 F=10.0 
Ww l E l l l EN ae l 
— =0.020— —=37.5 —=15.0 =——=—OnOL6t— —=31.25 = 12), 
re, d 7 d aa ee ae Aner 
WORT : Span weak , Span 
w Ib. per ft. | Limiting deflection = 150 Limiting deflection = 180 
l E 1 1 l BAe 1 
==0. 33 — = == fares as ae Eee 
d 0.013 j ad 25 | aq 10 q= 0.0111 ; d 20.83 a 8.33 
Ww 1 E| 1 i i zE| 1 i 
—=0.0100— —=18.75 — = 7.50 || ==0.00833=| = =15.66 = 


68. Maxwell’s Theorem of Reciprocal Displacements.!—Maxwell’s theorem 
of reciprocal displacements establishes a mutual relation between the deflections 
at any two points in a structure. This theorem, when considered in connection 
with the deflection of beams, may be stated as follows: If the load P at A, 
E Fig. 85, causes a deflection A» at B, and the load P at B, Fig. 86, causes a sence 
tion A; at A, then, according to Maxwell’s tector: Ne Acs Let Higgs: 


A —— = ed 
aes Sra ee Paar eT 
A 
A B 
G P 


Fig. 85. Fig. 86. EIrG Se Sie 


#----— 


' 5, 86 and 87 represent the deflections of a beam when the loads are applied gradu- 


_~ ally. When A (Fig. 85) has received its full load, the work done is 4PAj. 


With a full load P at A, let another load P be gradually added at B. The deflec- 
tions as shown in Fig. 87 will result. The point A with the full load P. moves 
through the additional distance As; and the point B moves through the addi- 
tional distance A, as the load P is gradually applied at B. Hence the total work 


done is 
16PA, + PA; + 14PA4 


If B is loaded first and then A is loaded, the total work done is 
WPA, + PAe + VPA, 
The total amount of work done in each case is the same, hence 
Az = As 
Maxwell’s law may be verified by Table 1 on p. 79. When A and B are on the 
same side of the center, the values of & and c for Fig. 85 become interchanged for 
Fig. 86. For example, F = 0.0658 when k = 0.2 and c = 0.3; likewise F = 


1Contributed by C. A, Extrs, 
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0.0658 when & = 0.3 and c= 0.2. When A and B are on opposite sides of the 
center, the application is made as follows: In Fig. 85 let k = 0:3 and c = 0.8; 
then in Fig. 86, k = 0.2 and c = 0.7; whence F' = 0.0522 in each case. Maxwell’s 
law renders excellent service in the solution of statically indeterminate structures. 

69. Approximate Method for Determination of Deflection of Beams.—Pro- 
fessor J. B. Kommers! has devised and published? a very useful and readily 
applied approximate method for the determination of the deflection of beams. 
This method, which is based on Maxwell’s theorem of reciprocal deflections is 
intended for use in cases where combinations of concentrated and uniform 
loading would lead to a long and tedious solution by ordinary methods. The 
article mentioned discusses simple, cantilever, and restrained beams of uniform 
cross-section. ; 

Suppose a simple beam of span / carries a concentrated load W. When this 
load is at the span center, the maximum deflection occurs at a point under the 
load. When the load is at the right support, the maximum deflection occurs at a 
point 0.07731 to the right of the beam center (see Art. 63), p. 51). Therefore, 
no matter where a load may be placed on the beam the point of maximum 
deflection can not be more remote from the beam center than 0.07731. It is 
therefore evident that the mid-span deflection and the maximum deflection for 
any load, regardless uf the position of that on the span, are very nearly equal. 
The method under discussion assumes that these deflections are equal. 

Figure 88 shows a simple beam supporting two concentrated loads W and P. 
According to Maxwell’s theorem of the preceding article, the deflection produced - 

a at the beam center O by the load W at A is equal to the 
sCenter deflection at A produced by the load W atO. The 
ae B same statement holds true for load P at B. Therefore, 
to determine the deflection of O for the loads shown in 
Fig. 88, place load W at O and calculate the deflection 
at A; place load P at O and calculate the deflection at B. The sum of these two 
deflections will give very closely the total deflection produced at O by the two 
loads when in the position shown in Fig. 88. 

The deflection at a point distance x from the nearest support due to a central 
load W is given by the expression 


We 
Defl. = Senn (402 — 3]2) 


Ww 


Fig. 88. 


This equation may be used for the determination of the deflections required in 
the above discussion. However, the calculations may readily and rapidly be 
made by means of Table 1, p. 79, or Fig. 80, p. 78, and eq. (3), p. 77, which is 


Pi 


where P is any load, J = span, and F = a coefficient which is a function of k 
and ¢ where c = a fraction which expresses the distance from one support to 
the point of deflection in terms of the span length, and k = a corresponding 
fraction expressing the distance from a support to the load point. 

When the applied loads consist of a uniform load covering a part of the span, 
the load may be broken up into short sections which may be replaced by the 
total load on that section considered as applied at its center of gravity. 


1 Associate Professor of Mechanics, The University of Wisconsin. 
2 Eng. News-Record, Jan. 2, 1919, p. 44. 
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: Illustrative Problem.—Determine the maximum deflection for the conditions shown 
in Fig. 89, using the approximate method. 
Assuming the maximum deflection to occur at the beam center, c = 32. For the load 


at A,k = 545 = 14 and for the load at B,k = ae = 0.8. From Fig. 80, p. 78, or 


Table 1, p. 79, for the load at A, (¢ = 44, k = }4), we find F = 0.107 and for the load 
at B, (c = 14, k = 0.8) we find F = 0.071. From eq. (3), p. 78, we have 
PF = (7,000) (0.107) + (8,000)(0.071) = 1,310 
PFs (1,310) (15) (1,728) 
Defl. at O = = 7 : 
; ofl. at O = Ear = (6) (30,000,000) 215.8) 
As a check, the correct maximum deflection was calculated by the methods given in the 
preceding articles from which it was found that Defl. = 0.1970 in. 


= 0.1971 in. 


Fheam,T-2/6.8in4 |} Tpaan, (eZine? 
€£=30,000,000 /b. per $q.in. £= 30,000,000 /b,per 59.17. 
Fig. 89. Fie. 90. 


Illustrative Problem.—Determine the maximum deflection for the conditions shown in 
Fig. 90, using the approximate method. Assume the uniform load to be divided into four 
sections. , 

The values of & for the several loads, taken in order from the left end of the span, are 
as follows: 0.0625; 0.1875; 0.38125; and 0.4875. With c = 14 and the several values of k 
given above, the term PF of eq. (3) becomes 

PF = 2,000(0.0230 + 0.0680 + 0.1025 + 0.1225) = 632 
(632) (16) 3(1,728) : 
Defi. at. C = (6) (30,000,000) (122.1) = 0.203 in. 
By the exact methods, the true deflection is 0.2029 in. and the point of maximum deflection 
is 7.36 ft. from the left end of the beam. It may be of interest to note that the time required 
for the approximate solution_was less than five minutes while the exact solution required 
nearly half an hour. 


For cantilever beams the maximum deflection always occurs at the free end. 


Hence no approximation is involved in the application of the method given above 
3 Ww 


P q 


to cantilever beams. Figure 91 shows a cantilever beam with a load P at a 
distance kl from the free end. According to Maxwell’s theorem, the deflection 
at the free end A due to a load at C is equal to the deflection at C due to a load at 
A. Therefore eq. (9), p. 81, may be used to determine the deflection of point 
A for a load at C, or for the deflection of point C for a load at A. In one case kl 
represents the distance to the load point and in the other case it represents the 
distance to the deflection point. Figure 84, p. 81, and Table 3, p. 81, may 
then be used in either case. 

To apply the method given above to the determination of the deflection of 
point A of Fig. 92 due to the loading shown, consider each load in turn as applied 
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at the free end A, and determine the deflection at the true position of that load 
by means of Table 3, p. 81, or Fig. 84, p. 81. The sum of these deflections is 
the required total deflection for point A. 

When the cantilever beam is covered by a partial uniform load, consider the 
uniform load as broken into short sections. Apply the total load on each section 
and solve as for concentrated load systems. : 


Illustrative Problem.—Calculate the deflection of the free end of the cantilever beam 
of Fig. 93 for the loads shown. 

The values of k for the several loads, taken in order 
from left to right are 0.2, 0.5, and 0.8. From Table 
3 or Fig. 84, the value of PZ of eq. (9), p. 81, is as 
follows: . 


J5000/b. (0000/b, 5000/b. 


Load at C = (1.408)( 5,000) = 7,040 
Load at D = (0.625)(10,000) = 6,250 
Wi s = Fi ) i 
£+50,000.000 per o4.in Load at E = (0.112)( 6,000) = 672 
Fig. 93. 
oo Z=PL = 13,962 
Then from eq. (9), 
3 
yA = spi. 1,728 


61 


_— (18,962) (1,728) (10) 
= 6) (30,000,000) (795.6) ~ °-167 in. 


70. Deflection Due to Shearing Stresses.—The deflection of beams due 
to shearing stresses is generally small and may be neglected in most cases. 
However, in short beams, the deflection due to shear may 
be so large that it cannot safely be neglected. To assist 
in deciding whether shearing deflections need be considered, a 
method will be given for the determination of these deflections, 
and comparisons will be made with the deflection due to bending 
stresses. 

Figure 94 represents a beam element ABCD acted upon by 
shearing stresses of intensity v applied to the faces AB and CD. 
Due to the action of these stresses, the element is deformed to 
A,B,CD. The modulus of elasticity for shear is equal to the unit. shearing 
stress divided by the unit shearing strain. In Fig. 94, dy represents the shear- 


Fig. 94. 


; : d ; : 
ing strain and hence - represents the unit shearing strain. If » = intensity 


of shearing stress and H, = modulus of elasticity for shear, we have 


Ree unit shearing stress _v 
* unit shearing strain dy 
dz 
from which 
dy _v 
dc E, 


if V = shear on section due to external forces, and A = area ‘of cross-section, 


V 
ay and the above equation becomes 
dye > eV 


dx AE, (1) 
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Equation (1) is a general expression for the differential equation of the elastic 
curve for shearing deflections when the shearing stress intensity is uniform over 
the section. Equation (1) is applicable to beam sections for which it is reasonable 
to assume uniform distribution of shearing stress, such as plate girder or I-beam 
webs. - 

To Lee the shearing deflection when the shearing stress intensity is 
_ variable the external work due to shear must be 
placed equal to the internal work due to the shearing 
fiber stresses. Figure 95a shows a beam element 
whose length along the beam axisis dx. If V repre- 
sents the shear on a face of this element due to exter- 
nal forces, and dy represents the vertical deforma- 
tion of the element due to shear, the average 
external work done during the deflection of the 


element is 44Vdy. The internal work done by the fibers of the element Me to 
y2 


shearing distortion is equal to the elastic resilience due to shear, which is 5 ; E, 


per unit of volume, where v = shearing stress intensity on any area as 1-2, 
h 

Fig. 956. From eq. (3), p. 26,0 = is; : bedz, where V = external shear, J = 
F z 


moment of inertia of section, and the other terms have the values shown on 
Fig. 95d. Substituting this value of v in the above equation, noting that the 
volume of any fiber such as 1-2, Fig. 95b, is bdzdx, we have, for all fibers in the 
beam cross-section 


: 1 
Average internal work = aE, = Ee = ai ee * bedz)? bdzdx 
: Equating the expressions for internal and external work, and solving for dy/dz, 
we have e | 
agli al ifs bedz)? dz (2) 


In eq. (2) the integral expression serene for its value on the form of the beam 
“section. It will hereafter be called the Section Constant and it will be denoted 


_-by N, that is 


1 )? 
N = Section constant = ih orl (be badz }? dz (3) 
Equation (2) may then be written 
. dy _ VN a 
aes 1B; 


Equation (4) is ‘a general expression for the differential equation of the elastic 
curve for shearing deflection when the shearing stress intensity is assumed as 
variable. 

The above analysis is based on the assumption that the effective shearing 
area of the beam is constant over the entire length of the beam. When the area 
of cross section is variable, the formulas become more complicated.? 

The value of the section constant N of eq. (8) depends upon the form of the 
section. Asan example of the application of eq. (3) to a specific case, consider the 


1 Methods for the determination of shearing deflection for béams of variable cross-section aré given 
in an article by Prof. 8. E. Slocum which appeared in the Journal of the Franklin Institute, April, 1911. 
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; bd 
rectangular section of Fig. 96. For the dimensions shown on Fig. 96, J = 79’ 


hi = he = 4 and b = b. Equation (3) then becomes 


d d 

+— aot 
*F _ 144 p21 fr? ): 
Nasal 0) bedz )2dz 


—Y-Y Integrating the oe in parenthesis, 


Fie. 96. 
al d? - 
v=55 f ie e- 
Integrating again, we have finally 
grating y 12 12 
RL ame! 


where A = bd = area of section. By asimilar process it can be shown that, for a 
circle, 


70a. Application of General Formulas to the Determination of 
Shearing Deflection.—When the deflection at a certain point is desired without 
reference to that at any other point, the desired deflection may be obtained by 
writing eqs. (1) and (4) in the form of a definite integral, thus: 
From eq. (1) ‘ 
v= aR), Ve 


From eq. (4) (5) 
N = 
Y= fo Vax 


where y = deflection of any point at a distance x from a convenient origin, as 
shown in Fig.97. It is evident that the deflec- 
tion at C of Fig. 97 is the sum of all such values origin 
as dy of Fig. 94 from A to C of Fig. 97. Hence ‘ 
the limits of integration for eqs. (5) are x to 0, 


as indicated. But ‘I Vdw = area shear diagram Fia. 97. 


from « to 0 = moment at point x. Hence, when the shear is uniform across 
the section, 


1 : ’ : 
ES ath (area shear diagram from end of beam to deflection point) = = (6) 
and when the shear is variable across the section, 


N : ; 
y= A oarea shear diagram from end of beam to deflection point) = 


where M, = moment due to applied loads at the point whose deflection is desired. 
A few typical problems will now be worked out in detail to illustrate the applica- 
tion of the method described above. 
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Simple Beam with Uniform Load.—As shown above, the shearing deflec- 
tion at any point is proportional to the moment at that point due to the applied 
loading. For the conditions shown in Fig. 98 the moment at any point distance z 


from the left end of the beam is M, = 5 a(l — x). Hence the general equation 


for shearing deflection at that point, is given by eqs. (6) and (7), 


WX 
vga, *) 
and | (8) 


_ wa2N fi 
y= oR: &) 


Since the shearing deflection is proportional to M,, evidently the deflection is a 
maximum when M, isa maximum. Now M, is a maximum at the beam center 


and is equal to {wil?. Hence 
2 
Ymax = en for uniform shearing stress 


and (9) 


ae for variable shearing stress © 


Ymar = 


Illustrative Problem.—Assume that the beam of Fig. 

98 is a 3 X 12-in. wooden member and that the span is 
12 ft. and the uniform load is 300 lb. per foot. Deter- 
mine the deflection in inches at the center of the beam 
‘due to shear, assuming variable shearing stress across the 

_ beam section. : 
w Ib. per fT. Bae 


Mp= Wea” Sos Waté-2) 


Diagram | 


Pi 


‘py = OX(€-x) 
¥ Moment Diagram 


Shear Diagram 
In. 


‘= Hle-2n) 
Shear Diagram 


Yan. 


Elastic Curve 


for 
Elastic Curve Shearing Deflection 
Fig. 98. Fie. 99. 
iP} 2 1 


The desired deflection is given by eq. (9) with 1 = 12, w = 300, N= zr =(3)(12) = 
0.0333, and E, = 4 = (24)(1,500,000) = 375,000. Then 


(300) (0.0333) (144) (12) = = 
Ymaz = (8) (375,000) 0.00576 in 


Simple Beam with a Single Concentrated Load.—Figure 99 shows the moment, 
shear, and deflection diagrams for the given conditions. In the pairs of equations 
' given below, the deflection for uniform shear is given first, and the deflection for 


variable shear follows: 
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At a point distance x from the left end on the portion AC of the given beam, 
Me = wee — a). Hence 


Vee 
Ute AE ( a) 
and (10) 
WNa 
Ye El (I mr a) 
; Wa 
On the portion CB, where M, = tig (i — x), 
: Wa 
eee IN ae oe E. 
and (11) 
_ WNa 


Since x is of the first power in eqs. (10) and (11), the elastic curves are straight 
lines. Note that the shear is constant for each ofthe two portions of the beam. 
Hence, when the shear is constant, and therefore also, the slope is constant, the 
elastic curve is a straight line for shearing deflection. 

The maximum shearing deflection occurs where M, has its maximum value. 
This occurs at the load point, and 


rogues oS 
Hence td 
re We (d = a) \ 
Ymax = Tae rs El ; 
and (12) 
_ WNail — a) 
Ymax El 


At some point in the beam, the shearing deflection will be greater than at any 
‘ other point. This is evidently the point of greatest moment in the beam. In 
Art. 48, p. 17, this point has been shown to be at the beam center, where, for 


. Ay at l : 
the conditions shown in Fig. 99, M = Hence, the greatest shearing deflec- 


tion is ; 
eg A) 
U ~ “AE, 
. and (13) 
_ WNi 
ae 


Illustrative Problem.—Assume that the beam of Fig. 99 isa 3 X 12-in. wooden mem- 
ber 12 ft. long, and that the applied load is a single concentrated load of 2,400 Ib. placed 
8 ft. from the left end of the beam. Determine the deflection in inches at the load point, 
assuming variable shearing stress across the beam section. 

The desired deflection is given by eq. (12) with = 12,W = 2,400, N= Le = Es 


= 0.0333, and H,= 34 E = (14)(1,500,000) = 375,000. Then 


_ (2,400) (8) (4) (12) 
Ymaz = (36) (375,000) (12) 


= 0.00569 in. 
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Cantilever Beams.—Methods similar to those explained for simple beams may 
also be used for the determination of the shearing deflection for cantilever beams. 
Figure 100a shows a cantilever beam fixed at the right end and supporting 
auniform load. A deformed element is shown in Fig. 1006 and the shear diagram 


' for the applied loads is shown in Fig. 100d. The form of the elastic curve of the 


deflected beam is shown in Fig. 100e. 


Elastic Curve 
(e) 


Fie. 100. 


If the deflection is measured from an origin at point O of Fig. 100e, the deflec- 
tion of any point C is given by the distance y, which is the sum of the dy values 
from O to C. We then have, assuming uniform shearing stress over the section, 


a 4 i} Vdx. But fe “ Vde = M, which is the moment shown in the moment 


~ diagram of Fig. 100d at a distance x from the free end of the beam. Hence, 


-as before 
eee Ei. for uniform shear 
and (14) 
. y= ae for variable shear 


When the deflection is measured from an origin at point A of Fig. 100e, the 


* deflection of point C is represented by the distance HC, which is the sum of the dy 


values from the fixed end B to point C. We then have, for uniform shearing 


LT 
stress on the section, y = ae if Vdzx. This integral represents the shear 
diagram area (Fig. 100d) from C to B, and does not represent the moment at C, 


as in the former case. However, the above integral may be written, y = AS 


U 2 U : z 
[ is Vda — i Vas |. Now i} Vd« = total shear diagram area = Mz, and f 
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Vde = moment at C = M,. Hence for an origin at A, we may write 
1 
= — _ M, 
y AE, [Me ] 
where Mg = maximum moment for cantilever beam and M, = moment at point — 
where the deflection is desired. Therefore, the general equations become 
— a8 [M,; — M,] for uniform shear 
AE, 
(15) 


y= - - EME pg — M,] for variable shear 


These values are general sae hold for any type of loading. 

The maximum deflection, ymax of Fig. 100e, occurs at the free end of the beam. 
For an origin at O it is measured by FB, and for an origin at A it is measured by 
AO. In both cases, eqs. (14) and (15) reduce to the common form, 


Monax 
Ymar = Ane for uniform shear 
and (16) 
Ymae = NM maz for variable shear 


8 


For the loading conditions shown in Fig. 100a, Mmarz = 14 wil*, and 


we have 
a eatat for uniform shear 
Urad SOAs 
and ae (17) 
Ymaxr = S E, for variable shear 


71. Comparative Values of Bending and Shearing Deflection.—As shown in 
the preceding articles, the greatest deflection due to bending and to shearing 
stresses for symmetrical loadings occurs at the center of the beam. It will be of 
interest to compare these maximum values for standard common loading 
conditions. 

To illustrate the method employed in making this comparison, consider the 
case of a simple beam with a uniform load. From the preceding articles, the 

; ; Ma 5 wl , a” 
maximum deflection due to bending is Dg = 384 EI and the maximum deflection 
due to shear, assuming the shearing stress to be uniformly distributed, is Ds = 

wl? 
SAE, Noting that J = Ar?, where A = area of section andr = its radius of 


gyration, the ratio of shearing to bending deflection may be written 

Ds E (r\2 

Dy a (7) (1) 
This ratio is given in terms of E and £,, the bending and shearing moduli of elasti- 
city of the material composing the beam, and the radius of Byrauon of the beam 
section and the span length. 

Tests show that for steel beams, EH, = 0.4E, and for wooden beams, EH, = 
0.25£, approximately, From an examination of ie properties of rolled I-beams 
and channels given in the rolling mill handbooks it will be found that r = 0. 4d, 
approximately, for all sections, were d = depth of section. For plate girders, 
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considering only the flange areas, it will be found that r = 0.5d. Wooden beams 
are generally of rectangular form. For such sections it is shown in Art. oh Oe 


d 
581, that r = Via Substituting these general values in eq. (1), we have 


p.- 00(7) @) 


Ds -aai(*) : 


- For rectangular sections, the shearing stresses are generally not uniformly dis- 
tributed over the section, as shown in Art. 51c, p. 27. Under such conditions 
_the multiplier 1.2 calculated as explained in Art. 70, p. 88, should be introduced. 
Substituting above values of E, E, and r in eq. (1), we have 

For rectangular wooden beams 


—* = 3.84 ()° (4) 


_ Equations (2) to (4) express the relative shearing and bending deflection in terms 
of the depth of section and length of beam. Table 5 gives corresponding values 
for simple and cantilever beams for standard loadings. 

Taste 5.—Rewtative Dertection Dus To BENDING AND SHEAR 


For plate girders 


For I-beams and channels 


Ds/DB 
is 
Wooden beams 
v Bend- | Shear- Steel beams (rectangular) 
Loading ing ing 
condition defiec- | deflec- Pl nA ; I-beams and chan- 
tion tion ate girders nels et 
DB Ds - General Tieaiang 
BP ate! Ste ieee 8) pa 
General Limiting|| General Limiting || formula Ds =DB 


formula BD EDs formula eDeDE 


CO} 5 llt} wl? (4)’ (3) (4) 
= ees =2.45a||3.84(2)'|1=1.96¢ ||3.84(2) |1=1.960 
t wtb per ft. | |384 BI| 8Azs || & ON) [17-454 1 i 


; 7 Ep Cle GG): 
DOs =2. cceS (ery =2. 85 9d 1=2. 
pelo agHt | 4AzEs 7.5 1=2.74d|| 4 1 1=2.19d || 4.8 1 1 


w |b. per ft. ; 
wl wl? ‘) 2 | (’) 2 (:) 2 
SEI 1 meee aON =1. .6(©) |1=1.26a 
ea | 8EI | 2AEs 2.5(§ 1=1.58d//1.6(5) |1=1.26d |/1.6(5 
eS) 


|| 2| | P 
ae re /1.875(4) 1=1.37d tele a4 008s (5) 1=1.095d 


| 3EI AEs 1 


Ze | 


For steel, Es = 0.4# For [-beams and channels, r=0. 4d \ Shear assumed as ve rany distributed 


For wood, Es = 0.25E For plate girders, r=0.5d{f over section . 
For wooden rectangular oo shear assumed as variable over section 
1.2 
og 


In the usual beam designed in practice for moment conditions, it will generally 
be found that the ratio of depth of section to length of beam varies from 4; to 
40, while in plate girders a ratio of {9 iscommon. For these ratios the shearing 

deflections expressed as a percentage of bending deflections, as given by eqs. 
(2) to (4), are as follows: 
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Ratio depth to span length Mo Ms ie ae 20 
Plate gird erspos cece ions 6.0 2.66 1.5 
I-beams and channels............ 3.84 IU, Al 0.96 
Wooden beamsa cc neec wee 3.84 IEA) 0.96 


These shearing deflections are all so small compared to the bending deflection, 
that they reasonably may, and always are neglected in practice. However, for 
beams with depth ratios greater than 0, the shearing deflection becomes a larger 
percentage of the bending deflection, and should not in general be neglected. 

To determine the span length in terms of the depth of beam for which shearing 


and bending deflections become equal, place a = 1 in egs. (2) to (4) and solve 


for 1. Thus for a plate girder with a uniform load, we have 


Dae sia (5) 
Det OMe 


Solving for 1, we have, / = 2.45d. Values for other cases are given in Table 5. 
Table 6 gives in convenient form for ready reference the general equations for 
moment shear and deflection for simple and cantilever beams in common use. 
72. Deflection of Concrete Beams. 
72a. Maney’s Method.'—The deflection of a reinforced-concrete 
beam of whatever shape may be determined by the formula 
2 
D=c4(e+e): 
where 
D = maximum deflection (if desired in inches, the units specified below 
should be used). 
1 = span (inches). 
d = depth of the beam to the center of the steel (inches). 


€. = unit deformation in extreme fiber for the concrete = Je, 


é. = unit deformation in extreme fiber for the steel = ue 
Cea — in which 
¢; = the numerical coefficient in the forbade for deflection of homogeneous 


WI 
beams, D = c; ET’ depending on the loading and on how the ends 


are supported. 
¢2 = the numerical coefficient in the formula for bending moment, M = 
cywl?, 
for a simple beam loaded at center, c = yg or 0.0833 
uniformly loaded, c = 54x or 0.1041 
loaded at the third points, c = 2341, or 0.1065. 
for a beam with fixed ends, loaded at center, c = 44 or 0.0416 
uniformly loaded, c = %» or 0.0313 
loaded at the third points, c = 5(44 or 0.0347 


1 See paper by G. A. Maney, presented before th i i i 
for Tee see y,p efore the seventeenth annual meeting of the American Society 


GENERAL THEORY 


95 


TaBsLE 6.—PROPERTIES or SIMPLE AND CANTILEVER BEAMS 
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Taste 6.—PROPERTIES OF SIMPLE AND CANTILEVER BEAMs—Continued 
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72b. Turneaure and Maurer’s Method.'—Turneaure and Maurer 
recommend that 8 to 10 be used for n in the formulas which they have derived, 
and which are given below. They also state that the formulas presented are the 
result of modifying the deflection formulas for homogeneous beams in accordance 
- with the following assumptions: 

1. The representative or mean section has a depth equal to the distance from 
the top of the beam to the center of the steel. 

_ 2. It sustains tension as well as compression, both following the linear 
law. 

3. The proper mean modulus of elasticity of the concrete equals the average 
or secant modulus up to the working compressive stress. 

4. The allowance for steel in computing the moment of inertia of the mean 
section should be based on the amount of steel in the mid-sections, since stirrups 
and bent-up rods do not affect stiffness materially for working loads. 

The following are the deflection formulas for rectangular reinforced concrete 
beams: 


C1 Wis n 
WS eR ae () 
a = lk? + (1 — k)? + 38np(1 — k)?] (2) 
_ 1+ 2np 
Lepr 2np (3) 


eae eqs. (2) and (3), the value of a for any values of p and n may be computed, 
and then the deflection from eq. (1). The notation employed in the above 
formulas is as follows: 


D =maximum deflection (if desired in inches, the units specified below 
should be used). 

breadth of the beam (inches). 

depth of the beam to the center of the stee! (inches). 

total load (pounds). 

span (inches). 

= steel ratio. 

modulus of elasticity of the reinforcing steel (pounds per square inch). 

ratio of the moduli of elasticity of steel and concrete. 

a numerical coefficient depending on p and n. 

= proportionate depth of the neutral axis. 

¢; = the numerical coefficient in the formula for deflection of homogeneous, 


yo iy 


sR s&s ~ aio 
| 


3 
~ beams, ¢1 a depending on theloadingandsupport. Forexample, 


for a cantilever loaded at the end, ci = 14 
for a cantilever uniformly loaded, c, = 
for a simple beam loaded at center, c1 = 34g 
for a simple beam uniform'y loaded, ¢1 = 5484 
for a beam with fixed ends, load at the center, c: = Woo 
for a beam with fixed ends, uniformly loaded, c1 = 144 


ll 


1 “Pyinojples of Reinforced Concrete Construction,” 3rd Edition, p. 197. 
2 
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The following are the deflection formulas for reinforced concrete T-beams 
(referred to later): 


p= sem — (1-5) (@ - §)' + Fa — 2 + apc — 


m+ [5-99 +G) 


Cr WOT fs t 
m+ 5-5 (Gg) ta 
in which @ is a coefficient depending upon the steel ratio and n, and other symbols 
as before. 


RESTRAINED AND CONTINUOUS BEAMS 
By Cuas. A. Euuis 


73. General Considerations.—A beam is said to be fixed or restrained when, 
as shown in Figs. 101a and 6, one or both ends are built into a wall in such 
a manner that the action of external forces tends to cause no rotation of the beam 
at the fixed end, or ends, as the case may be. Consequently, the neutral plane 
in its original position, AB, remains tangent to the elastic curve at the fixed end, 
or ends, when the beam is bent. 

Beams are often supported at several points along their length, as shown in 
Fig. 102. When the elastic line of the deformed beam forms a continuous curve, 


Y; ey, with the elastic lines in two adjacent spans, as AB 
Aa g and BC, joining at a support B in such a manner 
that the adjacent tangents DB and BE form a 

Restrained at One End straight line DBE, the beam is said to be a con- 

(a) tinuous beam. In some continuous beams the form 


of the structure in some of the panels is such that 


Tangent to elastic curve at 6, 


Restrained at Both Ends 
(@) Continuous Beam 


Hie. 101. Fie. 102. 


the elastic line is not continuous over the supports but forms a “‘cusp” or sharp 
point. Such beams are known as partially continuous beams. These beams are 
encountered in certain types of swing bridges. 

In the cases shown in Figs. 101 and 102, the presence of restraining moments 
which fix the ends of the beam or cause adjacent tangents to remain parallel, 
together with the unknown supporting forces, or reactions, present more unknown 
quantities than can be determined by the principles of statics. Such beams are 
said to be statically indeterminate. 

Problems in the determination of the restraining moments and supporting 
forces may be solved by any of the general methods for deflection of beams given 
in the chapter on “Deflection of Beams” and in Appendix C. In the present 
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' chapter the discussion will be confined to the solution by the Area Moment and 
Elastic Weight methods. 

The solution of problems in restrained and continuous beams requires an 
expression for moment at any point in the beam. This may be obtained from 
Fig. 103a, which shows the beam of Fig. 1010, 
or any span of Fig. 102, removed by cutting 
sections close to the wall or the supports. 
The end moments are shown by the arrows 
M, and M,. At any point distance x from 
the end of the beam, the moment may be 
expressed as the effect of the load W and 
the effect of the end moments M, and M, 
considered as acting independently. These 
values are shown by diagrams of Figs. 103b 
and ¢ respectively. The values of the mo- 
ments are indicated on the diagrams. 

After the values of M, and M; have been 
determined by the methods given in the 
articles which follow, the diagrams of Figs. 
1036 and c may be combined to form the 
moment diagram of Fig. 103d. It will gen- 
erally be found that the end restraining 
moments are negative. The shaded areas 
show negative moments near the ends of the 
beam and positive moment near the center. 

General equations for moment at any 
point may be written in the following - 
~ form: 


From A to C- 

M., = M,+ Vie (1) 
From C to B 
To determine V; take moments about B, from which 

Vi =} (Mi - Mi) + WU -® 3) 


Equation (3) gives the reaction at the left end of the beam of Fig. 1016 or the 
shear at the left end of one of the spans of Fig. 102. The reaction at the right 
end of the beam is 


V2 = 7(Mi — Mi) + Wh (3a) 


The shear at any point in the beam is given by the following equations: 
From A to C 
Ve=+V1 ; (4) 
From C to B 
V2=+Vi-W (5) 
Values of moment and shear may be determined from egs. (1) to (5) as soon 
as M, and M2 are known. 
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Figure 103e shows a beam supporting a uniform load and subjected to end 
moments M, and M2. The values of moments, shears, and reactions are as 
follows: 


M, = Mit Vie - (6) 

V.=4+Vi—wst (7) 

Via} - Mm) +9 (8) 
and 

Vo=} (Mi — Ma) + (9) 


74. Restrained or Fixed Beams. 

74a. Analysis by Prof. Greene’s Aceqemomsent “Method. Beam 
Fixed at One End, Free at Other End.—The beam in Fig. 104 is fixed or restrained 
at A, and freely supported at B. 
Under these conditions the reactions 
R, and Re, and the resisting moment 
M, at A, present more unknown 
quantities than can be determined by 
the principles of statics, and the beam 
is statically indeterminate. The ease 
with which problems of this kind are 
solved, depends to some extent upon 
the manner in which the M-diagram 
is drawn, for it may be represented 
in three ways, as shown in Figs. 104}, 
104c, or 104d. Each case will be con- 
sidered separately. 

In Fig. 104d, let M, and M, 
represent the bending moments at A 
and C respectively. The bending 
moment at B is zero. The line AB, 
(Fig. 104a), is tangent to the elastic 
curve at A, and the tangential de- 
viation ¢ at B is zero. Therefore 


1 


f- Mae = 0 


or 


Hence the area-moment of QV UTP, Fig. 104} about Q is zero, or 


M2(3) (4) + M2(6)(10) + M,(6)(14) = 0 
7M, oh 6M, = 0 
From statics 
M, = —(540)(12) + 18R, 
and 


M, = 6Re 
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Whence 
—45,360 + 126R,. + 36R, = 0 
and 
Re = 280 M, = —1,440 
Ri = 260 M,= 1,680 


In Fig. 104c, the M-diagram is drawn in parts; QST is the M-diagram for the 
reaction at B, and TPU is the M-diagram for the load at C. The area QST is 
positive, and the area TPU is negative. The area-moment of the total diagram 
about @ is zero. Therefore 


18R» (9)(12) — (6,480)(6)(14) = 0 
Rz = 280 
TS = 18R. = 5,040 
PV = (34)(5,040) = 1,680 
SU = 5,040 — 6,480 = —1,440 


In the two preceding solutions no speculation was made as to the general 
form of the elastic curve. The curve ACB, Fig. 104a, might have had any shape 
whatsoever, so long as its tangent at A passes through B. It is not always wise 
to presume upon the general form of the elastic curve before computations are 
made; but in the present simple case it is quite safe to assume that the curve is 
concave on the under side near A, and concave on the upper side at C, with a 
point of contraflexure between. Hence the bending moment is negative at A, 
positive at C, and zero at an intermediate point J; consequently the M-diagram 
may be sketched as in Fig. 104d. In finding the area-moment, the area TIV, 
which is not a part of the diagram, can be included as positive area with QVJ, 
and as negative area with TIU. 

M,(3)(A) + M,(6)(10) — M,(6)(14) = 0 
= 7M, —6M,=0 


From statics ~ 
—M, = —(540)(12) + 18R2 


and 
M, = 6R, 
Whence - 
R3 = 280 —M, = —1,440 
Ri = 260 M,= 1,680 


When an unknown ordinate in the M-diagram is represented by a symbol, it 
is generally better to assume that the ordinate is positive, as in Fig. 1046. If the 
solution shows that the ordinate is negative, the M-diagram may be re-drawn if 
desirable. Frequently the M-diagram may be constructed to advantage as 
shown in Fig. 104c. 

Only two independent static equations can be written for the solution of a 
system of parallel forces. In the present problem there were three unknown 
quantities to be determined, hence one elastic equation was necessary for a 
solution. 

The beam in Fig. 105a, fixed at A and simply supported at B, carries a total 
load W, uniformly distributed. In Fig. 105), QTU is the M-diagram for the 
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uniform load, and Q7'S is the M-diagram for the reaction at B. If the tangent 
to the elastic curve is drawn through A, the tangential deviation ¢ at B is zero, 
hence the area-moment of QSU about Q is zero. 


OIG) - CIOL - 


TS = WI 


| 
ro) 


Ry, = W 


The M-diagram may now be drawn to scale as in Fig. 105c; the resisting 


moment at A is 
SU = TS — TU = %W1 — 34Wl = — 36W1 


Fre. 105. 


Beam Fized at Both Ends.—The beam in Fig. 106a is fixed at each end. The 
M-diagram is sketched in Fig. 106) by assuming all ordinates positive. It 
cannot be drawn to scale until M,, Me, and M; are known. There are four un- 
known quantities involved in the external forces acting at the points of support. 
These are R1, Re, Mand Mz, for which four independent equations are necessary. 
The two static equations may be written thus: 


Ri+k.=P (1) 


Two elastic equations are necessary in addition to these static equations. 
Let ¢ be the angle which the tangent through A makes with the tangent through 


B. Then, since @ = 0, the area of the M-diagram between A and B is zero. 
Therefore 


A yy ee aha 0 (3) 


The line AB is tangent to the elastic curve at B, and the tangential deviation 


at A ist ;= 0. Therefore the area-moment of the a about TU is 
zero. Hence 
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( wm) (#) + te Mae) 2B) 4. M3(1 see [a + 30 — x) 
= Oia + a(i- ryt J=-0 @ 


A third elastic equation may be written by equating to zero the area~-moment 
of the M-diagram about QP; but obviously this equation would not be indepen- 
dent of eqs. (3) and (4). Equations (3) and (4) may be reduced to 


kM, + (1 — k)M,+ M3 = 0 (3a) 
Mi + (2—k—k)M,+(1+h)M;=0 | (4a) 


L-g= =h(1-h) Pe 


Jims 
i 


Fie. 106. 
Solving eqs. (1), (2), (3a) and (4a) 
R, = (1 — 3k? + 2k*)P M, = —k*(1 — k)Pl 
Re = (8k? — 2k*)P M; = 2k?(1 — k)?Pl 
M, = —k(1 — k)*Pl 


Since the limits of & are 0 and 1, it is clear that M, and M;, are negative bend- 
ing moments and M; is a positive bending moment. 
The M-diagram in Fig. 106c is the same as in, Fig. 106), except that TQ has 
been drawn in the horizontal position. Let 
SV = M3; = Mi+ M; 
From Geometry 
M,; = Mz.+ (1 — k)(M — M2) 
Hence 
M,= M; — Ms = k(1 — k)Pl 
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If the beam were simply supported (not fixed) at A and B, the bending 
moment at C would be M1 = k(1 —k)Pl. Therefore TSQ is the M -diagram when 
che beam is not restrained at the ends by M; and M:.- Ina numerical problem 
the M-diagram should be sketched as in Fig. 106c, and M, computed as for a 
simple beam. After the negative moments M, and M2 have been determined, 
the trapezoid TQPU may be revolved about TQ and the diagram drawn to scale 
as shown in Fig. 106d. one 

The fixed beam in Fig. 107 supports a total load W, uniformly distributed. 
Since the loading is symmetrical, the resisting moment and reactions at B 


are the same as at A. The area T'SQ is the M-diagram for a simply supported 
beam and the area 7UPQ represents the resisting moment M at each end. The 
angle ¢ between the tangents through A and B is zero. Consequently the area 
of the M-diagram is zero. Therefore 


me(B)G)= 


M=-— Tr) 
The bending moment at the center is 
WL Wt Wd 
SS 1224 


and the M-diagram may be drawn to scale as shown. 


Illustrative Problem.—The reactions and resisting moments will be determined for the 
fixed beam in Fig. 108a. 


From statics 


640 
Me =a) (9)(15) = 3,600 
My = i640) (9) 42 24s 4 


or 


ne 5,760 + M1 — M, 
er 24 o 
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The angle between the tangents through A and B is 


¢ =0 
or 


(Mi + M2)24 (3,600) (24) 
2 i oem ne 
The tangential deviation at B is 


te = 0 
or 
eB - Se we aE £0 se) ay 
Whence 
4 M, = —2,250 Bi = 437.5 
M2 = —1,350 R2 = 202.5 


These results may be checked by the formulas given above. The M-diagram is drawn 
to scale in Fig. 108c. 


74b. Analysis of Restrained Beams “”% 

by Method of Elastic Weights. 
Beam Fized at Both Ends —Figure 109a shows 
a beam fixed at both ends and supporting a single 
concentrated load W at a distance kl from the left 
end of the beam. In Fig. 1090 the restraining 
and supporting effect of the wall is represented by 
the moments M, and M, and the forces Vand V>. 
The directions assumed for these moments and 
forces will be taken as positive. Let ab of Fig. 
109c represent the conjugate beam for the case 
under consideration. Load this conjugate beam 
with an M/EI diagram formed by combining the 
moment diagrams for simple beam effect due to 


Conjugate Beam 
and A Loading 


Moment Diaaram 
for Given Beam 


(a) 


Fie. 108. ' Fra. 109. 


the load W and the moment diagram for the effect of Mi and Mz. Let 7 and 
r, represent the conjugate beam reactions due to the M/EI loading. 


2° 1 By W. 8S, Kinng. 
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A necessary condition for fixed ends in a restrained beam is that the tangents 
to the elastic curve at the ends of the beam must have zero slope. Since the 
slope of the tangents at the ends of the given beam are zero, the shear at the ends 
of the conjugate beam must be zero. But these shears are equal to the end reac- 
tions for the conjugate beam. Therefore r; and r2 must be equal to zero. The 
values of M, and M, may be determined subject to the condition that 7: and rz 
are equal to zero. 

Values of r; and rz may be determined for the conditions shown in Fig. 109c. 
The moment diagram for M; and Mz is divided into two triangles to facilitate 
the calculations. Distances to the center of gravity of the several triangles are 
shown on the figure. On placing equal to zero values of 7; and rz obtained by 
writing moment equations about the ends of the beam we derive the following 
condition equations: 


2M, + M2, = —WkI(1 — k)(2 — k) 


and 


M,+ 2M, = —Wki-—-bhU +h 


Solving these equations for M, and M2, we have 


M, = —Wkl(1 — k)? (5) 
M, = —Wkl(1 — k) (6) 


Equations (5) and (6) give the values of the end moments for the given beam of 
Fig. 109a. 

The supporting force or reaction at the left end of the given beam may be 
determined from eq. (3), Art. 73, by substituting values of M, and M;2 as given 
by eqs. (5) and (6), from which 


Vi = W(1 — k)21 + 2k) (7) 


From statics : 
Vo = W — Vi = Wk*(8 — 2k) (8) 


To determine the moment at any point in the given beam substitute values of M,, 
M, and JV; in eqs. (1) and (2) of Art. 73. We then have the following general 
equations for moments: 


From A to C 


M, = W(1 — k)? [x(1 + 2k) — Kil] (9) 


From C to B 


M, = Wk? [l(2 — k) — (3 — 2k)a] (10) 


To determine the moment under the load W substitute x = kl in eq. (9) or (10) 
from which 


My, = 2Wkl(1 — k)? (11) 


The moment diagram for the given beam as plotted from eqs. (9) to (11) is 
shown in Fig. 109d. Note that the end moments, which are negative, are plotted 
below the base line ad while the positive moment at the load is plotted above the 
base line. The shaded area shows the complete moment diagram. 

From the moment diagram of Fig. 109d it can be seen that the moment is 
zero at two points, one on either side of the load. To locate these points, place 
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M; from eqs. (9) and (10) equal to zero and solve for the values of x. Let x, and 
%2 represent these values of x. From eq. (9) 


i= a (12) 
l- 2k 
and from eq. (1>) 
3 — 2k 


Equations (12) and (13) locate the points of inflection, or the points at which the 
moment changes from positive to negative. It can also be shown that at these 
points there is a reversal of curvature in the elastic curve of the beam. 

The deflection at any point in the given beam 
may be determined by calculating the moment 
at that point in the conjugate beam due to the 
M/EI loading. In Fig. 110 let ab represent the 
conjugate beam and let the figure adceb repre- 
sent the M/EI diagram taken from the moment 
diagram of Fig. 109d. Note that the moment 
areas amd and nbe are negative and are 
represented by forces which act upward and 
that area mcn is positive and is represented by 
a force which acts downward. 

To determine the general equation for deflection at a point distance x from 
the left end of the given beam, determine the moment of area adhg of Fig. 110 
about point g. On dividing this area into triangles and taking moments about ° 
point g, we have 


Fie. 110. 


from which finally 


Y = 6nI Mts — k)? x*[x(1 + 2k) — 3ki] (14) 


Equation (14) is the equation of the elastic curve for a point to the left of the 
load W. For a point to the right of the Joad and at a distance x from the left 
end of the beam, we derive 


y= war (l — x)2[(8 — 2k)ax — ki] (15) 
which is the equation of the elastic curve for a point to the right of the load W. 
The deflection of the given beam at the position of the load W may be deter- 
mined by substituting « = kl in eqs. (14) or (15), or the moment area on either 
side of the load may be taken about point f. In any event we derive 
é W mn P 
Ye = apg WUC — &) (16) 
The maximum deflection in the given beam due to the load W uccurs at the 
point where the conjugate beam shear due to the load W is equal to zero. From 
Fig. 110 it can be seen that zero shear occurs at point p which is so located that 
area nop = area nbe. Let x, = distance from left end of beam to point of 
maximum deflection. Then 


2 = 1-2 (1-2) = sg (17) 
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The maximum deflection may be determined by substituting x, from eq. (17) 
in eq. (15), or by calculating the moment area to the right of point p. Note that 
this moment area is a couple which is equal to area nop multiplied by the distance 
between the centers of gravity of the triangles nop and nbe. Performing the 
operation indicated, we derive Par 2 

Ymaz = 3 Var 3 = 2k)? (18) 
Equation (18) gives the maximum deflection of the given beam for any position 
of the load W. 

The maximum deflection given by eq. (18) varies with the position of the 
load W. It can be shown that the 
greatest value of Ynez will occur at the 
beam center when the load W is placed 
‘Mp at that point. Let A represent this 

deflection. Substituting k = 14 in eq. 
(18) we have 


24/0" 


Given Beam ie 


i] 
Cees 


(3600 Ftlb. Soni 
te /3!0"_ oS 192 EI (19) 
used which is the greatest deflection of the 
Mm er St given beam. . 


When the given beam supports a 
uniform load the process is similar to 
that given above. In this case the 
simple beam moment diagram is a 
parabola. Due to symmetry, the re- 
as straining moments M, and Mz, are 
350 ftle. equal. The values of moments and 
deflection for this case are given in 

Table 1, Art. T4c. 


(6) 


7 - t/EB 75 FED. 
A yee 
“2250 F Hb, 


: 
a 


Moment Diagram 
for Given Beam 


(c) Illustrative Problem.—Determine the 
Fra. 111. end moments and reactions for the fixed 
beam shown in Fig. 111. 
Figure 1116 shows the conjugate beam loaded with the known simple beam moment 
diagram and an assumed end moment diagram. The conjugate beam reactions, ri and re 
must equal zero. From moments about the ends of the beam 


_ (34)(8,600) (24) (13) 1 (16) 1 (8) 
n = CNGCm + (s)amen op t+ (9) amen G =0 


and 


T2 


_ (4)(8,600) (24) (11) i 
is (24) = (3) 
From these equations we have 


8 
(M1) (24) on 3F (5) (M2) (24) (16) _ 0 


Mi +0.5M.2 
M,; + 2.0M.2 


—2,925 
—4,950 


Nod 


Solving for M; and M2, we have 
Mi = —2,250 ft.-lb. 
M2 = —1,350 ft.-lb. 
Figure 111c shows the bending moment diagram. 

The reactions may be determined from moment equations taken about the ends of 
the beam for the conditions shown in Fig. 11la. Noting that Mi and M2 are negative 
moments, moments about the right end of the beam give 

+24R,: — (640)(15) — 2,250 + 1,350=0 
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from which 


Ri = 487.5 lb. 
From summation of vertical forces or moments about the left end of the beam 
Re = 202.5 |b. 


Illustrative Problem.—Calculate the deflection under the load and the maximum deflec- 
- tion for the beam of Fig. 111. 

The deflection under the load is given by area moments for the portion of the moment 
diagram of Fig. 111c which lies to the left of point C. Whence 


ee eat (5) (2,250) [3.86 + (5) 6.141 = (5) (1,687.5) (3.86)2(3) \ 
ae Hi (4,010) ft. 


The maximum deflection occurs at the point for which the conjugate beam shear is 
zero. From Fig. 11lc it can be seen that the shear is zero at a point (2)(6.67) = 13.34 ft. 
to the left of point B. The maximum deflection, equal to the area moment about this 
point for areas to the right, is 


Umas = Ft (g) (6-67) (5) (6.67)(1,350) = ay (4,020) ft. 


Illustrative Problem.—Calculate the end moments, reactions, and maximum deflection 
for the beam shown in Fig. 112. 


Moment Diagram 
for Given Beam 
{c) 

Fie. 112. 


The simple beam moment diagram is a parabola, as shown in Fig. 1126, and the end 
moment diagram is a rectangle, since from symmetry of loading, the end moments are 
equal. Placing the value of the conjugate beam reaction ri equal to zero, we have 


ri = (24) (24)(18,000) (12) + (24)(Mi)(12) = 0 


from which 
M1 = —12,000 ft.-lb. 


Figure 112c shows 'the complete moment diagram. 
Since the end moments are equal, eqs. (8) and (9), Art. 27, show that the end reactions 


are equal to each other and each is equal to half the applied load. Hence 
Ri = 7,200 lb. 
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The maximum deflection occurs at the center of the beam due to symmetry of loading. 
It can be shown that the areas abc and cde are equal and that the distances between their 
centers of gravity is 3.9 ft. Hence 


72 net 
Ymoz = Far (2) (6,000) (3.47)(3.9) = 77(64,100) 


Beam Fixed at One End, Free at Other End.—The beam of Fig. 113 may be 
analyzed by the methods used in the preceding article. Since the beam is freely 
supported at the left end, the moment at that point is zero. Let M: represent 
the restraining moment at the right end of the beam. wi) 

Figure 113¢ represents the conjugate beam with the M/EI loading in position. 
The simple beam effect is shown by the tri- 
angle acb and the effect of M2 is shown by the 
triangle abd. Since the slope of the tangent 
to the elastic curve at the right end of the 


Given Beam 


(a) 


aes 21GO Ft-/b, 
A 
a Die “K 
o i% aah a 
I \ 
CAVES ‘ 


Conjugate Beam 
ana A Loading 


: Moment Diagram 
Moment Diagram for Given Beam 


(Al) () 
Fie. 113. Fie. 114. 


given beam is zero, the conjugate beam reaction-rz must be zero. In this case ri 
is not zero, for the tangent to the elastic curve at this point is not horizontal. 
Figure 113d shows the completed moment diagram. General equations for 
moments, reactions, and equations of the elastic curve are given in Table 1, 
Art. T4c. 


Illustrative Problem.—Calculate moments, reactions, deflection under the load, and 
maximum deflection for the beam of Fig. 114. 

Figure 114b shows the conjugate beam with the simple beam moment diagram in place. 
Since the right end of the given beam is freely supported, the end moment diagram is a 
triangle, as shown in Fig. 1146. To determine Mi, place the value of ri, the left hand con- 
Jugate beam reaction, equal to zero, whence, 

‘3 aes (M1) (18) (12) a 34 (2,160) (18) (8) =o 
(18) (18) 


from which 
Mi = —1,440 ft.-lb. 
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The right reaction Rz may be determined from moments about point B, Fig. 114a, 

from which 
18R2 — (540)(12) = — 1,440 
Hence 
R2 = 280 lb. 
From summation vertical forces . 
Ri = 540 — Rz = 260 lb. 
The momnet under the load is 
Mc = 6R2 = 1,680 ft.-lb. 


Figure 114c shows the complete moment diagram. 

The deflection under the load may be determined from area moments to the right of 
point C of Fig. 114c. In this case re, the right hand conjugate beam reaction is not zero, 
for end A is not restrained. To determine r2 take moments about point B of Fig. 1146, 
using the value of M1 calculated above. The value of r2 is found to be 6,480, as shown on 
Fig. 114c. Hence 


1 g : 

Ye = [ gro480 0 —}4 (1,680) co*(5) | 
1 

Ye = 77 (28,800) 


The maximum deflection occurs at the point where the conjugate beam shear is zero 
From Fig. 114c it can be seen that this point is located (2)(5.54) = 10.08 from the left 
end of the beam. Hence 


1/1 ee 
Unas = a7 (5) (1,440) (6.54)*(3 = Fz (29,500) 


74c. Properties of Restrained Beams.—Table 1 on pp. 1lla and 
1116 gives in convenient form the principal properties of the common forms of 
restrained beams. Substitution in the general formulas will give the moments, 
shears, and deflection in any desired case. 

75. Continuous Beams. 

75a. Analysis of Continuous Beams by the Area-moment Method. 
- (Prof. Greene’s Method)—Two general methods of procedure may be adopted 
in the analysis of continuous beams by this method. In the first method, which 
is known as the Conventional Method, each problem is treated as a separate case. 
The results may be expressed in general formulas or numerical values may be 
obtained for moments and reactions. The second method, which is more general 
in nature, makes use of a relation which exists between the moments at three 
consecutive supports. This relation, which is known as the Theorem of Three 
Moments, is expressed in the form of an equation. In the following articles these 
methods will be given in detail. 
75b. The Conventional Method.—The ease with which problems may 
be solved by this method depends upon the manner in which the moment 
diagrams are drawn and the selection of the tangent for which the intercepts are 
to be determined. For convenience in solving problems, all reactions will be 
assumed to act upwards and all moments will be assumed to act in a positive 
direction. Hence a negative result indicates that the reaction or moment acts 
in a direction opposite to that assumed. 

Beam on Three Supports—Single Concentrated Load. ape Fig. 115a let FG 
represent the tangent to the elastic curve drawn through C. The elastic curve is 
not shown and no speculation with reference to its form will be made. Its slope 
is unknown; it may be positive or negative. One thing is certain. Since the two 
spans are equal in length, the tangential deviations ?, and tz are equal in magnitude. 
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They have opposite signs, since one is measured above the line AB and the other 
below it. Hence t, = —ta. Figures 115), c, and d show three methods of drawing 
the moment diagrams. All ordinates will be assumed as positive. 

In Fig. 115d, all moments are expressed in terms of the end reactions. The 
bending moment is known only at A and B. At these points the moment is zero 
since the beam is assumed to be freely supported at the ends. We then have 


Elt, = 12R(6)(8) + 12R1(9)(18) + 30R3(9)(24) 


and 
EIt, = 30R3(15)(20) 
But 
ty == te 
Whence 
7R; = —43R; (a) 


From statics 


Whence 

Ri = R3 + 6 (b) 
From (a) and (b) 

Ry = 5.68 lb. 

R3 = —0.84 lb. 


From statics, the moment at point C is 
Me = 30R3 = —25.2 in.-lb. 


The complete moment diagram is 
shown in Fig. 115e. 

SS In Fig. 115c, the M-diagrams for 

Wel aie: the load at D and for the reaction at C 

are sketched separately. PQV is the 

M-diagram when the center reaction is removed and AB considered as a simple 

beam, supporting the load at D. PUV is the M-diagram when the load at D is 

removed, and AB considered as a simple beam held in equilibrium by the forces at 

A, B,andC. 
From area-moments about P and V we have 


EIt, = (96)(6)(8) + (96)(9)(18) + (60)(9)(24) + M(15)(20) 
and 

EIt, = (60)(15)(20) + M(15)(20) 
But 


Therefore 
M = —85.2 in.-lb. 
The bending moment at C is 


Mc = SU = 60+ M = — 25.2 in.-lb.. 
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To determine the reactions note that moments about C Henan for forces on 
either side of this point must equal M,¢. Hence, for the section to the left of C, 
S0R;— (0)(8) = Me = —25.2 

and 
fea TosLOnlbs 


Also, for the section to the right of C, 


30R3 = Me = —25.2 
and 
g R3; = —0.84 lb. 


Placing a summation of vertical forces equal to zero, to determine Re, we have 


Ri+ R.+ Rk; = 10 
from which 
Re = 5.68:1b. 


The value of Rz may also be determined from a moment equation about points 
Aor B. 

In Fig. 115d, the M-diagram is drawn by first considering that AC and CB 
are simple beams, i.e., by assuming no continuity and no bending moment at 
C. Thus PQS is the M-diagram for the simple beam AC supporting 10 lb. at D. 
There is no corresponding diagram for CB, since there is no load in that span. 
The area PUY is then added to provide for the bending moment on account of 
continuity at C. 
Elt; = (72)(6)(8) + (72)(9)(18) + M¢(15)(20) 
EItz = Mg (15) (20) 

ty SS —te 


Whence 
Me = —25.2 as before. 


After the reactions have been determined, the bending moments at C and 
D, and the deflection at any point may be computed. Figure 115e shows the 
completed moment diagram. The 
elastic curve when drawn will have the 
general configuration shown in Fig. 116. 

The general expressions for Ai, Re, * 
and 3 will now be developed in con- 
nection with Fig. 116. Let the tangent 
to the elastic curve be drawn through 
C and let t and tz represent the 
tangential deviations at A and B re- 
spectively. Then, from area-moments 


about A and B, we have Fic. 116. 
EL = Pk —Bh(5 1) 3 kh +5(1-%)1 +m (54)(54) 
i= ( at 9 1 3 1 2 1 9 1 3 1 
PL? Mi,? 
=" (b- +5 
1 2 M1? 
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From similar triangles we have the proportion 
-t: —terthikh 
Whence 
tile — toli 
Therefore 
_ Plrk — k’) 
2(1, + 12) 

The values of the reactions may be determined by statics as in the problem 

given above, whence 


a= (1) 


Ry = PO) - (2) 
Re = Pk + Pre) (3) 
ny = — Phe = #8) oy 


2(L, + la)le 
Since k is less than unity, k-k? is positive; hence M is a negative bending 
moment, and R3 is a negative reaction acting downward. 
When the two spans are of equal length /, the reactions are 


Ry = 5 — BR +4) (5) 
Ry = © (—2k* + 6h) 6) 
ro (7) 


Beam on Three Supports—Uniform Loads.—In Fig. 117a the parabola PQS 
is the M-diagram, when AC is considered as a simple beam, and the parabola 
STV is the M-diagram when CB is considered as a simple beam. — The triangle 
\ beoibepie 4k BEBBIE pon PUV is added to represent the bending 
ptm» —W/_,.,._.L.LLLLZLLLLA,, +moment on account of the continuity. 
6 Tf the tangent to the elastic curve be drawn 
through C, and ¢, and ¢: represent the tan- 
gential deviations at A and B respectively, 
then 


EIt, = (18,000)(12)(24)(6) + M(6)(8) 
= 864,000 + 48M 
EIt, = (81,000)(18)(24)(9) + M(9)(12) 
= 8,748,000 + 108M 
3t, = —2te 
M = —55,800 


The M-diagram may now be drawn to scale as shown in Fig. 117). From 
statics 


Hig. TL7s 


—55,800 = 12R, — (12,000)(6) = 18Rs — (36,000)(9) 
R, = 1,350 
R, = 31,750 

14,900 


= 
I 
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The general expressions for R; and Rz, and R; for a continuous beam of two 
unequal spans /; and J, supporting unequal uniform loads Ww; and we per unit 
of length, will now be developed in connection with Fig. 118. The M-diagram 
is drawn as in the preceding problem. If the tangent to the elastic curve is 


drawn through C, and ¢, and f2 represent the tangential deviations at A and 
B respectively, then 


- (22) (%) 2) + (YC 
Br = (F5") (34) GH) + (7') G4) 
x Wyly4 M1,2 
wee 3 
= Wale? Mi. 
Elt, = 24 3 
tl. tS toly 
M = = Wit wale! (8) 
8, +12) J 


<. > 
pee Bd VZLLLLLLL LLL LLL 
‘1000 Ib. per FF 


LLL 


Fic. 118. 


When the spans are equal in length / and the uniform load w per unit of length 
is the same in both spans, eq. (8) reduces to 


--" (9) 


Beam on Three Supports—Special Cases.—When a continuous beam supports 
a combination of uniform and concentrated loads, it will be found expedient to 
sketch the M-diagram in parts as shown in Fig. 119. The portion (a) is the M- 
diagram for the concentrated loads when no continuity is considered at Cc ; and . 
the portion (6) is a similar diagram for the uniform loads. The continuity is 
provided for by the portion (c). If the tangent to the elastic curve is drawn 
through C,, and é, and ¢, represent the tangential deviations at A and B, then 


Elt; = (9,000) (6) (6) -+ (18,000) (12)(24)(6) + (6)(8) 
= 1,188,000 + 48M 
Elts = (6,000)(3)(4) + (6,000)(6)(9) + (6,000)(3)(1 ) + (81,000) (18) (24) 
: (9) + M(9)(12) 


9,396,000 + 108M 
3ty — — 2te 
M = —62,100 


The reactions may now be determined by the principles of statics. 
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The value of M may also be determined from eqs. (1) and (8). Equation (1) 
is applicable to the concentrated loads. For the load at D, P = 3,000, k = 4, 
1, = 12, andl, = 18. Hence - 
(3,000) (144) (43 — 26 
Me od oes) mel 
For the load at F, P = 1,000, k = 4, l, = 18, and J, = 12. 
Hence 


_ __ (1,000) (324) (34 — 347) _ 

oe 2(12 + 18) ae 
For the load at Z, P = 1,000, k = %, l, = 18, and lz = 12. 
Hence 


__ (1,000) (324) (24 — $47) _ 


ie 3(12 + 18) rae: 
Hence the bending moment at C, due to the three concentrated loads is 
M = —2,700 — 1,600 — 2,000 = —6,300 


Equation (8) is applicable to the uniform loads, where w; = 1,000, we = 
2,000, 7, = 12, and 7, = 18. Hence 
ue = — (1000)(128) + (2,000)(188) _ 
s 8(12 + 18) 
which agrees with the bending moment at C for the beam in Fig. 117. The total 
bending moment at C for the combined uniform and concentrated loads is 
M = —6,300 — 55,800 = —62,100 
as previously determined. 
The continuous beam in Fig. 120 supports a uniform load of 1,000 lb. per foot 
| 1000 Ib,per ft over a part of the span AC. The area 
¢ PQSTW is the M-diagram, when AC 
is considered as a simple span. Let 
the tangent to the elastic curve be 
drawn through C, and let ¢; and ¢, rep- 
resent the tangential deviations at A 
and B respectively. In finding the 
area-moment of PQSTW about P, the 
ae parabolic area QST is encountered. 
tery This area has all the properties of the 
area Q’S’T’, which is the M-diagram for a simple beam 12 ft. long supporting a 
uniform load of 1,000 lb. per foot over its entire length; hence the area-moment 
of PQSTW about P may be found as follows: 
Area PQN (48,200)(3)(4) = 518,400 
QNO_ (48,200)(6)(10) = 2,592,000 
QTO_ (57,600)(6)(14) = 4,838,400 
TOW (57,600) (6)(22) = 7,603,200 
24 (12) = 11728,000 
QST (18,000) (12) (24) (12) 17,280,000 
EIt, = 17,280,000 + M(15)(20) 
EIt, = M(80)(40) 
2ty = —te 
= —19,200 


— 55,800 
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The reactions are statically determinate when M is known. The value of 
M may also be determined by the use of eq. (1) in which P is a concentrated load 
at the distance kl, from A. In the present case let P represent the weight of an 
element of length dkl; at the distance kl; from A. Then 

P = 1,000 lidk 
~ Whence 
1,000 113(k — k)dk 
2(l1 + Le) 

The value of M may be found by integrating between the limits k = 0.2 andk = 


0.6, hence 
_ _ 2-6 (1,000)(303) 
SS Ae 2(30 + 60) eae 


— 150,000 [= 2 rae 


= —19,200 
Beam on Four Supports.—The beam in Fig. 121 is continuous over four sup- 
ports. Two elastic equations are re- 
quired, in addition to the two static 
equations which may be written, for 
the determination of Ri, Re, R3, and 
Ry. Let t; and tz represent the tan- 
gential deviations at A and D, for the 
tangent to the elastic curve at C; and 
let t2 and ¢, represent the tangential 
deviations at_C and B, for the tangent 
to the elastic curve at D. Then 


dM = — 


; 


Ere. 121. 


al, = —t3 
and te = —ats 
' PQW is the M- ong when AC is considered as a simple span, to which the 
diagram PUSYV is added to provide for agar 


Elt, = en Si Ne 1); [ a + 5 +50 —m | ah m3 1)(22) 
=a ee 


“rte = (bat) Gat) +36 (Fa) (Ea) 


os o (2M, + M) 


Ets = My e al) (3 al) a WAG al) @ al) 


= (Mh + 2M) 


Blt, = eZ (3:)(22) = “ 


Whence 
M, = 2h = #Y@ +1) 
o 3a? + 8a + 4 
a} 3 
es Pl(k — k*)a 


3a” + 8a +4 
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To determine the reactions, note that the moments to the right or left of any 
support is equal to the moment at that support, as given above. We then have 


2P(k—k)(a+1) , _ _ Ph—k*)(@? + 3a+2) 
ea Mie ie 3a? + 8a + 4 iekes (3a2 + 8a + 4)a 
P(k — &) (Qa? + ba 2) 1 P(k — k3)a 

(3a2 + 8a + 4)a ee ae 


75c. The Theorem of Three Moments. Area-Moment Method.— 
This theorem establishes a relation between the bending moments at any three 
consecutive supports of a beam. In 
Fig. 122 let i, and J, represent the 
2 lengths of two adjacent spans which 
support uniform loads of wi and we 
per unit of length respectively. Let 
Mo, M,, and Mz; represent the bend- 
ing moments at the three supports, 
and let~J, and I, represent the mo- 
ments of inertia of the cross-sections of the two spans. Let the tangent to the 
elastic curve be drawn through the middle support and let t and t, represent 
the tangential deviations at the left and right supports respectively. From 
moment areas about points 0 and 2, we have 


ee oe h) ( h) es e NM; h) ieee ( h) E h) 


Wily! Mo? ee 
24 fr 6 * 


CIGIG ’ +a Gu)(54) +06 Ge)Gu) 


_ Walt Mil? , Mol? 
7 ce o9u ae 


From similar triangles 


R. = Pk + 


Fia@. 122. 


EI st. 


tpl2= — toby 
Whence 

3 
Moy + 2M, (7+ f+ =n] wi eps as 
Equation (10) is the general equation 

for the Theorem of Three Moments for ae 
uniform loads. he = 5 
When the continuous beam supports 
concentrated loads W, and W2as shown % 
in Fig. 123, the parabolic simple beam 
moment diagrams are replaced by tri- 
age moment diagrams. By a process similar to the one given above, we 

erive 


. W 
m +2 m,(7-+ *) fe oe ge .- ka(1 — ka2)hy2 
2 1 


z 7 kal — kx)(2 — kes)la? (11) 


~~ 


_thisspan. On applying the Theorem of Three 
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Equation (11) is the general equation for the Theorem of Three Moments for 
concentrated loads. 


When several loads are included on any span a term must be added to the 
right hand side of eq. (11) to account for each load. 
To determine the moments at the supports of a continuous beam by means of 


the Theorem of Three Moments, eq. (10) or (11) must be written for pairs of adja- 


cent spans beginning at one end of the beam. Thus in Fig. 124 apply the Theorem 
of Three Moments to spans 1 and 2; then to spans 2 and 3; and finally to spans 
3and 4. In this manner three independent equations are derived. 


8B Cc 12) 
Spant Span 2 Span Z Span F 
Fie. 124. Fie. 125. 


From Fig. 124 it can be seen that there are five unknown moments to be 
determined. However, it is generally possible from the conditions of the problem 
to determine values of the moments at the two ends of the span. The number of 
unknowns may then be reduced, becoming equal to the number of condition equa- 
tions derived by the application of the Theorem of Three Moments. 

As stated above, the moments at the end supports may be determined from 
the conditions of the problem. If the beam is freely supported at the ends, the 
moments at these points are zero. When one or both ends overhang the end 
support, as shown in Fig. 125, the end moments Y, 
are determined as for a cantilever beam of the A 
same dimensions. If one end of the beam is Y 
fixed, a: shown in Fig. 126, the moment at A 
may be determined by assuming the conditions © 
of restraint to be replaced by a span of zero 
length with a free support at the outer endof @ 


Moments to the given spans and thespan of [A 
zero length, the moment at A is readily Pp amel cece fength 
determined. Fie. 126. 

The reactions at the supports may be determined by the principles of statics 
as soon as the moments at the supports are known. Similar sojutions are given 
jn the preceding article. 

- Illustrative Problem.—Determine the moment at the center support of the beam shown 
in Fig. 115, p. 112, using the Theorem of Three Moments. 


Since the beam carries a concentrated load, eq. (11) is to be used. When the moment 
of inertia of the beam is constant, J1 = I2, Since J appears in the denominator of each 


term, it divides out. For the conditions shown, M1 and M3 are zero andk = 1349 = 0.4. 
Substituting in eq. (11) we have 
120M2 = —(10)(0.4)(1 — 0.42) (30)? = —3,024 


from which 
Mz, = —25.2 in.-lb. 


The reactions may be determined by statics, as in the discussion given on p. 113. 
Illustrative Problem.—Determine the moment at the center support of the beam of 
Fig. 119, p. 115, using the Theorem of Three Moments. Calculate the reactions due to 


the given loading. 


120 STRUCTURAL MEMBERS AND CONNECTIONS _ [Sec. 1-75e 


Since the beam carries both uniform and concentrated loads, eqs. (10) and (11) may be 
combined and written in the following form. Noting that I1 = Iz for uniform cross-sec- 
tion, we have 
Molt + 2Mills + le) + Male = — 34 (wilt? + wale’) — Wiki(l — h1*)li? 

— Wok2x(1 — ko) (2 — ko)le?. 
For the conditions shown in Fig. 119, the several terms have the following values: Mo = 0; 
M2. =0; My = Mc; li = 12; le = 18; wi = 1,000; we = 2,000; Wi = 3,000; W2 = 1,000; 
ki = 0.5; ke = 14 and 4%. 

Substituting these values in the above equation, we have 
60Mc = — }4[(1,000)(12)# + (2,000) (18)#] — (8,000) (4g) (1 — 34) (12)? 

— (1,000) (34) (24) (58) (18)? — 1,000 (24) (43) (4) (18)? 
from which finally 
Mc = —62,100 ft.-lb. 

To determine the reactions, note that the moment of forces to the left of the center 

support must equal Mc. We then have 


12R4 — (3,000)(6) — (12,000)(6) = —62,100 
from which 
RA = 2,325 lb. 
A moment equation for forces to the right of the center support gives 
18Rz — 1,000(6 + 12) — (36,000)(9) = —62,100 


from which 
Rp = 15,550 lb. 
From a summation of vertical forces, 
Ra + Rp + Rc = 3,000 + 12,000 + (2)(1,000) + 36,000 
Solving for Rc we have, 
Re = 35,125 lb. 

Illustrative Problem.—Determine the moment 
at the left end of the beam of Fig. 114, p. 110, 
using the Theorem of Three Moments. 

Figure 127a shows the given beam, restrained 
at the left end and freely supported at the right 
end. In Fig. 127b, the given beam is modified 
Given Beam by substituting for the wall, a span of zero length. 

(a) Let Mo, Mi and M2 be the moments at the several 
supports. From the conditions of the problem, 
Mz= 0. Assume the beam freely supported at 


y 
‘Span of Modified Beam 
zero length (b ) 


Fie. 127. Fie. 128. 


Ro, from which Mo = 0. Applying eq. (11), noting that the several terms have the values 
Mo = 0, M2=0,l1 = 0,2 =18, Wi = 0, We = 540, ki = 0, kg = 124g = 24, and/i =I, 
we have 


(2)(M1)(18) = — (540) (24) (1 — 34) (2 — 3) (18)2 
from which 
Mi = —1,440 


This agrees with the result obtained on p. 110. 

Illustrative Problem.—Determine the moments and reactions at the supports of the 
continuous beam shown in Fig. 128. Assume uniform moment of inertia. 

Successive application of the Theorem of Three Moments as given by eqs. ‘10) and (11) 


to pairs of adjacent spans gives the following independent equations: 4 
20M; + 60M2 + 10M; = —(34) (1,000) (20)3 — (10,000) (4) (34) 38) (10)2 
10M2 + 40Ms + 10Ms = —(10,000) (3g) (1 — 34) (10)? — (24) (600)(10)3 


10M; + 40M, + 10M; 


ll 


— (24) (600) (10)* — (44) (1,200) (10)3 
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The left end of the beam of Fig. 128 forms a cantilever. Hence M; = —(1,000)(10) = 
—10,000 ft.-lb. Since the right end of the beam is freely supported, Ms = 0. Reducing 
the above condiiion equations to their simplest form, we have 


M: + 0.167M3 = —36,250 
M:z+4M3 + M, = —52,500 
. Ms; + Ms, = —45,000 
On solving these simultaneous equations, the values of the moments are found to be 
M,i = —10,000 M. = —36,018 
M3 = —1,395 Ms, = —10,900 
Wire =O) 


All values are given in foot pounds. 

The reactions may be determined from the condition that the summation of moments 
to the right or left of any support must be equal to the moment given above. To deter- 
mine Fi, take moments about point 2, Fig. 128, for the forces to the left, from which 

+20R1 — (1,000)(20 + 10) — (1,000)(20)(10) = Ms = —36,018 
' Solving for Ri, we have Ri = 9,700 lb. 

The other reactions may be determined in a similar manner. In determining Rs and 
R4, it will be found best to take moments for forces to the right of points 4 and 3. This 
will effect a considerable reduction in the work required. The reactions determined by 
this process are as follows 


Ri = 9,700 R2 = 19,760 
R3 = 3,590 R, = 11,040 
Rs = 4,910 


All values are in pounds. 


75d. General Methods for Determination of Reactions in Continu- 
ous Beams.—The reactions for continuous beams may be determined directly 
by means of the principles of statics. This ee. 
, method of determining reactions has been adopted WELLE. 
in the preceding articles. The reactions may also Fy eae Saree 
_ be determined from general formulas expressed 
in terms of the moments at the supports. The 
determination of reactions by formulas has some 
advantages over a solution by means of the prin- 
ciples of statics. Thus when a formula is used 
any reaction may be determined without reference 
to the reaction at any other support. When the 
- principles of statics are used, the value of any 
reaction is dependent on the reactions at other 
supports. Errors made in the determination of 
any reaction therefore affect the values of reac- 
tions at other supports. 

A general formula for reactions will now be derived for the conditions shown 
in Fig. 129a. Let the lengths of two adjacent spans be J; and J; and let w; and we 
be the loads per foot on these spans. Figure 129d and c show the two spans 
removed and all external forces shownin position. Thereaction Rat the junction 


of the two spans is 


R = aes = Wey 
On substituting in this equation values of V’; and V”, determined from eggs. (3 
and (3a) of Art. 73, modified to fit the conidtions of Fig. 129, we have 


p, = Go) (Ms — Mi), wil , wale (12 
hy le 2 2 
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Equation (12) is a general formula for reactions for uniform loads. When the 
beam supports concentrated loads, as shown in Fig. 129d, the general formula 
becomes 


R= (Mo — Ms) | Ge + Wiki + We(1 — ke) (13) 


ly 2 
On substituting in eqs. (12) and (13), the sign of the moment as determined from 
the Theorem of Three Moments must also be taken into account. 
The reactions at end supports in a continuous beam may be determined 
directly from eqs. (3) and (8a) of Art. 73, modified to fit the conditions of Fig. 
129. If Ro represents the left end reaction, we have, for uniform loads, 


Ro = My — Mo, wilh = (14) 
ly 2 : 
and for concentrated loads 
Ro = ines a ef + Wiki (15) 
If R. represents a right end reaction, we have, for uniform loads, 
Ri = es ee (16) 
le 2 
and for concentrated loads 
M,—M 
Re = Se W2(1 — ke) (17) 


Illustrative Problem.—Determine the reactions for the beam of Fig. 119, p. 115, using 
eqs. (12) and (18) and the moments calculated on p. 120. 

The moment at the center support is Mc = —62,000 ft.-lb. This moment is repre- 
sented by M1 in eqs. (12) and (13). Since the ends of the beam are freely supported, Mo 
and M2 are equal to zero. To determine the reaction at the center support of Fig. 119, 
eqs. (12) and (13) may be combined and written in the form 

Re = — Me Ma wh a ks + Wad — ba) 
The several terms of this equation have the following values: Mi = Mc = —62,100, wi = 
1,000, we = 2,000, Wi = 3,000, We = 1,000, ki = 0.5, ke = 34 and 3g, i = 12, l2 = 18. 
Substituting these values in the above equation, we have 
Ro = + 92000 4 S270 + (34) (1,000) (12) + (4) (2,000) (18) + (8,000) (34) 


+ (1,000) (3) + (1,000) (3) 


from which 
Re = 35,125 lb. 
The reaction at the left end of the beam may be determined by combining eqs. (14) 
and (15), noting that Mo = 0. Thus 
62,100 


Ra = — —Fo— + (4) (1,000) (12) + (8,000) (32) = 2,325 Ib 


To determine the reaction at the right end of the beam, combine eqs..(16) and (17), noting 
that M2 = 0, thus, 


62,10 
BED aa + (44)(2,000) (18) + (1,000) (3s) + (1,000) (34) = 15,550 Ib. 


75e. The Theorem of Three Moments, Effect of Settlement of 
Supports on Moments and Reactions.—The formulas of the preceding articles 
are based on the assumption that the supports for the beam are rigid. If, due to 
any cause, the relative elevation of the supports is changed after the beam is 
placed in position, the relation between the intercepts to and t2 stated in Art. 75c 
must be modified to meet the actual conditions. 
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In Fig. 130 let A, B, and C show the original position of three consecutive 
supports of a continuous beam. Due to settlement of supports, these points 
take the positions shown at a, b, and c respectively. Let ho, hi and he respectively 
_ represent the actual settlement of each support. At point b draw fod tangent to 

the elastic curve. Also, connect points 6 and c by a straight line and produce 
this line to an intersection at e with the vertical 
through point a. The distance ae shows the 
effect of settlement of supports on the position 
of point a. If the settlement of supports is 
proportional, or equal, ae will be zero and 
settlement will have no effect on the moments 
or reactions. 

For the conditions shown in Fig. 130, we have 

esc’ 

Ry Bley 
But ef = to — ae and dc = tz, where to and tz have the values given in Art. 75c. 
From similar triangles in Fig. 130 it can be shown that 


ae = (Ai —= ho) + (hi = ha) 


On substituting in the above equation, the value of ae and values of fo and te 
as given in Art. 75c, we derive finally, 

For concentrated loads 
M oli + 2Mi(h + le) + Mal. = —Wiki(l —— ky)? = W (1 — ke) (2 — ko) 12? 


. ear(" hy ha = ay as) 
ly le 


For uniform loads 
Mey + 2M (ly + Le) + Male = — 24 (sh? + wal) — on (4 B=) (9) 
1 2 


Equations (18) and (149) give the Theorem of Three Moments for a beam of uni- 
form moment of inertia J when settlement of the supports has taken place. 


Illustrative Problem.—A 15-in. 42.9-lb. I-beam supported at three points 20 ft. apart 
forms a two-span continuous girder supporting a uniform load of 1,500 1b. per ft. Levels 
taken at the supports show that settlement of the supports has caused the following changes 
in elevation: left support 0.010 ft.; center support 0.020 ft.; right support 0.015 ft. Deter- 
mine the change in moment at the center support due to settlement. 

The required moment may be determined from eq. (19). Since the beam is freely 
supported at the ends, Mo and M2 are zero. The terms in eq. (19) have the following - 
values: 11 = Jz = 20 ft., w1 = we = 1,500 lb., # = 30,000,000 lb. per sq. in.; J = 441.8 
in.4, ho = 0.010, hi = 0.030, and hz = 0.015. Substituting these values in eq. (19), 
noting that H.and J must be reduced to foot units, we have 


80M, = = (3) (1,500) (20) (2) 


az) (2. — 0.030 , 0.015 — oa) 


— (6) (30,000,000) (144) ( 128 20 + 20 


from which 
M; = —62,100 ft.-lb. 
For a similar beam on rigid supports, the center moment is Mi = —75,000 ft.-lb. Settle- 
‘ment of supports has decreased the center moment 16 per cent. It is to be noted that the 
positive moments will be increased to compensate for the decrease in center moment. If 
_in any case, the center moment is entirely relieved, the beam becomes a simple beam with 
positive moment at all points. 
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75f. Continuous Girders on Elastic Supports.— When a continuous 
girder is supported by posts or columns the relative elevations of the several sup- 
ports may be effected by the distortion of these members. These changes in 
elevation have the same effect on moments and 
reactions as a settlement of the supports. 
Figure 131 shows two adjacent spans of a 
continuous beam supported by columns of 
height Ho, Hi and H2 whose areas are Ao, 
Ay, and Az. Let Ro, Ri, and Re represent the 
final values of the stresses in these columns, or 
the reactions at the several points. For the con- 
ditions shown in Fig. 131, the deformation of the 


several supports is ne 
RoH Ri, ofl 9 

ho = Foy ee merc Mae, 
where Eo, H:, and E, denote the modulii of elasticity of the material composing 
the several columns. ‘These deformations may be considered as settlements of 
the supports. On substituting these values in eqs. (18) and (19), we have 

For concentrated loads 

Moli + 2Mi(l, + be) + Mole = —Wikill — ki)? — Wek2(1— ke)(2 — keo)le? 


RoHo di Ra, | 
ae ez1| / ene +! +g ee 


for uniform loads 
Moh + 2Mi(li +h) + Mole = — 14 (wils® + wal?) 
Rolo hil, Ro 
Gone eee THA ae age eD 
Equations (20) and (21) give the Theorem of Three Moments for a continuous 
beam of uniform moment of inertia when the beam is placed on elastic supports. 
These equations are written in terms of the moments and reactions at the several 
supports. Values of the reactions, as given by eqs. (16) or (17), may be sub- 
stituted in the above equations if desired. However, the resulting equations are 
very cumbersome. An application of the above equations to a problem is given 
below. 


Illustrative Problem.—Calculate the moment at the center support and the reactions 
for the continuous beam shown in Fig. 132. 

Since the columns shown in Fig. 132 are relatively small, deflection under load may be 
expected and the supports considered as elastic. For 
the conditions shown in Fig. 132, the terms in eq. (21) Total load steel -bearm 


i | €400 Ib. per ft-, T1221 in#, 
have the following values: wi = w2 = 2,400 lb. per ft., WLLL LLEEEEEEEEEEEEZEZEZE 


h = le = 12 ft. = 120 in., Ho = Ai = Ho = 8’ — 4” = rt 
100 in., Ao = Ai = Az = 6 sq. in., J = 122.1 in.4, H = Beha. = 
E> = Ey = Ez = 30,000,000 Ib. per sq. in., Mo and Mz _|Harea-eagmeaf 
are zero.. Substituting these values in eq. (21), using a laa 


inch units, and reducing the resulting expression to its 
simplest form, noting that Ro and R2 are equal because of 
symmetry of loading, we have finally Fie. 132. 


M, = —360,000 — 0.424(Ro — R:) 


The reactions may be determined by placing moments about the center support equal to 
Mi. Thus, using inch units, moments to the left of Ri gives 
120Ro — 1,440,000 = M; = —360,000 — 0.424Ro + 0.424 
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from which 
Ro — 0.00352R: = 8,960 
Placing summation of vertical forces equal to zero, we have 
Ro + 0.5R: = 24,000 
Solving these equations 
: ime Ri = 29,830 lb. Ro = 9,085 lb 
The moment at the center support is 
Mi = 29,250 ft.-lb. = 351,000 in.-lb. 
For a beam on rigid supports, we find M1 = 30,000 ft.-lb. = 360,000 in.-lb.; Ri = 30,000 
Ib. and Ro = 9,000 lb. 


75g. Analysis of Continuous Beams by the Method of Elastic 

Weights. ‘—To analyze a continuous beam by the method of Elastic Weights, 
consider the several spans as independent 
beams restrained at the ends by the mo- 
ments which exist at the supports of the 
continuous beam. Since the tangents to 
the elastic curves for these restrained 
beams which meet at any support must 
have the same slope, the M/EI loads for 
adjacent spans are connected by the rela- 
tion that the conjugate beam shears for “” 
the ends of beams meeting at any support 
must be equal. 2 0 

Figure 133 shows any two adjacent senieaals Beam oS Beour 
spans in a continuous beam, and Figs. Fie; 123. 
133 (6) and (c) show the conjugate beam 
and its loading for these spans. At any support as 1, the conjugate beam end 
shears must be equal, that is 7’; =r’. For the conditions shown in Fig. 1336 


i 0 1 
rs == 5Wikih(l = iy)(3)q + ky) + g Mal a g ols 


fo 


and ‘ 
” 1 le 2 i 
ime | = 5 Wk ole el — ke) 3 (2 — ke) + Malet g Mil 
Equating these values, as indicated above, we derive finally 
Moly + 2M, (lL, + Ie) + Mole = — Wik, (1 — kx?) Lh? — Woke (1 — ke) (2 —ke) 12? 
which is the Theorem of Three Moments for beam of uniform cross section under 


concentrated loads. 

On comparing the analysis given above with the similar solution given in Art. 
75c, using the Area Moment Method, it will be found that the operations in the two 
methods are practically identical. The same fact will be noted on comparing 
numerical problems. Since the two methods are similar, the solutions given ir 
the preceding articles will answer for both methods. 

75h. Coefficients for Moments and Reactions for Continuous Beams. 
The solution of prob ems in continuous beams is greatly facilitated by the use 
of coefficients for moments and reactions at the supports. These will be given 
for beams carrying uniform and concentrated loads. 

Uniform Loads.—Figures 134A and 134B give the coefficients for moments 
and reactions in continuous beams over several supports due to a uniform load. 

1 By W.S. Kinne. 
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The values to the left and right of any support in Fig. 134A represent the 
shears at these points and the sum of these shears represents the total reaction 


at any support. 
1 2 
ofs sis > slo 
6 8 8 
1 2 3 
off 615 6 410 
/0 /0 JO 10 
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Fig. 134A.—Shears in continuous beams; supported ends; uniform loads on all spans; spans 
all-equal. Coefficients of (wil). 


Fie. 134B.—Moments in continuous beams; supported-ends; uniform load on all spans; 
spans all equal. Coefficients of (wi?). 


Illustrative Problem.—Determine the moment and reaction at the second support from 
the left end of a continuous beam of five spans of 10 ft. each due to a uniform load of 1,000 
lb. per ft. : 

On the diagram for the five span beam, the moment at the second support is — 0.105 
wl? and the reaction is }4g (23 + 20) wl. Hence M = — (0.105) (1,000)(100) = — 10,500 
ft.-lb. and R = (14g) (48)(1,000)(10) = 11,320 lb. 


Concentrated Loads.—Coefficients for reactions for concentrated loads will be 
given only for a beam continuous over two equal spans carrying.a single load on 
one of the spans. To fix the position of the load, it will be assumed that the span 
is divided into a varying number of equal panels. Coefficients will be given for 


each load position. If desired, similar tables may be calculated for beams con- 
taining a greater number of spans. 
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Negative values indicate downward reactions. 
e 


Number of panels} Values of & Ri Tea Ra 
2 

38 406.25 687.5 — 93.75 
28 592.6 481.5 — 74.1 
3 38 240.7 851.9 — 92.6 
833.3 1,333.4 = 16ou7 
BA 691.4 367.2 — 58.6 
28 406.3 687.5 — 93.8 
4 34 168.0 914.0 — 82.0 
1,265.7 1,968.7 — 234.4 
4 752.0 296.0 = 48.0 
2 516.0 568.0 — 84.0 
5 3¢ 304.0 792.0 — 96.0 
46 128.0 944.0 = 820) 
1,700.0 2,600.0 —300.0 
i 792.8 257.7 — 40.5 
By 592.6 471.5 7A 
4 406.25 687.5 = OB 
6 34 240.75 851.8 — 92.55 
56 103.0 960.7 Ost 
2,135.4 3,229.2 — 364.60 
14 822.2 213.8 — 35.0 
Be 648.7 416.9 — 65.6 
34 484.0 603.5 — 87.5 
6 4g 332.4 763.8 19612) 
bg 198.2 889.3 = 278 
64 86.0 970.9 — 56.9 
2,571.5 3,857.2 —428.7 
¥% 3 844.3 186.2 — 30.5 
A 691.4 367.2 — 58.6 
34 544.5 536.1 —- 80.6 
44 406.3 687.5 — 93.8 
87 36 279.8 815.4 = Ope? 
34 168.0 914.0 EPO 
A Pest 977.6 = Fal.) 
3,008.0 4,484.0 —492.0 
4 861.5 166.0 = 8 
36 725.0 327.8 = FOES 
1 592.6 481.5 , = fll) 
46 466.4 622.8 = 2 

9 : 56 348.4 747.6 — 96.0 : 
36 240.7 851.9 = 92-6 
46 145.4 931.4 Ss YS 
86 64.5 982.2 SA Gad 
; 3,444.5 5, 1112 —555.7 
am 875.25 149.5 — 24.75 
4 752.0 296.0 = LEG 
340 631.75 436.5 — 68.25 
74 516.0 568.0 — 84.0 
44 406.25 687.5 — 93.75 
34 304.0 792.0 — 96.0 
10 see 210.75 878.5 — 89.25 
46 128.0 944.0 SPA) 
%o 57.25 ; 985.5 Seg as 
; 3,881.25 ; 5,737.5 —618.75 
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Illustrative Problem.—A beam continuous over two 12-ft. spans supports the following 
loads: Left hand span—a 10,000-lb. load 4 ft. from the left end and a 20,000-lb. load 8 ft. 
from the left end. Right hand span—a 30,000-lb. load at the center of the span. Deter- 
mine the reactions at the supports, using the above table of reactions. 

For loads on the left hand span use the values for three panels. The 10,000-lb. load is at 
the 14 point and the 20,000-Ib. load is at the 24 point. For the load on the right hand span 
use the values for two panels, interchanging values for Ri and R3. The results are as follows: 


Loap Ri Re R3 
10,000 (10)(592.6 )=+5,926.0 (10)(481.5)=+ 4,815 (10)(—74.1 )=— 741.0 
20,000 (20)(240.7 )=+4,814.0 (20)(851.9) =+17,038 (20)(—92.6 )=— 1,852.0 


30,000 (30)(—93.75) = —2,812.5 (80)(687.5) = 120,625 (30)(+406.25) =+12,187.5 


Totals +7 ,927.5 +42 ,478 +9 ,594.5 


Illustrative Problem.—A beam continuous over two 20-ft. spans supports six 1,000-lb. 
loads. The loads are spaced 5 ft. apart, three loads being carried by the left hand span and 
three by the right hand span. Determine the reactions by means of the above table. 

The given loading divides each span into four panels. Hence, use the values for four 
panels. The value of R: for loads on the left hand span is given by the summation of 
values of Ri as given in the table. For loads on the right hand span the desired left hand 
reaction is given in the table under the values for R3. The results are as follows: 


Ri Re Rsz 
Boads im left; hand spans. cemras cliente aie: +1 ,265.7 +1 ,968.7 — 234.4 
Loads in right hand span.............-.-> — 234.4 +1,968.7 +1 ,265.7 
Wotalek: ao ctiskconnn secenetascen eee ae oar +1 ,031.3 +3 ,9387.4 +1,0381.3 


76. Partially Continuous Beams.—It is frequently desirable to consider a 
structure in which the continuity is imperfect. A swing truss bridge on four 
supports, designed with parallel chords 
and very light web members in the 
center span, so that no shear can be 
transmitted between the two inside 
supports, is a structure of this kind. 
Such structures are called partially 
continuous and their treatment will be 
illustrated by the beam in Fig. 135. 

It is assumed that bending moment 

Fre. 135. but no shear exists in the center span; 
hence Rs; = —R, and the bending mo- 
ment M at B equals the bending moment at C. Since the continuity of the 
beam is broken at B and C, the elastic curve is not continuous, but forms cusps 
at these points; and the tangent WG to the elastic curve for AB at B is not tangent 
to the elastic curve for BC. Similarly the tangent HG to the elastic curve for CD 
at Cis not tangent to the elastic curve for BC. 
Let 6: = Angle ABF, and @,= Angle DCH, then 6, + 64 = a Bes 


area WTSU 
The tangential deviations at A and D, being represented as measured ob the 


axis of the beam, are considered negative. 


‘ 


—t i 6,1 
eat —, O4l 
i +t = —d¢l 


EI¢ = Mal 


as 
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Elt, = Pk(1 — kyi(52)3 | + 5 — mm] + (5) ) 


aH s bee MP 
Pata) tia 


: Mi? 
. Elt, = Oe 
Since 
Elt,; + Elt; = —EI#l. 
Then 
PI Mr? 2 
GAR) A + OP = — Mar 
or 
Pik Sk) 
i 4+ 6a 
Therefore 
P(k — k) P(k — k’) 
PaSPine Pye ees) a Ne Me) 
ee ae! 4+ 6a iE eet 
= P(k — k*) _ —P(k — k’) 
1 ee ae aay ree er or 


The span in Fig. 136 consists of two restrained beams, connected at mid-span 
in such a way that shear but no bending moment can be transmitted from one 
beam to the other. The span, therefore, represents a different phase of partial 
continuity from that of the previous problem. The principle here involved is 
employed in the design of a bascule span 
composed of two leaves connected by a shear 
lock. The principle must be modified, how- 
ever, in its application to a bascule span, 
for the leaves do not as a rule have a con- 
stant moment of inertia, nor are they in per- 
fect restraint at the points of support. 

A constant moment of inertia and perfect 
restraint will be assumed in finding the shear 
V on the pin-connection at C, when the beam 
CB supports the load P as shown. The M- 
diagram may be drawn very easily when the Frey 136. 
partially continuous beam ACB is considered 
as two restrained beams sketched separately, with the shear at C considered as 
a force V, acting upward on CB and downward on CA. The bending moment 
at C is zero. The M-diagram for CB is best sketched in two parts—the area 
QST representing the bending moment of V, and the area TUW representing the 
bending moment of P. Since the continuity is broken at C, it cannot be assumed 
that the total area of the M-diagram is zero, although the angle ¢ between AD 
and BD is zero. ‘The absurdity of such an assumption is obvious when k = 1, 
and the load P is at C, in which case it is clear that the M-diagram is a negative 
area throughout and cannot equal zero; neither can the tangential deviation at 
either A or B be equated to zero for a similar reason. 

P) 
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Let t; represent the tangential deviation for the beam AC and tz for the beam — 


BC, then 
in SS (bp : 
he vo(5) (G )- ae 
Elt, = (VI) (3 1) (3) - (Pkl) (in) (7 = tut) 
Whence 
= : (3h? — k3) 
COLUMNS 


By J. B. KoMMrERs 


A column or strut may be defined as a long compression member. A short 
block under axial compression has the unit stress uniformly distributed over the 
cross-section. This is not necessarily true for a column because a column tends ~ 
to deflect laterally due to lack of straightness, non-homogeneity of the different 
parts of the cross-section, and eccentricity of the load. The lateral deflection of 
the column sets up bending stresses so that the column cannot carry as much load 
as it could if it were very short. : 

The term ‘‘slenderness ratio” is used in discussing columns, and is the ratio 
of the length of the column to the radius of gyration. The slenderness ratio of 
practical columns will usually lie between a- value of 40 and a value of 125. 
Columns with a slenderness ratio greater than about 150 are spoken of as long 
columns. 

77. Forms of Columns.—The top chords and end posts of bridges are com- 
monly made up of channels and plates, or angles and plates. These standard 
shapes may be put together in a variety of ways to produce an efficient column. 
Web compression members are commonly made of latticed channels, latticed — 
angles, or combinations of angles and plates. For very large columns the sec- 
tions are made up of combinations of plates and angles, which are usually i in the 
form of an H-section with cover plates on the two open sides. 

For the sake of economy it will generally be desirable to have the value of the 
radius of gyration of the column section practically equal with respect to the two 
principal axes, for the reason that the lower radius of gyration is the one used to 
determine the column strength. 

In order to obtain a column of great strength a compact box-like section is 
more desirable than one having unsupported outstanding legs. On the other 
hand, to obtain a large value of the radius of gyration for a column section the 
material should be placed as far away as is practical from the axis about. which 
bending takes place. 

78. Difference Between Column and Beam Theory.—As will be shown in the 
later discussion, it is possible to calculate the unit stress in a column under axial 
load only when it is an ideal long column, and even then the unit stress is known 
only when the column carries its maximum load. It will be shown that for all 
columns of practical lengths the unit stress existing cannot be calculated, but that 
the design depends upon the use of empirical formulas which have in them certain 


Sec. 1-79] GENERAL THEORY 131 


constants determined from actual tests of columns. This fact leaves the discus- 
sion and design of columns ina much more unsatisfactory state than is the case 
for beams. For all simple cases of beam loading it is possible to calculate the 
unit stress in the beam with a very satisfactory degree of accuracy, and the formu- 
las used have in them no empirical constants. 

79. Euler’s Formula for Long Columns.—The discussion of practical columns 
is made much clearer by discussing first an ideal long column which is supposed 
to be perfectly straight and homogeneous, and which carries an axial load. It 
has been found by actual tests that such a column, loaded within a certain 
critical load, may be deflected laterally, and willstraighten again when the lateral 
push is removed. However, when the critical load has been reached, it is found 
that the column will remain deflected when the lateral pushisremoved. Further, 
it is found that under this critical load the column is in a state of indifferent 

equilibrium, such that the deflection under this load may be varied within quite 
wide limits. Euler’s formula! determines this critical load. 


1 In Fig. 137A consider an ideal long column having round ends. The origin of codrdinates is taken at 
the upper end, y being measured horizontally, and z vertically. In the discussion of the deflection of 
d 
simple beams the formula M = EI a is developed (see Art. 1, Appendix C, p. 582). This formula 
may be applied to all cases of flexure within the elastic limit of the material. In the 


present case the moment at any distance x is —Py, the minus sign being used because 
it can be shown that the second derivative in this case is negative. Therefore 


My dy 
bt ee 


Multiplying each side of the equation by dy, this may be integrated, and gives, 


dy pga 
zt (3) Serie 


= —Py 


If the maximum deflection at the middle of the column is called f, it may be seen that 


d 
when y =f, & = 0, and hence C = Pf?. 


Then 4 ee V4 . 
tet aE ae arr 
poole) 8 Fie. 1374. 
Integrating this gives 
= (2) ws sin7 4 + C1 
12 Ph 


When y = 0, x = 0, and therefore C1 = 0 
Writing the equation in another form, 


P P 


y =fsin (a) (1) 


This equation must satisfy the condition that when x = 1, y = 0, therefore, 


ae 
(F) l =, or a multiple of + 


This is Buler’s formula for long columns with round pout and since I = Ar?, 
it may take the form 


nr? 
Cy 2) 
& “ = 
; nT P 16. 

Inserting the value ah for EI in eq. (1) (nw representing any multiple 

n=/ na 7=3 of 3) gives 
@ ® © Bf cin a (3) 

Fie. 137B. dg a 


If values of x in terms of J are now substituted_in eq. (3), using » = 1, a curve is obtained as shown 
in Fig. 137B (a). The curves obtained for n = 2 and n = 3 are shown in Figs. 137B(b) and 137B(c). 
_ It is evident that Fig. 137B(a) shows the weakest case, and therefore columns with round ends are 


designed on the basis of eq. (2), using n = 1. 
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For long columns with round ends, Euler’s formula for the unit load is 
TH 


P 2 
a0) 
r 
where P = axial load, A = area of cross-section, | = length of the column, r = 


least radius of gyration, © = slenderness ratio and H = modulus of elasticity. 


For long columns with fixed ends, the formula is 
42H 


Poe 

Z 
It should be noted again that the value of P given by Euler’s formula is the 
maximum load which the column can carry. It is the load under which the 


column will remain in a deflected position. It should also be noted that the unit 
stress which exists under this load is the elastic limit of the material, and that the 


formula does not enable the unit stress to be calculated. a as obtained from the 


formula does not mean unit stress, but merely the value, which when multiplied 
by the area, will give the total load which the column can carry. 

80. Ideal Column, Eccentrically Loaded.—In a manner similar to that used 
in deriving Euler’s formula, it can be shown that an ideal column, carrying a load 
having an eccentricity, e, will have a maximum stress. 


iP ec PS aide 
p= Fi + seo SNe) 
Here c is the distance to the extreme fiber from the neutral axis about which 
bending takes place, the other notation being the same as before. 
This formula makes clear that there is a perfectly definite relation in this 
case between unit stress, f, and unit load P/A, which was not the case for the 


Euler formula. When the columns are short the term sec- N 2 becomes prac- 


tically equal to unity and the unit stress is then equal to P/A (1 + eS which is the 


ordinary formula for direct stress combined with bending. 
81. Limitations of Euler’s Formula.—Figure 138 shows the Euler formula for 
round ends plotted with unit load as ordinate and slenderness ratio as abscissa. 


A column with one end round and one end fixed is approximately represented by the part of the 
column from A to Cin Fig. 137B(6). Substituting in eq. (2), n = 2, and replacing J by 46 l gives 
Be 244° HT 
A (- ) 2 (4) 
Fr 
which is the formula for the unit load for long columns fixed at one end and round at the other. 
In the same way the column from C to D in Fig. 137B(c) may represent a column fixed at both ends 
Substituting in eq. (2) gives 
ae) ® 
3 


The case of a column with one end entirely free and the other end fixed is re 
presented by the 
half of Fig. 137B(a) and the formula for this case is : es 
‘ (6) 
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A value of 30,000,000 Ib. per sq. in. was used for modulus of elasticity, and the 
curve therefore represents steel columns. If structural steel is being used an ulti- 
mate strength of about 60,000 lb. per sq. in. and a yield point of about 40,000 lb. 
_per sq. in. may be expected. The curve shows that Euler’s formula gives absurdly 
_ high values for unit load unless the column has aslenderness ratio of 175 or greater. 
It will be shown later that the results from Euler’s formula should not be used 
unless they are lower than one-third of the ultimate strength. 
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Figure 138 also shows the case of an eccentrically loaded steel column, the 
_- material being loaded up to its yield point of 40,000 lb. per sq. in. and the eccen- 


tricity being such that = = 0.05. The curve makes very clear the effect of eccen- 


tricity of load in reducing column strength. Comparing this curve with the 
Euler curve it will be noted that the effect of eccentricity is very great for low 


atl é Aah ae 
values of L but that for large values of Fe the two curves practically coincide. 
r 


82. Columns of Practical Length.—Thus far only ideal columns have been 
discussed and it has been shown that Euler’s formula cannot be used for columns 
of practical lengths. Furthermore, practical columns are used under quite 
different conditions than have been assumed for the ideal column. Practical 
columns are not perfectly straight, are not likely to have exactly axial loads, are 
not homogeneous, are likely to have initial stresses, and the various parts of 
built-up columns are not likely to act as a unit because of imperfect connections. 
These facts, together with the limitations of Euler’s formula have lead to the 
development of a number of formulas which have in them constants obtained 
from tests on columns. Most of these formulas have a semi-theoretical basis. 
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83. The Rankine Formula.—The column formula developed by Rankine is 
based upon the assumption that columns fail by a combination of direct stress 


P tae 
and bending. The direct stress is f: = a and the stress due to bending is fz = — 


a = of , in which P is the load on the column and f is the maximum deflection 
of the column. The maximum stress is 
ae 
Ea: bamer 


: F : te 
The assumption is now made that the deflection, f, is proportional to = 


just as in the case for beams. Then, 


or, since I = Ar?, 


or 


aS RS 5 
it 2 
“ 1+4(:) 
r 
In practice f as well as k are empirical constants which are given such values as 
to make the formula fit the results of column tests, f being dependent upon the 
kind of material, and k being dependent upon the kind of material and upon 


the end conditions of the column. The Cambria Steel Company’s handbook uses 
the following constants for steel: 


Soft steel Medium steel 
Square Pin and Pilends Square Pin and Pieends 
ends square ends ends square ends 
f 45,000 45,000 45,000 50,000 50,000 50,000 
1 1 1 1 1 1 
k 36,000 24,000 - 18,000 36,000 24,000 18,000 


Values of these constants for cast-iron columns are given in the chapter on 
Cast-iron Columns in Sec. 2. 

84. The T. H. Johnson Straight-line Formula.—In 1886 T. H. Johnson! 
proposed a simple type of column formula which has been widely adopted. He 
found that a straight line tangent to Euler’s curve could be made to fit quite 
well the results from column tests available at that time. The formula takes 
the form 


P_ l 
Dp ae 


1 Trans, Am, Soc. C. E., vol. 15, 1886, p. 517. 
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In this formula, also, f and k are empirical constants which are chosen so as to make 
the formula fit the results of column tests. 


The point of tangency of the straight line with the Euler curve is the limiting 


l ; Z : 
value of - for which the straight line formula should be used. For larger values 


of ; than this limiting value the Euler formula should be employed. It can be 
shown that the point of tangency with Euler’s curve occurs at a point at which 


the ordinate is i It can also be shown that the constant f is dependent upon the 


kind of material and that the constant k& is dependent upon the kind of era 
and upon the end conditions of the column. 
The following table gives the values of f and k recommended by Johnson 


re l 
for structural steel, and ‘also the limiting values of a 


STRUCTURAL STEEL 


End conditions if k Limit of 1/r 
EN SEROTEC S ert whats aeags eheahclebs Sie -buteiens 52 ,500 179 195 
Hn PeEdreNndse ns: cov acy. es PO ES 52 ,500 * 220 159 
UOMO TEMG Sratn tastiest tes yahs shend sak seria ars 52 ,500 284 123 


Values of these constants for cast-iron and timber columns are given in Secs. 


+ 2 and 4. 


Ll P 
85. The Parabolic Formula.—At a value of equal to zero the value of iG 


from the straight line formula is likely to be too high, and J. B. Johnson suggested 
that a parabola tangent to Euler’s curve would fit better the results of column 
tests. The formula takes the oe 


spe) 


The following constants are ee eee by Johnson for mild steel: 


Minp Street 


End conditions f | k _ Limit of 1/r 
is ee ee ol 42,000 0.97 150 
ee he tee gee. 42,000 0.62 190 


eS eee 
86. Variation of Straight Line Formula.—A type of formula which has 


l 
come into wide use is one which uses a horizontal line for low values of 2 and an 


inclined straight line for the larger values. The American Railway Engineering, 


Association formula for working loads is 
P 1 
a = 16,000 — 70- 
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This is limited to a value of which must not be higher than 14,000 lb. per 


l : 
sq. in., which means that for values of - from zero to about 30 the curve used is a 


horizontal line. : 
The American Bridge Company uses a similar formula for the working loads 


for buildings. 


P l 
The 19,000 — 100 - 


12 : 
This is limited to a maximum value of A of 13,000 lb. per sq. in., and therefore 


l , : : 
for values of es from zero to 60 the curve used is a horizontal line. 


. BENDING AND DIRECT STRESS 
By Grorce A. Hoon anv W. S. Kinng 


87. General Nature of the Problem.—In many cases, structural members 
which form a part of a composite structure are called upon to perform the com- 
bined duty of tension (or compression) members and beams. Such members are 
said to be subjected to bending and direct stress. 

A few examples will now be given of what is meant by bending and direct 
stress. Figure 139a shows a simple beam carrying inclined loads. A section of 


s ur (hb perth 

ee 2 phininkttntin 2 i 
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Fie. 139. Fig. 140. Fig. 141. 


this beam at any point is shown in Fig. 1396. The force H represents the equilib- 
rant of all forces to the left of the given section. This force has been resolved 
into its vertical and horizontal components, as shown in Fig. 139. By the prin- 
ciples of statics it can be shown (see also Art. 88) that the force EH may be 
replaced by the system of forces shown at the cut section of Fig. 139c. At the 
section in question the beam is acted upon by a direct thrust 7 and a bending 
moment M. ‘The transverse force V represents the shear on the section. Figure 
139 represents a case typical of bending and direct stress conditions. 

Figures 140 to 146, inclusive, show conditions resulting in structural members 
subjected to bending and direct stress. The conditions shown in Fig. 140 are 
typical of a truss member which also acts as a beam to carry either a roof or floor 
load. It may also represent the case of a tension or compression member 
subjected to bending due to its own weight. Figure 141 is typical of cases in 
which eccentric connections are used for tension or compression members. The 
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case of a post or column subjected to transverse loading is shown in Fig. 142. 
As shown in Fig. 142), bending and direct stress occur at interior sections. Figure 
143a@ shows a post or column which supports a load whose line of action does not 
coincide with the gravity axis of the member; Fig. 143b shows the conditions at 
any section of the member. Fig. 144a shows the top chord of a roof truss where 
conditions made it necessary to support the roof at points between joints of the 
_ truss. Fig. 1446 shows the top chord member removed with the applied loads 
in position. This is a special case of Fig. 139. In Fig. 145a, the column support- 
ing the end of a roof truss also supports an applied load W, due to a crane or 


,. 


ag pte 
(a) (b) (a) i (b) * 
Fie. 142. Fie. 148. Fie. 144. 


‘machinery load. The column is subjected to the forces shown in Fig. 1450. 

In Fig. 146, the column carries the load from a knee-brace, thus forming a member 

in bending and compression. Many other illustrations of bending and direct 

stress could also be given, but such cases would be combinations of those shown 
in Figs. 139 to 146, inclusive. 

_ Problems in the determination of fiber jee: due to bending and direct 
_ stress may be divided into two main classes: one in which the deformation under 
_ the applied forces may be neglected; the other in which these deformations may 

- not be neglected. Let Fig. 147a show a post carrying a load P at a distance e 

from the gravity axis of the post. For the conditions shown, the moment at 


@ © (@) © 


Fie. 145. Fie. 146. Fie. 147. 


section z-x is M = Pe. This moment is calculated on the assumption that the 
post is not deformed by the action of the applied load. Now assume that the 
applied load does deform the post, and assume that the full lines of Fig. 1470 show 
the deformed member. Point C, the center of gravity of the section, has moved 
_ to the position 0’, and the moment of the load P about C’ is M. = P(d + e), 
where d is the horizontal distance between points A’ and C’. Note that the 
moment for Fig. 1476 is greater than that for Fig. 147a, and the difference in 
- moment is due entirely to the deformation of the member. Similar conditions 
can be shown to exist in the cases shown in Figs. 139 to 146, inclusive. 
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Deformations of the nature described above take place in all elastic structures. 
However, there are certain classes of construction in which the members are so 
large that the deformation corresponding to d of Fig. 1476 is so small that it may 
be neglected without appreciable error. Members composing a concrete or 
reinforced concrete structure are generally of this nature. In steel structures, » 
and to a certain extent in timber structures, the members are generally com- 
paratively slender, and the deformation corresponding to d of Fig. 1476 is often 
so large that if it is neglected, the stresses determined with deformation 
disregarded would be considerably in error. 

88. Determination of Total Fiber Stress, Deformation Neglected. 

88a. Homogeneous Materials.—Let Fig. 148 represent any section 
of a beam and let E be the equilibrant of all forces to the left of the section 
(conditions similar to Fig. 
139). Assume that £ cuts 
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Fie. 148. 


the plane of the section at 
a point D which is located 
on one of the principal 
axes of the section. Resolve 
E into its vertical and hori- 
zontal components Hy and 
Ey, and assume these to be 
applied at point D, as shown 
in Fig. 1484. At C, the 
center of gravity of the 
section, apply two equal and 
opposite forces each equal to 
Ey. These additional forces 
will not disturb the equi- 
librium of thesystem. From 


statics, the equal and opposite parallel forces Ey (lettered 1 and 2 in Fig. 148) 


form a couple whose moment is 


M = Eye 


(1) 


The remaining force Ez (lettered 3 in Fig. 148) acts as a thrust or compression 


on the section. 
N oS Ey 


If this thrust is represented by N, we have 


(2) 


The vertical component Hy which acts across the section, represents the shear 


on the section. 


Since it is generally assumed that the fiber stresses under 


consideration are not affected by shear, no further consideration will be paid to 


this force. 


Figure 1485 shows the section with the several forces in position. 


The fiber stress at points A and B of the beam section of Fig. 148 is generally 


calculated on the assumption that fiber stress due to the combined action of bend- 
ing and direct stress is equal to the sum of the fiber stresses for bending and for 
direct stress considered as acting separately. The fiber stress.due to the thrust 
N is uniform over the section and its value is 
N 
lo = a 


= stress intensity due to N, and A 


(3) 


where f. Figure 148c 


= area of section. 
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shows the variation in stress across the section. The stress due to bending is 
given by Art. 500, p. 22, as 
hus (4) 

where fo = extreme fiber stress due to bending; M = moment at section; c = 
distance from gravity axis to extreme fiber; and J = moment of inertia of section 
about gravity axis. For the conditions Beem in Fig. 148 (positive moment), 
the stress on the top fiber A is compression and that on the bottom fiber B is 
tension. Figure 148d shows the variation in stress across the section. 

As stated above, the total fiber stress is equal to the sum of the stresses due to 
bending and to direct stress. At the top fiber A, the total stress is 


ie e = (5) 


These stresses are to be added since both are compression for the conditions 
shown in Fig. 148. At the bottom fiber B, the total stress is 
: Mc 

fe=\(Q- ae) (6) 

_ Since f. is compression and f, is ean ee stresses must be subtracted. 

: Equations (5) and (6) are sometimes reduced to a simpler form by the follow- 

ing substitutions. Letting f and c represent general values for fa, fs, ¢: and cs 

and using a plus or minus sign, these equations may be expressed by the single 
equation 


From Fig. 148a, it can be seen that M = Hye = Ne. From Art. 18, p. 2, 
_ I = Ar, where r = radius of gyration of the section. Placing these values in 
the above equation, we may write 


fate ) (7) 


: Equation (7) gives the same results as obtained by substitution in eqs. (5) 
_and (6). 
From eq. (6) it can be seen that the character of the fiber stress at B, Fig. 


; N Mc. N 
148a, depends upon the relative values of the terms | and Ta If 18 greater 


than a the fiber stress is of the same character over the entire section (com- 


pression for the conditions shown in Fig. 148). Figure 148¢ shows the fiber 


N Me ‘ ‘ 
stress variation for this case. When 7 = as the fiber stressat Biszero. Figure 


Me2. N 
148f shows the fiber stress variation. If aris is greater than 7? the fiber stress at 


B will be tension, and Fig. 148g shows the fiber stress variation across the section. 
If in any case the equilibrant H of Fig. 148a acts in the opposite direction, 
the final fiber stresses given by eqs. (5) and (6) will have the same form. The 
character of stress, however, will be opposite to that indicated for Figs. 148¢, 
f, and g. Equations (5) and (6) are general in nature and may be applied to 
_+any given case. The character of stress is best determined by inspection. 
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Special Values for Rectangular Sections.—For a rectangular section of width 
b and depth d, eqs. (5), (6), and (7) reduce to simple and usefulforms. Since the 


gravity axis is at the center of the section, ¢1 = C2 = 9 The moment of inertia 
: bd : ‘ 

of a rectangle of width 6 and depth d is I= 12° Also, the radius of 
a: : i Ne eo d? 
gyration of this rectangle is given by the expression r? = 7 = 12 / bd = 12 


Placing these values in eqs. (5) and (6), we have 


N.. 6M 
jem (EM) : 
> ( 6M 
B= Nae ge 
and from eq. (7) xe j 
pei. (9) 


For the special case shown in Fig. 148f, where the fiber stress at B is zero, the 
relation between e, the eccentricity of application of Hz, and d, the depth of 
section, may be determined from eq. (9) by placing f = 0 in this equation, and 
using a minus sign. Solving the resulting equation for e, we have 

e = }éd (10) 
That is, when the distance from the center of the rectangular section to the point - 
of application of the force Hy of Fig. 148a is equal to one-sixth of the depth of the 
section, the fiber stress on the more remote extreme fiber is zero. Since a similar 
relation holds when the force Hq is applied at a point on the opposite side of the 
center, it can be seen from Figs. 148e, f, and g that when Ez is applied anywhere 
inside the middle third of the section, the fiber stress on the section is wholly 
compression or tension, depending upon the direction of Hz. This is the well- 
known middle third rule which is used in the design of masonry structures where 
no tension is allowed on the extreme fibers. From Fig. 147 and Fig. 148g, tension 


will exist on the extreme fiber when “ >1, or when Ey is applied outside the 


middle third of the section. 

A few problems will now be worked out by means of the equations given in 
this article. Since the effect of deformation-is neglected in the derivation of © 
the equations used in solving these problems, it will be interesting and instructive 
to solve the same problems by means of the more exact solutions given in later 
articles. The reader may then judge for himself as to the proper method of 
procedure in any given case. 


Illustrative Problem.—A 2 X 12-in. steel eye bar, hinged at the ends and 30 ft. long, 
is subjected to a pull of 240,000 lb. Find the fiber stress at the center of the member due 
to direct stress and the bending due to the weight of the bar. 

For the conditions stated, N = 240,000 lb.; A = 24 sq. in.; 6 = 2in.; and d = 12 in. 
The weight of a 2 X 12-in. steel bar is 81.6 lb. per ft. Since the ends are hinged, the 
moment may be calculated as for simple beam conditions. Hence > 


M = }gwl? = (34)(81.6)(30)2(12) = 110,160 in.-lb. 


N , 6M) _ [240,000 , (6) (110,160) 
T= Wa = haz [ ay Se an? | 


From eq. (8) 
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Therefore | 
top fiber = 10,000 — 2,295 = 7,705 lb. per sq. in. (tensile) 
bottom fiber = 10,000 + 2,295 = 12,295 Ib. per sq, in. (tensile) 


Illustrative Problem.—A portion of a top chord member of a roof truss is illustrated 
in Fig. 149. Find the extreme fiber stresses at the center and at the ends of the member 
for the loads indicated 
_ For the conditions shown, NV = 30,000 lb.; A = (2)(2.09) = 
4.18 sq. in.; ctop = 1.26 in.; chottom = 4.00 — 1.26 = 2.74 ines 
and I = (2)(8.38) = 6.76 in. 

From the chapter on Restrained and Continuous Beams 
we note that, assuming fixed ends, the positive moment at the 
center is equal to + 4¢W1 and the negative moment at the 
ends is equal to —1¢W1, where W is the centrally applied load 
in pounds and lis the span. Therefore M = lgWi = (3¥) 
(1,500) (7) (12) = 15,750 in.-lb. Fie. 149. 

To find the extreme fiber stresses, eqs. (5) or (6) should be used. 


_ At center of member: 


N , Me _ 30,000 , (15,750) (1.26) 


Stop fiber = 4 th Pas OAS + 6.76 = 10,110 lb. per sq. in. (compressive) 
N Mc __ 30,000 1 ,750) (2.74 , é 
Potton fibers not Ais Se = 790 lb. per sq. in. (compressive) 


At end of member: 


M 30,000 15,750) (1.26 ye é 
Stop fiber = = - = Sate \ 7 S Pe 5,240 lb. per sq. in. (compressive) 
N ,M 30,000 15,750) (2.74 : ‘ 
Abottom fiber = Gy + 7 =a gat ¢ 5 ue ies 13,560 lb. per sq. in. (compressive) 


Illustrative Problem.—Figure 150 shows a building column which is subjected to bend- 
ing stress under wind loads, due to the thrust of the knee brace. Find 
the extreme fiber stress. : 

For the given conditions, N = 60,000 lb., M@ = 1,200,000 in.-lb., 
A = 26.00 sq. in., and with the angles placed 1434 in. back to back, 
the moment of inertia of the column section, J = 884.3 in.4 

The extreme fiber stress may be found by using eqs. (5) or (6) 


N . Me _ 60,000 , (1,200,000) (7.25) 


f=4+ 7 = 36.00 + 884.3 eet c60 


Therefore the extreme fiber stress on the side of the column adjacent 
to the knee brace is 


f = 2,310 + 9,850 = 12,160 lb. per sq. in. (compressive) 
On the opposite side of the column, the extreme fiber stress 


Fie. 150. f = 2,310 — 9,850 = 7,540 lb. per sq. in. (tensile) 


88b. Non-homogeneous Materials.—Reinforced concrete members 
form typical examples of structural units composed of non-homogeneous materials. 
Methods for the analysis of such members subjected to bending and direct 
stress are given in the chapter on “Members Subject to Direct Compression 
and Bending” in See. 6. 

89. Determination of Total Fiber Stress, Deformation Considered.—As 
stated in Art. 87, the moment at any point in a member subjected to bending 
and direct stress is influenced to some extent by the effect of the deflection of the 
member due to transverse loading. Two methods of analysis may be used in 
determining the total fiber stressinsuch members. One method, which is approxi- 


_ mate in nature, assumes that the elastic curve of the deflected member is similar 


in form to the curve for a similar member under the action of transverse loads. 
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The moment due to deflection is estimated on this assumption and combined with 
the moment due to transverse loads. The other method, which is exact in nature, 
makes use of the differential equation of the elastic curve, derived in Appendix C. 
In the discussion which follows, special attention will be given to the approximate 
method of solution. ; 
89a. Approximate Solution.—As stated above, the approximate 

solution is based on the assumption that the elastic curve for the member with 
the direct load removed is similar in form to the curve when the direct load is in 
place. It is also assumed that the deflection and moment under the combined 
loading are proportional to the deflection and moment for a similar member 
subjected only to transverse loading. 

Figure 151a shows a beam freely supported or hinged at the ends and subjected 
to a transverse uniform load of w Ib. per ft. and a direct axial tension of N lb. 
At point C, the center of this member, the combined moment is 


2 
M,=——NA=M/ — NA (a) 


where M,’ represents the center moment in a simple beam under a uniform 
load, and M, represents the center moment due to the combined action of 
direct and transverse loads. 


It has been shown that for a simple beam uniformly loaded, the center moment 
5 wilt 


is M = 1 wi? and the center deflection is ymar = 384ET° This center deflection 
may be expressed in terms of center moment as follows 

i Pb eo, : 5M .'l? 

= = aay PN ee ee 

Ymos = 359 BT ~ ag ETS ™) = 4g BI 
Assuming deflection and moment due to combined loading to be proportional 
to corresponding values for transverse loading only, we may write 
MEP Meee mas aN 


from which 
A= M. 2s gS Ml? 
= eet SAS aR. 


Substituting this value of A in eq. (a), replacing 
543 by the closely approximate value of Xo, 
and solving for M, we derive, 


(11) 


Fie. 151. Fie. 152. 


If N is compressive, a minus sign is to be used in the denominator of 
eq. (11). 
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When the ends of the member are restrained, as shown in Fig. 152, the effect 
of deflection on the moment may be estimated by assuming the points of inflection 
to be located as shown. Then 


M.=M/-N-> 
and ~ 
f A 
M ey M Peni N >) 
where M, and My are the center and end moments due to combined load- 
ingand M,’ and M, are corresponding values for a restrained beam when the 


direct stress N is removed. It has been shown that M,’ = + ag ult Ma’ = 
wl, 


ce \ , 
—jqule and y. = deflection at C = 3841 We may then write A= 


= i Ma en. { . 
a “7 = 39 at * Substituting this value of A in the above equations, we 


derive 
Me 

Neat? (12) 

it 35 HT 

ees 
We (13) 

1 64 EI 
A general equation applicable to the usual loadings and conditions of end 
supports may be written in the form 


w= 


M,. = 


and M, 


M’ 
NP (14) 
bea co By ie 
where M = moment due to combined loading, M’ = moment in member when 
direct load N is removed, J = span length, HI = product of modulus of elasticity 
and moment of inertia of section, and C = a constant depending for its value 
upon the loading and end conditions for the member in question. When N is 
- tension, use a + sign in the denominator of eq. (14) and when WN is compression, 
use a minus sign. 
Values of the constant C are as follows: 
Hinged ends, uniform load (Fig. 151a) C = 
Hinged ends, single concentrated load (Fig. 1516) C = 
Hinged ends, two concentrated loads (Fig. 151c) C = 44(3 — 4k) 
Both ends fixed, uniform load (Fig. 152) 
C = 14, for center moment 
C = , for end moment 
Both ends fixed, single concentrated load 
C = 4s for center and end moments 
One end fixed, other end free, uniform load 
C = 4 for center moment 
C = i, for end moment 
One end fixed, other end free, single concentrated load 
C = \%, for center moment 
C = 14, for end moment © 
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Since absolute fixity of the ends of a restrained beam is seldom realized in 
practice, most designers use a value C = }{o for all cases. 

The fiber stress due to bending and direct stress may be determined from eqs. 
(5), (6), or (7) by substituting in these equations the value of M determined from 


the above analysis. 


Illustrative Problem.—A 2 X 12-in. steel eye bar, hinged at the ends, and 30 ft. long, 
is subjected to a pull of 240,000 lb. Find the fiber stresses at the center of the bar due to 
the combined effect of direct stress and weight of the member. 


Use eq. (14) with a + sign in the denominator and C = 140. For the given conditions, 
bd3 2)(12)8 
N = 240,000, 7 = 30 ft. = 360 in., H = 30,000,000 and I = 12 7 on = 288. 


Hence 
1 Ni? (240,000) (360) 2 


10 EI —_ (10) (30,000,000) (288) 
A 2 X 12-in. steel bar weighs 81.6 lb. per ft. Hence M’ = }gwil? = (34) (81.6) (30)2(12) = 


110,160 in.-lb. From eq. (14) 
pa abe 110,160 


1 N22 ~ 1 + 0.360 
10 EI 


= 0.360 


= 81,200 in.-lb. 


Then from eq. (8), 


ee 6M 240,000 (6) (81,200) 
Soa" (otha) 24 + (2)(12)2 
and ftop fiber = 10,000 — 1,690 = 8,310 lb. per sq. in. 


Sbottom fiber = 10,000 + 1,690 = 11,690 lb. per sq. in. 

These are tensile stresses. On comparing these values with those given on p. 140, it 
can be seen the effect of the deflection is such as to cause a considerable decrease in the 
extre ne fiber stresses. We therefore conclude that the effect of deflection should be con- 
sidered when calculating combined stresses in long tension members. 

Illustrative Problem.—Solve the Problem of Fig. 149 on p. 141, using eq. (14). Assume 
fixed ends. 


For the assumed end and loading conditions, C = a in eq. (14). With N = 30,000 
1 =7 ft. = 84in., H = 30,000,000 and J = 6.76 in.’, we have 


eS (30,000) (84) 2 
48 EI  (48)(80,000,000) (6.76) 
For a central load of 1,500 lb. 
M = WI = (344)(1,500)(7) (12) = 15,750 in.-lb. 


= 0.0217 


Then from eq. (14) 
15,7505 : 
i 1 = Omri = 16,100 in.-lb. 
From eq. (7), using values given on p. 141 and M-= 16,100 in.-lb., the combined fiber 
stresses are found to be as follows: 
At center of member: 
N , Me _ 30,000 , (16,100) (1.26) 


Stop Abess = A ae = Peeters (6.76) = 10,190 lb. per sq. in. 
N Me _ 30,000 (16,100)(2.74) i 
J ettor fiber) cf N= ohlp ee AT (6.76) = 640 lb. per sq. in. 


At end of member: 
N ed Mc _ 30,000 =< (16,100) (1.26) 


ftop fiber = 4 ~ TJ 4.18 (6.76) 


N , Me _ 30,000 , (16,100) (2.74) : 
Thovtornber a: A =F Tf) AAs oF (6.76) = 138,720 lb. per sq. in. 


= 4,170 lb. per sq. in. 


All fiber stresses are compressive. 

On comparing these values with those given on p. 141, it can be seen that they are 
practically identical. We therefore conclude that for compression members which are 
reasonably rigid, it is not necessary to take into account the effect of deflection in ealcu- 
lating combined fiber stresses. 


Sec. 1-89b] GENERAL THEORY 145 


895. Exact Solution.—As previously stated, an exact solution for 
moment and fiber stress due to combined bending and direct stress may be 
made by means of the general differential equation of the elastic curve given in 
Art. 1, Appendix C. To illustrate the general methods, an exact solution will 
be made for a beam hinged at the ends and acted upon by a uniform load of w 
Ib. per ft. and a direct tension N, as shown in Fig. 151a. 

At any section distance x from the left end of this beam, the moment for the 
conditions shown in Fig. 15la is 


wl wa? 
Placing this moment in the general equation for the elastic curve, we have 
ays bat wlr , wa? 
te wee eg 52 


Let jee c?, Substituting this term in the above equation and integrating, 


we have 
wle ~~ wx? w 


y = Ce? + .Cre-* + IN  2N oN (16) 


_~ To determine the constants of integration note from Fig. 151a that y = 0 when 
oe) ari that = 0 when x = The constants of integration are found 


to be 


w 1 ) 
i= an \T + e 


7 


and 
Cy = Cie 


It is evident from Fig. 15la that the maximum combined moment occurs at 
the center of the beam. Let M.represent thismaximummoment. Todetermine 


M, substitute + = : in eq. (15). The value of y in eq. (15) is obtained from eq. 


_ (16) by substituting x = b and values of C; and C2 as given above. Performing 


2 
_ the operations indicated we have finally 
=o ao eel = °)| 
M. = %[1 — see $ ae 1 Set 5 (17) 


As in the preceding article, the combined fiber stress may be determined from 
eqs. (5), (6), or (7) by substituting the value of M given by eq. (17). 


Illustrative Problem.—Solve the problem on p. 140, using the exact method as 
given by eq. (17). : 
For the given conditions 
Ni? (240,000) (360)? 


cl? = FT = (30,000,000) (288) ~ 2°? 


and : : 
c 2 BN = 
ely 4/3.60 = 0.948 
From a table of hyperbolic functions, 
Sech =se 0.948 = 0.673 


10 
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From p. 140, 
4% wi? = 110,160 in.-lb. 


Then 
wl? cl Ey, 
M. = eel sech ‘ Sy (110,160) (5) @ — 0.673) 
= 80,050 in.-lb. 


The exact value of the moment here calculated differs from the approximate value given 
on p. 144 by about 1.4 per cent. This difference between approximate and exact values 
is so small that we conclude that the approximate methods of Art. 89a are accurate enough 
for all cases encountered in practice. Similar conclusions hold also for fixed end members 
whether the direct stress is tension or compression. 


General formulas for moment in members with free and restrained ends sub- 
jected to a uniform load and with a direct stress N taken as tension or compression 
are given below. In these formulas w = uniform load per unit of length, / = 
length of member, and ¢ = a where N = direct stress and HI = product of 


modulus of elasticity and moment of inertia of section. 


N is Tension 
Beam. hinged at ends: 


Center moment = ae — sech ) 


(ies =~ Tee >) 


End moment = ae veoth — — 1) 


N is Compression 
Beam hinged at ends: 


Center moment = ks 4 (sec? —~—1 ) 


Beam fixed at ends: 


Bean fixed at ends: 


Center moment 


Center moment = ae cosec - 1 ) 
Che eae 
End moment = 2 (1 9 cot a) 


90. Members Subjected to Unsymmetrical Bending.—In the preceding analy- 
‘sis it has been assumed that the plane of bending coincides with the plane of a ~ 
principal axis of the section. When the plane of bending does not coincide with 
a principal axis of the section, the fiber stress due to bending must be determined 
by the methods of unsymmetrical bending given in the chapter which follows. 
This fiber stress may then be combined with the fiber stress due to direct loading. 
The general formula for fiber stress may then be written 

EN, Iya sino + 1,04 cos 6 
eae eas ( aes ) 
In this equation, the notation is the same as given on p. 151. 
Illustrative Problem.—A 5 x 314 X 14-in. angle is subjected to a. compressive stress 


of 15,000 lb., applied through a gusset plate connection, as illustrated in Fig. 158a@. Find 
the maximum fiber stress. 


The S-polygon shown in Fig. 1530 is constructed and the neutral axis located by methods 
similar to. those given in the following chapter on “Unsymmetrical Bending.” OX and OY 
are the principal inertia axes of the section. By measurement it is found that point A is 


(18) 
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farthest from the neutral axis, hence this will be the point of maximum fiber stress. The 
c ere of point A with respect to the principal axes of inertia are wa = +1.63, and 

=) 2-610 Jy = 2:25 in-4, 2, = 11.79 in.4, A = 4.00 sq. in., and e = 2.21 in. Substi- 
ae in eq. (11) 


N Iyy, sin 6+ 1.2, cos 9 
=—+M 
ag 1 ( Tal, ) 


se = rf n[ 22008) (0.997) + (11.79) (1.63) oe | 


(2.25) (11.79) 


_ 15,000 ,, (15,000) (2.21) (7.40) 
= a0 a 26.53 = 3,750 + 9,250 = 13,000 lb. per sq. in. (compressive) 


Hie. .153. 


The fiber stress due to bending may also be determined from the S-polygon of Fig. 1536 
instead of by eq. (18). 
From Fig. 153), Ss, = BHEPs 
Hence, 
pits M_ _ (15,000) (2.21) 
SA 3.62 


This is-within 1 per cent of the value given in the second part of the equation above. 


= 9,170 


91. The Kern of a Section.—In Art. 88 it was shown that for a rectangular 
section, the fiber stress over the entire section was of the sarne e character, com- 
pression or tension, when the resultant of 
external forces was applied at a point on 
_ the principal axis which is inside the mid- 
dle third of the section. The effect of 
bending in planes other than those of the 
principal. axes will now be investigated 
by the methods used in the following 
chapter on ‘‘Unsymmetrical Bending.” 

Let Fig. 154a show a section of a beam 
acted upon by a force # which is the Fic. 154. 
equilibrant of all forces to the left of the 
given section. As shown in Fig. 154a, the plane containing the force E cuts the 
plane of a right section of the beam in the line OD, which passes through the center 
of gravity of the section. Figure 154b shows. a projection of the plane of the 
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right section of the beam. As in Art. 88, the force E may be resolved into a 
thrust 7 acting at O perpendicular to the section and a moment M acting in the 
plane of OD at an angle @ with the principal axis OX. 
The effect of the thrust N is a uniform fiber stress over the entire section equal 
to - 
ta 
and the effect of the unsymmetrical bending on any fiber, as A, Fig. 1546 as given 
by eq. (2), p. 151, is 


pees u(*¥4 sin 6+ [,2%4 cos *) 
Delis 
where J, and I, are respectively the moments of inertia of the section with respect 
to the OX and OY axes. Values of other terms are as indicated in Fig. 154. 
The total stress on fiber A of Fig. 154 is then 


N Lya sin 0+ I,%4 cos 6 
fa=feth=ZtM( # Be 2 ) 
From Fig. 154, M = Eye = Ne; and also I, = Ar,’ andJ, = Ar,”, where A is the 
area of the section and r, and r, are the radii of gyration of the section with respect 
to the Y and X axes respectively. Substituting these values in the above equa- 
tion, we may write 
2. 7 2 
ie HE a e(r,’ys sin 6 + 72244 COS | (19) 


Pda er 


Placing f, = 0 in eq. (19) and solving for e, we have 
ie pesca 
TyYa Sin 6 + 722%, COS 0 


= (20) 
Equation (20) gives the locus of all points at which the resultant thrust Hy = N 
of Fig. 154 must be applied in order to produce zero stress on fiber A. 

On comparing the value of e given by eq. (20) and the value of S given by eq. 
(5), p. 152, it can be seen that the two equations are of the same form, but that 
eq. (20) has a minus sign while eq. (5) has a plus sign, and also that eq. (20) has 
terms containing the radius of gyration of the section where eq. (5) has terms 
containing the moment of inertia of the section. Hence, if we divide eq. (5) 
by —A, we obtain eq. (20). 

Since eqs. (20) and (5) are identical in form, it is evident that, with certain 
modifications, the discussion of the chapter which follows on S-lines and S- 
polygons may also be applied to eq. (20). 

Thus, by a line of reasoning similar to that given in the next chapter, it can 
be shown that for each extreme point of any section, eq. (20) represents a straight 
line. Any resultant force N = Ey applied to the section between its center of 
gravity, O, Fig. 154, and the line represented by eq. (20) will cause a fiber stress 
over the entire section which is of the same character as fiber stress on the 
extreme point in question. If this is repeated for each extreme point of 
the section, a set of lines may be plotted which correspond to the S-lines of the 
chapter on ““‘Unsymmetrical Bending.” 

If the several lines plotted from eq. (20) are produced so that lines from adja 
cent extreme points intersect, a closed area will be formed which is known as the 
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kern of the section. A resultant thrust 7 applied at any point in the kern of a 
section will cause fiber stresses of the same character at all points of the section. 
The kern of the section corresponds to the S-polygon of the next chapter. 

The coordinates of the points of intersection of the lines forming the kern of a 

-section may be determined by the methods given in the chapter on “ Unsymmetri- 
cal Bending” for corresponding points on the S-polygon. However, since eq. 
(20) may be obtained from eq. (5), p. 152, by dividing the latter by —A, where A 
is the area of cross-section, it is evident that the codrdinates of the apices of the 
kern of the section may be obtained from the codrdinates of the apices of the S- 
polygon for the same section by dividing these values by —A. 

The kern of a section forms a convenient graphical method of determining 
where loads may be placed on a given section without causing changes in the 
character of the fiber stress on the extreme points of the section. It can readily 
be seen that the middle third rule given in Art. 88a is a special case of the analy- 
sis of this article. 

Figure 155 shows the kern of the section for a few standard sections. 
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UNSYMMETRICAL BENDING 
By W. 8. Kinne 


In certain types of construction it is found necessary to place beam sections 
with their axes of symmetry at an angle to the plane of loading, as shown in Fig. 
156. For the conditions shown, the principal axes of the section and the plane 
of loading do not coincide, as assumed in the cases considered in the preceding 
chapters. Bending of the nature shown in Fig. 156 is known as unsymmetrical 
bending. The brief treatment of the subject given in this chapter is confined to 

ure bending only. 
Se ose pe dae for Fiber Stress and Position of Neutral Axis for 
Unsymmetrical Bending.—The full line rectangle of Fig. 157 shows a right section 
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of a straight beam of uniform cross-section subjected to a bending moment M 
acting in a plane which passes through the longitudinal axis of the beam, making 
an angle @ with OX, one of the principal axes of the section. In the work to 
follow, point O will be taken as the origin of coordinates, and the principal axes 
of the section, OX and OY of Fig. 157, will be taken as the codrdinate Axes. 
As the formulas are greatly simplified thereby, the properties of the section will 
be referred to the principal axes. These quantities are given directly or are easily 
calculated from data given in any of the structural steel handbooks. 


Plane of loading. 


Fie. 156. 


Let n-n of Fig. 157a represent the position of the neutral axis of the assumed ~ 
section for the given plane of loading, and let a be the angle which the neutral axis 
makes with OX. Angle a and also angle @ are to be considered as positive when 
measured in a counter-clockwise direction. Figure 1576 shows the fiber stress 
conditions on a line at right angles to the neutral axis, assuming linear distribution 
of stress 
Let P, Fig. 157a, be any fiber of infinitely small area a at a distance v from 
the neutral axis. Assuming positive (clockwise) moment, the intensity of fiber 
stress at Pis f = —f1v, where fi 
is the fiber stress intensity at 
unit distance from the neutral 
axis. The minus sign indicates 

ynit compression, for, as shown in 

qistam Wig 157, the fiber under con- 
sideration is above the neutral 
axis. 

The moment of resistance of 
the section, which is equal to 
the stress on each fiber multi- 
plied by its distance from the 
neutral axis is Mr = Xfyav?, 
where 2 represents the sum- 

Fia. 157. mation for the entire rectangle. 
But Zav? is the moment of 
inertia of the section about the neutral axis (see Art. 15), which will be denoted 


by I,. With this notation, Me =fil,. Substituting for f; its value — t we have 


Mr= cs 
v 
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Since the beam is in equilibrium, the moments of internal and external forces 
at any section must be equal. Taking the neutral axis as the axis of moments, the 
external moment in a plane perpendicular to the neutral axis is M sin (9 — a). 
The moment of internal forces is the resisting moment of the section, which is 


- given above as Mz = — Wes Equating these two expressions 
fae _u? = a) 


This expression can be placed in a more convenient form by referring both v 
and‘I,, to the principal axes of the section. From Fig. 157a, v = y cos a — 
asin. Values of « and y are positive when measured upward and to the right. 
In treatises on Mechanics it is shown that in terms of the principal moments of 
inertia of the section, J, and I,, the moment of inertia about the neutral axis is 
I, = I, cos? « + I, sin? a. Substituting these values in the general equation 
given above 
hes _ y (y £08 @ — # sin a) sin (@ — a) 
(I, cos? a + I, sin? a) 


To determine the relation between the angles a and 6, a summation of external 
moments about any two axes will yield two independent equations from which 
the desired relation can be obtained. Two convenient axes are OX and OY, 
the principal axes of the section. 

For axis OX, using the value of v given above, 


M sin 6 = Xfiavy = Zfily? cos a — zy sin @) a. 


But Lay? is the moment of inertia of the section about the axis OX, which is 
denoted by Jz, and ary is the product of inertia of the section, which is zero 
for principal axes. Then, 


, M sin 6 = fil, cos a 
In the same way, for axis OY, 
M cos 6 = — fil, sine 
Solving these equations for a, we have 
I, 
tan a = —>coté (1) 
I, 


which is the general equation for direction of the neutral axis for bending in any 


given direction. ) 
Substituting the value of a, as given by eq. (1), in the above expression for f, 


we have 


Ly sin 0 + I,% cos 6 
taak | ee ) 
which is the general expression for fiber stress at any point in a section of a beam 
due to a moment M acting in a plane at an angle 6 to the axisOX. This equation 
can be made to apply to any particular point, as A, Fig. 157a, an extreme point 
of the section, by substituting for 7 and y the coérdinates of the point in question. 
Let these coordinates be xa and ya, and let f4 be the resulting fiberstress. Then 


peal ( yy sin = Iv COs ’) (2) 
é a 
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Since in eqs. (1) and (2), xa, ya, Jz, and I, are constants for any given point in 
a given section, it follows that the direction of the neutral axis and the intensity 
of the stress are dependent upon the value of 6. For @ = 90 deg., eq. (2) becomes 
fa = Mya/I,, and eq. (1) becomes, tan a = 0, or, a = 0 deg. Again, for 6 = 
0 deg., eq. (2) becomes, fa = —Mza/I,, and eq. (1) becomes, tan a = infinite, 
or, a = 90 deg. 

It will be noted that these special values of fiber stress are of the form given in 
Art. 500, p. 23, that is, f = M (c/I), where I/c is known as the section modulus of 
the section. Also, the neutral axis in each case is perpendicular to the plane of 
loading. This condition holds true only when the plane of loading coincides 
with one of the principal axes of the section, at which time the other principal 
axis is the neutral axis, a fact which can be verified by a study of the values of 
a given above. 

_ Equation (2) can also be written in the form 


ne | a sane) i+ (M cos 6) = (3) 


As shown by the substitutions made above, this expression is the sum of two 
quantities obtained by resolving the bending moment into its components parallel 
to the principal axes of the section. Then by adding the fiber stresses due to 
these component moments, there is obtained an expression identical to eq. (8), 
and on transformation, to eq. (2). This offers a simple and easily remembered 
method for the calculation of fiber stresses due to unsymmetrical bending. 

93. Flexural Modulus.—In Art. 50), p. 23; it is shown that for bending in 
the plane of a principal axis, the fiber stress in a beam is given by an expression 
of the form 

M 
f = Mie] it) — ae 
where for any given section J/c is a constant quantity known as the section 
modulus. 

In eq. (2), the reciprocal of the expression in parenthesis is seen to be a 
quantity of the same dimensions as the section modulus, but more general in 
nature, as it involves planes of loading other than the principal axes. Let S 
denote this quantity. Then 


f= M/S (4) 


oes Tak, 
Iya sin 6 + T,%4 cos @ (5) 


where 


The expression of eq. (5) is known as the flexural modulus of the section. For any 
given direction of loading and for any given point in a section, S is a constant. 
Having given the value of S for any given conditions, the resulting fiber stress is 
obtained by substitution in eq. (4). 

94. The S-line.—For any point in a given section, the values of S as given 
by eq. (5), gives a measure of the strength of the, section for bending in any 
direction. 

From analytical geometry it can be shown that eq. (5) is in the form of the 
polar equation of a straight line. A convenient graphical representation of the 


\ 
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variation in flexural modulus for various planes of bending is thus readily obtained. 
In Fig. 158, the line C-D shows the variation in flexural modulus for point A 
one of the corners of a rectangular section. This is known as an S-line of ie 
section. The vector OF shows the value of S4 for bending moment at an angle 0 
to OX, one of the principal axes of the section. _ 

It will be found convenient to express the equation of the S-line in terms of 


rectangular coérdinates. If y = S sin 6 and 
x = S cos 6 be placed in eq. (5), we have uy 
ars fe VA Iz 
y ian OR (6) 


which is the slope form of the equation of the 
S-line for point A, Fig. 158. 

95. S-polygons.—Every extreme point or 
corner of a section is liable to become, at some 
time, a point of maximum stress. In order to 
determine graphically which of several ex- 
treme points is the one having maximum 
stress, it is necessary to plot the S-lines for 
all such points. In this way the values of S 
for the several points can be compared. 

In Fig. 158, the line F-G represents the 
S-line for point B. The equation for this line 
is similar to that for point A, and can be ob- 
tained from eq. (6) by substituting xg and yz, 
the coérdinates of B, in place of the corres- 
ponding values for A. Thus the required 
equation is 


Yi at + — (7) Tie. 158. 


As before, the vector OK represents the value of Sz for bending at an angle 9 
to OX. Eq. (4) shows that the point of greatest stress is the one with the 


_~ least S. Since vector OH is smaller than OK, fiber A has a greater stress than 
_ fiber B for the given plane of bending. 


Equations similar to eqs. (6) and (7) can be made up for each extreme 
point of the section. If all these S-lines are plotted in Fig. 158, they will 
enclose a figure known as an S-polygon. Examples of S-polygons are given in 
Art. 96. 

S-polygons can be constructed by two different methods. One method of 
construction is carried out by plotting the S-lines, as given by equations similar 
to eqs. (6) and (7). The S-lines for adjacent points of the section are run to an 
intersection, and the resulting enclosed figure will form the desired S-polygon. 
Another and better method locates the codrdinates of the points of intersection 
of adjacent S-lines by the methods of Analytical Geometry. This is done by 
solving simultaneously equations such as eqs. (6) and (7) for adjacent extreme 
points of the section. This process is repeated for each pair of adjacent points 
of the section. The resulting codrdinates are plotted and connected up to form 
the complete S-polygon. This latter method, which is the one used in the work 
to follow, will now be explained in detail. 
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To determine the codrdinates of the intersection of the S-lines for points. A 
and B of Fig. 158, the equations for these lines, as given by eqs. (6) and (7), are 
to be solved aipiemeouslys Let x2, and yas be the coordinates of the point of 
intersection—that is, the values of x and y common to the two equations. Then 


eee T,(ye — ya) (8) 
CAYB — LBYA 
ee T(@a =z xB) (9) 


LAYB — UBYA 


Similar values for pairs of adjacent extreme points will differ only in the subscripts 
of z and y. The resulting values, when plotted and connected up, will form the 
desired S-polygon. 

Equations (8) and (9) give general values for the coérdinates of points of 
intersection of S-lines. Under certain conditions these equations take on a much 
simpler form. As shown in Fig. 158, extreme points A and B form an edge which 
is parallel to the axis OY, and 24 = zg; = d. If these values be placed in eqs. 
- (8) and (9), the resulting equations are 


Lab = Ifa (10) 
and 

dip, = © (11) 
For two adjacent points, as A and WN of Fig. 158, which form a side parallel to 
the OX axis, ya = Yn = ¢, and eqs. (8) and (9) become 

Lan =O (12) 
and 

ea = Leaf e (13) 

In cases where S-polygons are to be determined for sections which are irregular 
in outline, as shown in Fig. 159, where some of the sides of the section are not 
parallel to the principal axes, OX and OY, eggs. (8) 
and (9) must be used in the determination of the 
coérdinates of the S-polygon. It is possible, how- 
ever, to make use of certain short cuts which will 
greatly simplify the calculations. This is done by 
revolving the axes of reference for codrdinates of ex- 
treme points through such an angle that the side in 
question and the axes of reference will be parallel. 
Suppose that the coordinates of the intersection 

points of the S-lines for adjacent points B and C 
of Fig. 159 are required. Choose a set of codrdinate 
axes OU and OV, such that OV is parallel to the 
side C-B. Let ¢ be the angle which OU makes with OX, a principal axis of 
the section. This angle is to be considered as positive when measured counter- 
clockwise. If x and y be the codrdinates of any point P with respect to the 
OX and OY axes, and u and » be the codrdinates of the same point with Beka 
to the OU and OV axes, it can be shown from Fig. 159 that 


y=vecosd+usind 


and 
x=ucos¢—vsing 
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In these equations u and v are considered positive when measured upward and to 
the right with respect to the axes OU and OV. 

Substituting in eqs. (8) and (9) values of x and y as given by the above equa- 
tions, using subscripts to correspond to the point in question, we have 
I,{(ue — uc) sin @ + (vz — ve) cos 4] 


(ucvz — usvc) 


Toe = 


and 
2: I,[(vs — vc) sin ¢ + (uc — uz) cos ¢] 
(ucvB TF uBvc) 


Yoe 


Since the angle ¢ was so chosen that OV is parallel to side B-C, we have ug = 
Uc = 6, as shown in Fig. 159. Substituting these values in the above equations, 
we have 


ae 
ia (14) 
ieee Ss 


In using eqs. (14) it is to be noted that the codrdinates 2, and y;, are referred to 
the principal axes of the section, for in deriving the equations given above, only 
the codrdinates of the extreme points of the section were referred to the axes 
OU and OV. 

In a like manner, the coérdinates of the intersection point of the S-lines for 
points D and C of the edge D-C, Fig. 159, parallel to the OU axis, are 


pages I, sin ¢ 
where d =Up = ve. 


In this discussion it. has been assumed that C-B and C-D are perpendicular 
sides. If they are not perpendicular, it will be necessary to determine the proper 
value of ¢ for each side in order to obtain the desired results. 

When a section has a re-entrant corner, such as F’, Fig. 159, it is quite evident 
- that for any given plane of bending the fiber stress at F is less than at D. This 
- is due to the fact that F is nearer the neutral axis for the plane of bending than is 
D. Hence the S-line for point D lies inside that for point F, whose S-line will be 
located entirely outside the S-polygon for the section. It is therefore necessary 
to draw S-lines only for the outside points of the section, as these points will be 
farthest from the successive positions of the neutral axis, and therefore have the 
least values of flexural modulus. 

A simple and definite test for the determination of the points for which S-lines 
need be drawn is given by rolling a right line around the perimeter of the section 
for which the S-polygon is to be drawn. Since the successive positions of this 
rolling line are parallel to successive positions of the neutral axis as the plane of 
bending varies through all possible angles, it is evident that the points touched 
by this rolling line are those farthest removed from the neutral axis, and that 
they are points of possible maximum stress. It is to be noted that in rolling 
around the section, the right line will not cut across the section, which at once 


eliminates re-entrant corners. 


156 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-96 


For the section of Fig. 159, a line rolling as described above will touch points 
A, B, C, D, and E. The polygon formed by connecting these points is known 
as the circwmscribing polygon of the section. 

96. Construction of S-polygons.—The S-polygons for a few of the standard 
sections used as beams will now be calculated and constructed in order to illustrate . 
the principles set forth in the preceding articles. 

96a. S-polygon for a Rectangle.—The S-polygon fora 2 X 12-in. 

rectangle will be computed and constructed. Figure 160 shows the section with 

the principal axes OX and OY in position. The principal moments of inertia are 

= 288 in.4, and J, = 8 in.4; and the 

ie codrdinates of the extreme points of 

the section, which in this case are 

also apices of the circumscribing 

Plane oa polygon, are, x4 = +1, ys =+6; we 

y" = 4-1, Yao= — 0; 20 = = eae 
—6; and, rz» = —1, yo = +6. 

Since the sides of the rectangle 
are all parallel to the principal axes 
of the section, the codrdinates of the 
50’ apices of the S-polygon are given by 
[4 “Shao eqs. (10) to (18). For sides A-B and 
C-D, which are parallel to the OY 
axis, eqs. (10) and (11) are to be 
used. With J, = 8 in.4, and d=, 
= 2g = +1, eq. (10) gives, ca, = + & 
= +8 in.’; and eq. (11) gives, ya, = 0. 
This apex of the S-polygon is located 
on the OX axis, as shown in Fig. 160. 
For side D-C the substitutions are 
similar to those for A-B, differing 
only in the signs of the coérdinates of 
the extreme points. It will be found from eqs. (10) and (11) that x.g = —8 in.?, 
and yca = 0. 

Sides A-D and C-B, which are parallel to the OX axis, require the use of eqs. 
(12) and (13). For side A-D, with J, = 288 in.4 and c = ys = yp = +6in., 
eq. (12) gives tag = 0, and eq. (18) gives yaa = +28% =+48in.? From the same 
equations we find for C-B, x. = 0, and y., = —48 in.2 These apices of the S- 
polygon are located on the OY axis, one above and the other below the OX axis, 
as shown in Fig. 160. 

The complete S-polygon is obtained by plotting the pote determined above, 
and connecting by straight lines the points which have a common letter, as, for 
example, points da and ab are connected by a line denoted by a in Fig. 160; 
likewise, points ab and bc are connected by a line denoted by b. Following this 
procedure for all points, the complete S-polygon is obtained, as shown in Fig. 160. 

It will be noted that the codrdinates of the apices of the S-polygon, as yaa, 
Tao, etc., are equal to the section moduli of the rectangle for axes OX and OY 
respectively, This offers a convenient method for constructing this polygon 
without the use of eqs. (10) to (13). The section moduli can be calculated or 


Fie. 160.—S-polygon for 2 X 12-in. rectangle. 
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taken from the steel handbooks, plotted on the principal axes of the section, 
and the polygon drawn as described above. 

96). S-polygon for a 10-in. 25.4-Ib. I-beam.—Fig. 161 shows the S- 
polygon for a 10-in. 25.4 lb I-beam. Asthe circumscribing polygon for the I-beam 
is a rectangle, the methods of calculation are exactly the same as given above for 
the rectangular section. The detail calculations will not be given here. All 

- data are shown on Fig. 161. 
96c. S-polygon for a 10-in. 25-Ib. Channel.—The circumscribing 
polygon for a channel is also a rectangle, but as the axis OY is not an axis of 
symmetry, the resulting S-polygon will not be symmetrical about the OY axis, 
as in the case of the rectangle and I-beam. 
For a 10-in. 25-lb. channel, J, = 91.0 in.4, J, 
= 3.4 in.4; 74 = +2.27, ya = +5.0; 22 = + 
2.27, ye = —5.0; 2¢ = —0.62, yo = —5.0;and, 
Lp = — 0.62,yp = +5.0. (All codrdinates in 
inches.) 


Fig. 161.—S-polygon for a 10-in. 25.4-lb. Fria. 162.—S-polygon for a 10-in. 25-lb 
: if, channel. 


Substituting these values in eqs. (10) to (13), the coérdinates of the apices of 
the S-polygon are found to be 


Lap = 73.4/2.27 = +1.49 in.? 
Yo = 0 
Loe = 0 
Yoo = —91.0/5.0 = —18.2 in.? 
Lea = —3.4/0.62 = —5.48 in? 
Yea = 0 
da = 0 
Yao = +91.0/5.0 = +18.2 in.? 


_- These values when plotted give the S-polygon of Fig. 162, on which all data are 
shown. 
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96a. S-polygon for an Angle Section.—The S-polygon for a 5 xX 
3% X \-in. angle will be computed and constructed. In the case of angle 
sections, the steel handbooks do not give directly the principal moments of inertia 
of the section. The moments of inertia given are those for the gravity axes of 
the section (OU and OV of Fig. 163). By the application of a few well-known . 
principles, the location of the principal axes and the values of the principal” 
moments of inertia are readily determined. 
Figure 163 shows the angle section with the gravity axes OU and OV in posi- 
tion. The moments of inertia for these axes are J, = 9.99 in.4 and J, = 4.05 
in. Moments of inertia for principal axes 


PD é are not given directly. However, the 

/ de minimum radius of gyration of the section 

/ As is given; this is a property of the minor 
is principal axis of the section. From Art. 
N\ 18, I = Ar?, where A = area of section, and 

AN as r = radius of gyration. For the section 
Cs \ in question, A = 4.0 sq. in., and r, = 0.75 


be ay in. Then, I, = (4.0) (0.75)? = 2.25 in.4 
Se eee The value of J,, the moment of inertia 
7 eq for OX, the major principal axis of the 
x section, can be determined from the well- 

O} known relation connecting the moments of 
if inertia for principal and other axes, which 
is: J, +1, =1,+ I,. As I, is the only 
unknown, we have: J, = 1, + 1,—TI, = 
9.99 + 4.05 — 2.25 = 11.79 in.4 These 
values may also be calculated from eqs. (11) and (12), p. 579, Appendix B. 
The value of the angle between the principal and gravity axes, angle XOU of 
Fig. 163, may be determined from eq. (15) p. 580. If ¢ denote this angle, we have 


Didccas 
bit; 


v7. 
Fig. 163.—S-polygon for a 5 X 34% X 


1g-in. angle. 


tan 26 = 


which may also be written 
Qiday 
Iy-I) £V Gi) + fie, 
In these equations, J., = product of inertia of the section, as defined in Art. 6, 
Appendix B. To determine J, for the angle section of Fig. 163, divide the figure 
into two rectangles ABFG and EHGDC. The codrdinates of the centers of gravity 
of these rectangles with respect to the origin at O are given on Fig. 163. Then 
J cy = (3.0)(0.5) (1.41) (1.09) + (5.0)(0.5)(0.66) (0.84) = 3.69 in.4 

Substituting in the first of the above equations, 
2S ay 7.38 - 
I,-I, 4.05 — 9.99 — 

2@ = 51°—12’ and ¢@ = 25° 36’ 
From the second equation 


tan ¢ = 


tan2¢= = 134, 


7.38 
— 5.94 + »/(5.94)? + (4) (3.69)? 
@ = 25° 36’ 


tan ¢ = 


= —0.479 
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The gravity and principal axes are shown in their relative positions in Fig. 163. 
Values of tan ¢ for angle sections are given in the Cambria rolling mill handbook. 

As shown in Fig. 163, the sides of the circumscribing polygon, ABCDE, are 
not parallel to either of the principal axes of the section. The coérdinates of the 
apices of the S-polygon are to be calculated by eqs. (8) or (9); or, by rotating the 
axes of reference as explained by Fig. 159, eqs. (14) and (15) can be used. As 
the latter method is the simpler, it will be used here. 

Axes OU and OV are parallel to sides A-B, C-D, D-E, and E-A of the 
circumscribing polygon, and will be used as the new axes of reference. The 
angle ¢ is seen from Fig. 163 to be 25 deg. 36 min. 

For side A-B, which is parallel to the OV axis, eq. (14) is to be used. With 
@ = 25 deg. 36 min., J, = 2.25 in.4, and ua = ug = 2.59 in., we have, 


“= ee = +0.784 in.§ 
: 432 < 
= FHT 0482) 7 jn, 


In plotting these points it must be remembered that xa and yap are referred 
to axes OX and OY, the rotation of axes of reference having been made only with 
- respect to the extreme points of the section. 

Side D-E is also parallel to the OV axis, and eq. (14) is to be used, which gives 


_ (+2.25)(0.902) ae 
Co ae a meee RY OS 2.20 IN. 
W179) 0.482) ee 
Yde = O01 = 5.60 in. 
Sides A-H and D-C are parallel to axis QU. Substitution in eq. (15) gives 

_ (—2.25)(0.432) te 

Lae = 1.66 — 0.586 in. 
_ (+11.79)(0.902) _ eae 

| ci Ga eT ge gee +6.41 in. 

oe See eee = +0.291 in. 
= (3-19579) (0.902) 52) at 

Yac = —3 34 = —3.18 in. 


The side B-C of the circumscribing polygon is parallel to a pair of rectangular 
axes shown by OR and OT in Fig. 163. These axes make an angle of 33 deg. 40 
min. with the gravity axes, or 8 deg. 4 min. with the principal axes of the section, 
as shown in Fig. 163. This angle can be calculated, or scaled with a protractor 
from a large layout of the section. Since the axis OR is in the fourth quadrant 
with respect to the axes OX and OY, 

@ = (360° — 8°4’) = 351 deg. 56 min. 
Using eq. (14), with ¢ as above and b = 1.51 in., as shown on Fig. 163, we have 


_ (42.25)(0.990) 4 49 ins 
Lic = = Tat =+1.48 In. 
11.79)(—0.140) 
ae a = —1.09 in.’ 


Plotting these points with respect to the OX and OY axes, and connecting the 
_ proper points, the complete S-polygon is obtained as shown in Fig. 163. 
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96e. S-polygons for Z-bars and T-bars.—T wo rolled sections which 
are used occasionally as beam sections are the Z- and T-bars. S-polygons for these 
sections are shown in Fig. 164. The detail work of calculating these polygons will 
not be given, as the methods are similar to those used above. 

Figure 164a shows the S-polygon for a 5 X 34% X \-in. Zbar. The 
coordinates of the apices of the S-polygon, referred to the principal axes of the 
section are: 
tap = —0.600 in.?, yoo = +8.56in.*; ae = +0.848 in.*, yoo = +4.38 in.?; 


Lea = +1.89 im’, _Yca = 0; Lay = —1.89 ine, Yar = 0; 
—0.848 in.3, yey = —4.88in.3; wae = +0.600in.*, Yar = —8.56 in. 


- 
g 
ll 


5-Polygon 
4x4 
: = T-Bar 
Z- Bar 
@ 
Fie. 164. Fie. 165. 


Figure 164b shows the S-polygon for a 4 X 4 X 1},-in. T-bar, for which the 
codrdinates of the S-polygon are: 


Lar = 05 Ya. = —2.02in.3;~ eae = 0} Yae = +4.83 in.*: 
tee = 471.40 in-*, -.4.4 = 0% tep= —140in#, y.7 = 0; 
Ge = +1.69in?, yo= —Lil in; ap— —1.69 in, “ya = — Lala 


97. Solution of Problems in Unsymmetrical Bending.—Problems in unsym- 
metrical bending can be solved algebraically by the use of eqs. (1) and (2), or 
by semi-graphical methods involving the use of S-polygons. A few simple prob- 
lems will be worked out to show the general methods employed. 

In problems involving the determination of fiber stress in a given beam section 
under bending in any direction, the desired result is generally the maximum fiber 
stress and the fiber on which it occurs. A complete solution of this problem 
can be obtained by two methods. In the first method, the stresses are computed 
for all extreme fibers of the section. On comparing these values, the maximum 
can readily be determined. By the second, and better method, the neutral 
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axis of the section is located on a large scale layout of the section. From this 
sketch the fiber most remote from the neutral axis is determined by inspection, 
or by scaling if necessary, and a fiber stress calculation made only for this fiber, 
thus giving the required maximum stress intensity. 


Illustrative Problem.—A 10-in. 25-lb. channel section is used as a beam to support a 
moment M acting in a vertical plane. Figure 165 shows the position of the channel and 
the direction of the plane of bending with respect to OX and OY, the principal axes of 
the section. The solution will be carried out for both of the general methods outlined 
above. 


Algebraic Solution.—The moments of inertia of the section, as given by the 
steel handbooks, are: J, = 91.0 in.‘, and J, = 3.4 in.4 The codrdinates of the 
extreme points of the section are: x4 = +2.27, ya = +5.0; xg = +2.27, ys = 
—5.0; t¢ = —0.62, ye = — 5.0; and, zp = —0.62, yp = +5.0. (All codrdinates 
in inches.) 

From eq. (2), with ¢ = 60 deg., as shown in Fig. 165, and with the coérdinates 
given above, we find for point A, 


aes am | 8: 4) (5.0) (0.866) + (91.0)(2.27) (0. sed ee +14.72 + 103.8 
<_e (91) (3.4) 309.5 
fa = —0.3835M 


The minus sign indicates that the fiber stress is compressive. 

For fiber B, substitution in eq. (2) involves the same quantities as for A, 
except that yz is negative. The first term in the numerator of the above expres- 
sion then becomes negative. Using the same form as given above, we have 

—14.72 + 103.8 
1 es — SOS 7) —0.2875M 
In the same way, we have for points C and D 


M 


(+3.4)(—5.0) (0.866) + (91.0)(—0.62)(0.5) 
jea= —u| © 91) (3.4 | 
a 14.72 + 28.20 ae 


and 
—14.72 + 28.20 _ 


fo =+ sao = +0.04355M 


The plus signs indicate tensile stresses. 
On comparing the calculated values, it will be found that fiber A has the _ 
maximum fiber stress, and that the stress intensity is 0.3835M lb. per sq. in., 
compression. 
Proceeding with the second method of solution outlined above, we find from 
eq. (1) that the angle between the axis OX and the neutral axis for the given plane 


of bending is ’ oe 

Spo ae — 60°) ad ( ae ) 1b AG 
from which, a = 93 deg. 42 min. In Fig. 165 the neutral axis, as located by this 
angle, is shown in position. It is evident by inspection that fiber A is most 
remote from the neutral axis. A single substitution in eq. (2) for fiber A 
gives the desired result. The calculations are as given above for point A; they 


will not be repeated. 
11 
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Solution by Means of an S-polygon.—On Fig. 165 there is given a solution of 
this problem by means of an S-polygon. The S-polygon is constructed from the 
calculations made in Art. 96 and shown on Fig. 162. - 

From eq. (4) of Art. 98, the fiber stress at any point is f = M/S, where S 
is the flexural modulus of the section. As explained in Art. 94, the value of S 
for any point in the section is the distance measured along the plane of bending 
from the origin to the intersection of the plane of bending and the S-line for the 
given point. These intercepts are shown on Fig. 165, each with a subscript 
corresponding to the point for which the value of S is given. Then from eq. (4), 
the fiber stresses are: f4 = M/2.60 = 0.385M, fz = M/3.50 = 0.286M, fo= 
M/7.18 = 0.139M, and fp = M/23.05 = 0.0435M. 

The character of fiber stress is not given directly by the S-polygon. To 
determine the character of the fiber stress, locate the position of the neutral axis, 
as shown in Fig. 165. For positive moment, all points below the neutral axis 
will be under tensile stress, and points above the neutral axis will be under com- 
pression. Thus in the case under consideration, points A and B are above the 
neutral axis and are under compression, while C and D are below the neutral axis 
and are under tension. These results are checked by the algebraic solution given 
above. 

Illustrative Problem.—A 5 X 344 xX 14-in. angle with the longer leg vertical carries a | 
moment M acting in a vertical plane, as shown in Fig. 166. Required the intensity of 
the maximum fiber stress and the fiber on which it occurs. 

This is the angle section for which the S-polygon is calculated in Art. 96 and shown 


on Fig. 163. The principal moments of inertia of the section are: Jz = 11.79 in.4, and 
I, = 2.25 in.4 In Fig. 166 the principal axes OX and OY are shown in position. 


Algebraic Solution.—The fiber of maximum stress intensity will be determined 
by plotting the position of the neutral axis on the angle section. From eq. (1), 
with 6 = 115 deg. 36 min., as shown on Fig. 166, we have 
_ (=11.79) (cot 115° 36’) 


tan « 9.95 = + 2.51, or, a = 68 deg. 17 min. 
The position of the neutral axis is shown on Fig. 166. It will be found that fiber 
ey C is most remote from the neutral axis, and is 
/ Principat therefore the fiber of maximum stress intensity. 
Plane of : The coérdinates of point C must be referred to 
(ng, 


the principal axes of the section, OX and OY, in 
substituting in eq. (2). This information is not 
* given in the steel handbooks. It can be obtained 
] by scaling from a large scale drawing of the 
8 


Gravity axes 


section, or it can be calculated by means of the 
formulas for rotation of the axes of reference given 
for the conditions shown in Fig. 159 of Art. 95. 
The values of u and » to be used in the formulas 
of Art. 95 can be found in the steel handbooks, 
for OU and OV are the gravity axes of the sec- 
tion. Then for we = — 0.41, v¢ = — 3.34, and 
@ = 25 deg. 36 min., we have, yc = (—38.34) (0.902) — (0.410) (0.482) = — 
3.19, and, ze = (—0.410) (0.902) + (3.34) (0.432) = +1.07, both values in 
inches. Calculated and scaled values were found to check. 


Fie. 166. 
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Substituting in eq. (2) the values of zc and i 
? ; Yc given above, and @ = : 
36 min., the fiber stress at C is found to be ‘ ‘ap peaee 
(ee face eI: 115° 36’) + (11.79) (1.07) (cos 115° 36’) 
(11.79) (2.25) | 


fe = +0.450@ 
Fiber C is under tensile stress, as indicated by the positive sign of the result 

In calculating the tables of safe loads on angle sections given in the ates 
handbooks, it is usually assumed that the neutral axis is horizontal for all planes 
of bending. If the neutral axis be assumed to be parallel to the shorter leg of 
the angle of Fig. 166, the fiber stress at C is found to be: fe = Mc/I = 3.34 
M/9.99 = 0.334M, a result only about 75 per cent of the true stress given above. 

Solution by S-polygon.—The S-polygon solution of the preceding illustrative 
problem is shown on Fig. 166. This polygon is constructed from data calculated 
in Art. 96 and shown on Fig. 163. From an inspection of Fig. 166, it can be seen 
that for the given plane of bending, fiber C has the least 8, and is therefore the 
desired fiber of maximum stress. By scale from Fig. 166 we find Sc = 2.22 in.? 
Therefore, fe = M/2.22 = 0.450M, which checks the result obtained by the 
algebraic method. As fiber C is located below the neutral axis, the fiber stress 


- is tensile. 


The design of beams subjected to unsymmetrical bending is greatly simplified 

by the use of S-polygons. Where several possible loading conditions are involved, 
the algebraic calculations are long and tedious, while the semi-graphical S-polygon 
offers a comparatively simple and easily understood method of solution. 
In designing by the S-polygon method, the process consists in comparing 
“ graphically the flexural modulus required for any plane of bending with that 
furnished by the assumed section. From eq. (4), Art. 93, S = M/f. Having 
given the bending moment to be carried and the allowable working stress, the 
required flexural modulus is readily determined. 

The required S is plotted to scale on a set of coérdinate axes placed in the 
proper position in space. The S-polygons 
of the trial sections are then plotted to scale 
-~ on thesameset of axes. In order to answer 

- the requirements of the design, the S fur- 
nished by the trial section must be equal 
to, or greater than, the required value. 


Illustrative Problem.—Design a wooden 
beam set with its faces at an angle of 30 deg. 
with the vertical, and subjected to an unsym- 
metrical bending moment acting in a vertical 
plane. The span of the beam is 12 ft., and 
the allowable working stress in the timber is 
1,000 lb. per sq.in. Determine the beam sec- 
tion required to support a net uniform load of . 
300 Ib. per ft. \ 

As the weight of the beam section is not Fic. 167. 
known to begin with, it will be assumed to be 
25 lb. per ft. The total load to be carried is then 325 lb. per ft.; the bending moment ina 
vertical plane is M = lgwi? = 1g (325) (12)?(12) = 70,200 in.-lb.; and the required flexural 
modulus is S = M/f = 70,200/1,000 = 70.2 in. This is shown to scale in the proper 


position in Fig. 167. 
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From the S-polygon of a rectangle shown in Fig. 160, Art. 69, it can be seen that for 
bending at an angle of 60 deg. with the axis OX, fibers A and C have values of S which are 
equal and smaller than those for D and B. It is evident, then, that it is necessary to draw 
only the S-line for point A in order to determine the proper section. 

In Fig. 167 the S-lines for several rectangular sections are shown. The 6 X 10-in. 
section is too small, for the S furnished by the section is not equal to that required by the 
moment. The 6 X 12-in. section is a little too large, but as beams usually come in even 
inch sizes, it will be adopted. 

Before this section is finally adopted, the assumed weight must be checked up, At 
4 lb. per ft. board measure, a 6 X 12-in. section will weigh (12 X &{-)4 = 24 lb. per ft. 
As the weight assumed in the calculations was 25 lb. per ft. a revision is not necessary. 


98. Investigation of Beams.—An important problem in the investigation of 
the relative value of the various rolled sections when used as beams is their 
moment carrying capacity. By means of the S-polygons of the sections, a direct 
comparison can be made. Thus, if it be required to determine the relative 
moment carrying capacity of an I-beam and a channel of the same depth and 
weight per foot—as for example, a 10-in. 25.4-Ib. I-beam and channel—we can 
refer to the S-polygons for these sections. Figure 161 gives the S-polygon for a 
10-in. 25.4-Ib. I-beam, and Fig. 162 gives the S-polygon for a 10-in. 25-lb. channel. 

These polygons are drawn to the same scale so that the relative strength of 
the two sections is proportional to their sizes. It can be seen at once thatthe ~ 
advantage is in favor of the I-beam section. In the same way, any sections can 
be compared by this method. 

Another problem of considerable importance is the determination of the planes 
of greatest and least strength for any given section. In this way it is possible to 
place a section in such a position that its plane of greatest resisting moment 
coincides with the plane of the bending moment, and the section is used to its 
greatest advantage. It is also possible to avoid loadinga beam in the plane of its 
least resisting moment. 

From eq. (4) of Art. 93, it can be seen that the fiber stress varies inversely as 
the value of S. Therefore the plane of greatest strength is the one with the 
largest S, and the plane of least strength is the one with the smallest S. The 
values are measured as shown by the vector OF of Fig. 158. 

The plane of greatest strength in bending of the rectangle, I-beam, and channel 
sections, as shown by their S-polygons, (see Figs. 160, 161, and 162) is in the plane 
of the OY axis. By an inspection of the S-polygons, it can be seen that the plane 
of least strength is perpendicular to the S-lines, for on these planes the values of 
S area minimum. There will be four such planes for the rectangle and I-beam 
sections, one for each S-line. For the channel section there are two planes of 
least strength, one perpendicular to the S-line a and another perpendicular to 
S-line b. 

The angles which these planes make with the axis OX can be determined from 
a large scale drawing of the section by means of a protractor. The angles can 
also be determined by means of a proposition of Analytical Geometry which 
states that when a line is perpendicular to a given line, the slope of the perpen- 
dicular is the negative reciprocal of that of the given line. Thus from the equation 
of Ue for fiber A, as given by eq. (6), Art. 94, the slope of the perpendicular 

y YA 


is + Toe For the rectangle of Fig. 160, we find from the data given in Art. 
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96a, that the angle between the OX axis and the plane of least strength, as deter- 
mined from the above equation, is 

tan of slope = + 84g3 X §{ = +0.167, or slope angle = 9 deg. 30 min. 
This plane is shown in position on Fig. 160. 

The determination of the planes of greatest and least strength of the angle 
section, for which the S-polygon is shown in Fig. 163, is not as simple a matter as 
for sections of rectangular form due to the unsymmetrical form of the S-polygon. 
From an inspection of the S-polygon of Fig. 163, it is evident that the angle section 
has its greatest strength as a beam for the plane of loading for which the fiber 
stresses, and hence the values of S, for fibers A and D are equal. This plane can 
be located by trial by means of a straight edge and a pair of dividers. It can also 
be located by means of eq. (5) of Art. 98. If values of S, as given by eq. (5) for 
fibers A and D, be equated and the resulting expression be solved for 0, the result 
will be the desired plane of greatest strength. Performing the operation indicated 
above, we have 


For the angle section whose S-polygon is shown in Fig. 163,24 = +1.61, ys = 

+2.60; tp = +0.59, yp = —3.40; I, = 11.79, and I, = 2.25. Fromtheabove 
equation 

11.79 1.61 +0.59 

n= 225. 260 — 3:40 


= +14.40 


_ or, 0 = 86 deg. 2 min. This plane of loading is shown in position on Fig. 163. 
The plane of least strength is determined by methods similar to those used for 
the rectangle. It is shown on Fig. 163. 

In the above discussion the planes of greatest strength have been located and 
are shown in position on a few of the sections in general use as beams. To secure 
the best results, it is evident that the section should be so placed that the plane of 
bending and the plane of greatest strength coincide. It is not possible, however, 

to realize these ideal conditions in all cases. This is due to the fact that the 
' methods of attaching the beam section to its sup- 


_- ports determines the position of the beam. Thus 


beams supported on a sloping surface must usually F Supporting, 
be set with their faces perpendicular to the support- 3 ae 
lorizonital" 
ing surface. , w , 
When an angle section is used as a beam, it Fic. 168. 


should be placed as shown in Fig. 168a, for as shown 
by the S-polygon, this position is very close to its position for greatest strength 
for bending in a plane which is vertical or nearly so. At the same time, attach- 
ment to the supporting structure is readily made. 
7-bars are seldom used as beam sections, as it is difficult to obtain them except 
_ in large quantities. From the S-polygon for this section, Fig. 164a, it can be 
seen that for the position shown in Fig. 1680, the section is advantageously 
placed for bending in a vertical plane. 
The T-bar, as shown by its S-polygon, Fig. 164b, does not form an ideal 
beam section, due to the fact that the fiber stresses on the extreme fiber of the 
stem are much greater than those on the flange. In any case it is desirable that 
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the section be placed with the stem down. The upper, and wider face, is then in 
compression, which increases the lateral stiffness of the section. 

In some types of roof covering, T-bars closely spaced, are used to support 
tile or short span slabs carried directly on the T-bars. The stem of the T is 
placed up, the bottom flange forming a support for the title. From the discus- 
sion given above, it can be seen that the T-bar is not well placed in this type of 
construction, for the narrow stem of the T is in compression, and is liable to fail 
due to insufficient lateral support, unless low working stresses are maintained. 
The material is then not used to as great advantage as in the other sections 
_ considered. 

99. Tables of Fiber Stress Coefficients for Beams.—The variety of conditions 
encountered in problems in unsymmetrical bending renders it impractical to 
attempt any very extensive tabulation of fiber stressesin beams. Each case must 
be worked out by means of the general equations or the S-polygon methods given 
in the preceding articles. Where S-polygon methods are to be used to any great 
extent, it will save time if the S-polygons of standard sections be plotted on 
tracing cloth, or some transparent material. The required S can be plotted on 
a sheet of paper, as explained in the illustrative problem, p. 163. By laying the 
plotted S-polygons over the required S, and shifting to different sections, the 
desired section can readily be determined. 

There is, however, one very important and frequently encountered condition 
of unsymmetrical loading for which tabulations of fiber stress can be made. The 
case referred to is that of loading in a vertical. plane on sections inclined at an 
angle to the vertical. 

Table 1 gives coefficients for I-beams; Table 2 gives values for channels; and 
Table 3 gives values for angles. The fiber stress in any case is obtained by multi- 
plying the moment, M, by the coefficient given in the tables. The sketch shows 
the conditions for which the values are given. These tables were taken from 
articles by R. Fleming, which appeared in the Eng. Rec., March 3, 1917, and in 
the Eng. News-Rec., Feb. 27, 1919. 


Lertical 
loading 


Taste 1.—Firer Stress Corrricients, BenpING MoMENT 
Due to Verticat Loapine on I-BEAMsS 


—_—_—_—_—_—_—_—_——— eee 


Pitch of roof in inches per foot 
I-beam 
section 


6-in. 12.5-lb. | 0.138 | 0.212 0 
7-in, 15.3-lb. | 0.097 | 0.153 0. 
8-in. 18.4-lb. | 0.070 | 0.114 0. 
9-in. 21.8-lb. | 0.053 | 0.088 0 
10-in. 25.4-Ib. | 0.041 | 0.069 0 
12-in. 31.8-Ib. | 0.028 | 0.050 0 
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TaBLE 2.—FrBer Stress Corrricients, BENDING MoMENT 
Dve To VerticaL LoApIna on CHANNELS 


Pitch of roof in inches per foot 
Channel 
section 


6-in.8.2 -Ib. | 0.231 | 0.396 0. 557 0.709 0.851 0.982 1.101 1.207 1.301 
7-in.9.8 -lb. | 0.166 | 0.296 0. 422 0. 542 0. 655 0. 758 0. 852 0.935 1.010 
8-in. 11.5-Ib. | 0.124 | 0.228 0.330 0.427 0.517 0.600 0.676 0.743 0. 804 
9-in. 13.4-Ib. | 0.095 | 0.180 0. 263 0. 342 0.415 0.483 0.545 0. 600 0.650 
10-in. 15.3-Ib. | 0.075 | 0.145 0.214 0.279 0. 340 0.397 0. 448 0.494 0.535 
12-in. 20.7-lb. | 0.047 | 0.094 0.141 0.184 0. 225 0. 263 0. 298 0. 329 0.357 


TaBLE 3.—Fiper Stress Co§EFFICIENTS, 
Brenping Moment Due To VERTICAL 
LoapIne on ANGLES 


Pitch of roof in inches per foot 
Angle section, 
inches - 
0 1 2 3 4 5 6 a 8 

256 5G 2) OK 3.49 3.30 3.11 2.88 2.68 2.46 2.30 2.14 2.01 

246x2 xX 46 2.91 Pp PAG) 2.61 2.41 2.22 2.04 1.90 1.78 1.67 

3 xXx2146xX\% 2.33 2.22 2.10 1.98 1.85 1.71 1.60 1.49 1.38 

38 %* 2 X He 1.89 1.83 lee) 1.63 1.61 1.41 1.30 1.24 2.15 

34x 24xk 1.80 1. 69 1.60 1.46 1.35 1.22 1.15 1. 06 pp] 

: 31g X 2146 X He 1.47 1.39 ileal 122) 1.14 1.02 0.96 0.89 0.93 

2S aX 46 1.06 1.00 0.94 0.88 0.81 0.75 0.69 0.65 0.66 

4x3. xX 36 0.92 0. 87 0.81 0.75 0.70 0. 63 0.59 0.55 0.52 

5 XxX 3% XxX He 0.68 0.65 0.61 0.56 0.51 0.47 0.43 0.41 0.48 

5 xX 3b xX % 0.60 0.57 0.53 0.48 0.43 0.40 0. 37 0.35 0.41 

6a <4 X8s 0.41 0.38 0.35 0. 32 0. 29 0.27 0.25 0.27 0. 30 

6 <X4 X We 0.35 0.33 0.31 0. 28 0.25 0. 23 0. 22 0.23 0. 26 
a NN le ee 


100. Variation in Fiber Stress Due to Changes in Position of the Plane of 
Bending.—The S-polygon shows in a striking manner that small changes in the 
position of the plane of loading cause relatively large changes in the fiber stress 
on a given point in the section. This variation in position of the plane of loading 
may be due to a variety of causes. The deflection of the beam under loading may 
tend to twist the section about its longitudinal axis, thus changing the position of 
the plane of bending from that assumed in the design. In the case of wooden 
beams, warping of the timber may have a similar effect. To counteract these 
effects, the beam should be held rigidly in line by some form of lateral support. 
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Bridging in wooden floor construction is one method of providing this lateral 
support. 

The effect of a small change in the position of the plane of loading will now be 
shown graphically by means of an S-polygon. Figure 169 shows a portion of the 
S-polygon of a 10-in. 25.4-Ib. I-beam, data for which are given in Art. 960. A 
comparison will be made of fiber stresses for bending in the plane of theOY axis, 

and for bending in another plane 1 deg. away from the first 

Y plane; that is, for 9 = 90 deg. and 89 deg. respectively. By 

scale from Fig. 169, we have S; = 24.4 in.’ for 6 = 90 deg., 

and S82 = 21.3 in.* for 9 = 89 deg. The resulting fiber 

stresses are: f: = 0.04099M, and fz = 0.04795M. ‘These 

values differ by 14.6 per cent of f:. Values of S are also 

indicated for bending planes at 5 and 6 deg. from the axis 

OY. At this place the stresses differ by about 7.5 per 
cent. 

It can be seen by comparing the calculated values 
given above, and also by inspection from Fig. 169, that 
this percentage is a maximum for planes of loading near 
the OY axis. 

An exact measure of the change in fiber stress can be — 
determined by differentiation of eq. (2) of Art. 92. 


Thus 
Ape — (244.228 @—I,va sin Via 
1G 
In this expression df is the change in fiber stress on a fiber 
A, coérdinates x4 and ys, due to a very small change do in the position of the 
plane of bending. This angular change dé is to be measured in radians (a 
radian is 57.3 deg.). 
The percentage change in fiber stress is given by dividing df by the value of f - 
for the given 6. Then 
af 


Percentage change in fiber stress = = 


f 


Fic. 169. 


_ Lya cos. — Tea sin 0 

~ Iyya sin 6 + I,24 cos 6 
As stated above, this rate of stress change is a maximum for a loading plane at the 
OY axis. With 6 = 90 deg., the above equation becomes, when @ is expressed 


in degrees, 
af _ (; 2va\ ( de 
Ff if a) bas 


As an application of this equation, consider the case solved graphically in Fig. 
169. For a 10-in. 25-lb. I-beam, J, = 122.1 in.4, I, = 6.9 in.4, 24 = 2.33 in. and 
ya = 5.0in. Then 


1 122.1) (2.33 
Percentage ch mae ( )( )( ) 
ntage change f/f 57.3 6.9 5.00 
= 14.4 per cent 


Tt will be noted in the above equation that the predominating factor is the ratio 
of principal moments of inertia, I,/I,. For sections in which this ratio is large— 
that is, in narrow deep sections the fiber stress increase is large for a relatively small 
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change in the direction of the plane of loading. To avoid this effect, beam sections 
should be chosen from rolled shapes or rectangular sections which have consider- 
able lateral rigidity. If narrow sections must be used, they should be thoroughly 
braced to prevent overturning. 

It is also interesting to note the change in position of the neutral axis due to 
changes i in the plane of bending. ‘This effect is best studied by means of eq. (1), 
- Art. 92. For the beam section considered above, suppose, as before, that the 
- plane of bending is 1 deg. from the axis OY, or 0 = 89 deg. in eq. (1). Then 


tan a = —(I,/I,) cot 6 = =) 


tan a = — 0.309, or, 2 = 180° — 17° 10’ 


It will be noted that a 1-deg. change in the position of the plane of bending causes 
-a 17-deg. change in the position of the neutral axis. 

Table 4 gives the percentage change in fiber stress and the corresponding 
change in the position of the neutral axis due to a 1-deg. change in the direction of 
the plane of bending from the OY axis of standard I-beam and channel sections. 
These values were calculated by the methods given above. 


TaBLE 4.—PERCENTAGE INCREASE IN Finer Stress AND CHANGE 
In PostTIon oF NEuTRAL Axis ror A ONB-DEGREE 
CHANGE IN DIRECTION OF PLANE OF BENDING 


Change in 
ih: Increase in | slope of neu- 
Section ie fiber stress tral axis 
¥ (per cent) a 
(degrees) 
2 65.4-lb. I-beam...... 41.8 22.8 86° 10/ 
7-lb. I-beam...... 37.5 21.8 33° 15/ 
9-lb. I-beam...... 30.2 19.3 27° 50’ 
8-lb. I-beam...... 2260. 16.5 21° 357 
.4-lb, I-beam...... 7a 46 14.4 L2S10% 
.8-Ib. I-beam...... 16.4 13.8 16° 0’ 
4-lb. I-beam...... 15.0 Loew 14° 40’ 
5.3-lb. I-beam...... 13.5 12.3 13°°20/ 
2 5-Ib TI-beam...... 11.8 alas) 11° 407 
3.9-Ib. channel..... 38.1 23.2 33° 40/ 
.7-lb. channel..... 32.8 21.4 29° 50’ 
.3-Ib. channel.....| 29.1 19.9 Pyro {0} 
3.4-Ib. channel..... 26.3 18.5 22°) 260 
.5-lb. channel.....| 24.8 18.2 20° 35/ 
.8-lb. channel..... 21.5 16.5 20° 35” 
.2-lb. channel..... 18.6 15.2 18° 0’ 


101. Deflection of Beams Under Unsymmetrical Bending.—The amount and 
direction of the deflection of a beam subjected to unsymmetrical bending is often 
desired. To determine the desired deflection, the bending moment can be resolved 
into its components parallel to the principal axes of the section and the deflection 
determined for these component moments by means of the usual formulas for the 
case in question. The required resultant deflection is equal to the vector sum of 


the component deflections. 
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Suppose.the rectangular section of Fig. 170 is subjected to bending in a plane 
at an angle @ to axis OX due to a uniform load of w lb. per foot. Required the 
amount and direction of the resulting deflection. 

As the components of moment parallel to the axes OX and OY are proportional 
to the components of the applied load for these same axes, the deflection parallel 
to the axes can be written from the deflection formula for uniform loading, which 


as 
: "DEM fnertia & 
The Section es Ellipse a 
@ (2) @ 
Fie. 170. 


4 
is, d = me (see Sec. 1, Art. 636). For the component of load parallel 


to the OX axis, we have from the above formula 
ree 5 1 w cos 6 
* SC4y Er Sis 
and for the load parallel to the OY axis, we have 
ree 5 .wsin 6 
7 SSA BN 
where d, and d, are the components of deflection for the OX and OY axes 
respectively. 
The vector sum of these deflections is 
d = (d,? + d,2)”? 
where d is the desired deflection. Substituting the above values of dz and d,, 
' we have 


_ 5 whl,’ cos? = 1,7 sin? @\ 74 
G ae4 al oe ) | oo) 
From Fig. 170a the angle which the resultant deflection makes with axis OX is 
hyp a 
tan B Ss fa = if, tan 6 (17) 


As this expression is the negative reciprocal of that given in eq. (1), Art. 92, it 
can be seen that the direction of deflection is perpendicular to the neutral axis 
for the given plane of bending. ‘ 


If the loading conditions differ from those assumed in the above analysis, it 


' Is 
is only necessary to change the value of the constant a F Of eg. (16) to meet the 


required conditions 
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The amount and direction of deflection can also be determined by graphical 
*methods which are based on certain properties of the ellipse. Equation (16) can _ 
be written in the form 


oo whe ol 1,71, 

= ins ee et een) 
This value of D can be shown to be the equation of an ellipse with major and 
minor axes J, and J,. Figure 1706 shows the D-ellipse fora rectangular section. 
The vector D, measured as shown in Fig. 1700, gives the denominator of the 
above equation for loading on the given plane. 

As stated above, the direction of deflection is perpendicular ie the neutral axis. 
The neutral axis can be located by means of the inertia ellipse of the section. A 
complete discussion of the inertia ellipse will be found in advanced works on 

Mechanics, to which the reader is referred. 
Figure 170c shows the inertia ellipse for a rectangular section. It is con- 
structed with major and minor axes equal to the radii of gyration of the section for 
the axes OX and OY. To locate the neutral axis, draw through point O a line 
parallel to the plane of bending. Draw a-a, any chord of the ellipse parallel to 
the plane of bending. Bisect this chord, and through its center point draw a line 


~~ n-n which passes through the point O. This line is parallel to the direction of the 


neutral axis for the given direction of bending. This construction is based on the 
fact that eq. (1) expresses the relation which exists between the conjugate diam- 
eters of an ellipse. 

A line perpendicular to n-n gives the direction of the desired deflection, as 
_ shown in Fig. 170c. 


SECTION 2 


DESIGN OF STEEL AND CAST-IRON MEMBERS 


STEEL SHAPES AND PROPERTIES OF SECTIONS 


1. Steel Shapes.—The steel used in structures is in the form of single pieces, 
or combinations of two or more pieces, to which the general term shapes is applied. 
The procedure in the manufacture of these shapes consists of the following opera- 
tions: (1) smelting iron ore and producing pig iron; (2) converting the pig iron 
into rectangular prisms of steel, called ingots; and (3) rolling the ingots to the 
desired shapes. The shapes used in building construction are: Square and round 
rods or bars, flat bars or flats, plates, angles, channels, I-beams, H-sections, zees 
and tees. Flat members 6 to 7 in. wide and less are usually designated as bars 
or flats; over 6 to 7 in. wide are designated as plates. Zees and tees are not now 
used to any great extent. Zees have been used extensively for columns but are 
rapidly becoming obsolete. H-sections are designed for use as columns. 

The process of rolling I-beams, channels, angles, etc. is in general as follows: 
The ingots are brought to a uniform temperature in the soaking pit, and then are 
taken out and passed several times through a set of rolls, called blooming rolls. 
These rolls give to a piece only the general shape (rectangular, flat, or square) of 
the finished product. The next step is to pass the steel through the roughing 
rolls, and then the piece is passed to the finishing rolls where the final shaping 
takes place. The pieces, still very hot, are then passed on by movable tables 
to circular saws where they are cut into required lengths. 

The method of increasing sectional area of standard shapes is shown in Fig. 1. 
For example, suppose it is desired to roll channels or I-beams having the same 

: depth, but different thicknesses of web. These sections are 
always rolled horizontally and the increase in thickness of web 
is accomplished by changing the-distance between the rolls, the 
j| effect being to change the width of flange as well. Thus, two 

” Fig. 1, beams with the same height but different weights differ simply 

by a rectangle as shown. It will be seen, also, that for an 

angle with certain size of legs the effect of increasing weight is to change slightly 
the length of legs, and to increase the thickness. 

Bethlehem beam, girder and H-sections are shaped by four rolls instead of the 
two groove rolls used for manufacturers’ standard shapes. The use of so many 
rolls makes possible a variation of height as well as width, and both are increased 
with additional weight in H-sections. 

Plates when rolled to exact width, the width being controlled by a pair of 
vertical rolls, are known as universal mill or edged plates. Plates rolled without 
the width being controlled have uneven edges and must be sheared to the correct 
width. Such plates are known as sheared plates. 
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The properties of the standard shapes manufactured by the different steel 
companies are the same. The standard shapes of the Assoc. of Am. Steel Mfrs., 
are rolled by all mills, but each company also has its own list of special shapes. 
These special shapes, which are different for the different mills, are not as likely 
to be in stock as the standard shapes. 

“Standard I-beams are rolled in depths from 3 to 24 in. and standard channels 
from 3 to 15in. The different depths of standard J-beams are: 3 to 10 in. con- 
secutively, then 12 in., 15 in., 18 in., 20in., and 24 in. For channels, 3 to 10 
in., consecutively, then 12in. and 15in. For each depth of I-beam and channel, 
there are several standard weights. 

Minimum sizes of steel shapes are more likely to be found in stock and are the 
most efficient for resisting bending considering the weight of material used. The 
rolls are made especially for these sections and the heavier sections for a given 
depth of beam are obtained by spreading the rolls as explained above. 

I-beams and channels, 15 in. and under;and angles 6 in. and under, take the 
base price. Heavier sections are charged for at a higher rate, usually 10 c. per 
100 lb., above base price. 

2. Properties of Steel Sections.—The fundamental properties of sections may 
be said to be: Sectional dimensions, location of the center of gravity, and the 
moments of inertia about the various axes. The distance from the center of 
gravity to the most stressed fiber c; the section modulus S; and the radius of 
gyration r, follow from these. The methods of finding the properties of sections 
are given in Section 1 and Appendix B. 

To facilitate the work of the designer, properties of steel sections are published. 
The facility with which a designer can find and use these properties, which are 
given in manufacturers’ handbooks and~élsewhere, has much to do with the 
amount of work which he can accomplish. 

Beams.—The steel manufacturers’ handbooks give very complete tables of 
properties of steel beam section. Uniformly loaded I-beams, channels, and 
angles should be selected from the tables of safe or allowable uniform loads. 
These tables can also be adapted for other loadings, such as for a load concen- 
trated at the center, in which case a beam should be selected which will carry 
twice the load, uniformly distributed. For a number of load concentrations, 
approximately equal in amount and spacing, the load may be considered as 
uniform. 

For irregular loadings on I-beams and channels the moment and shear should 
be computed and the tables used which give the allowable resisting moment and 
shear of the various shapes. If desired, however, the beams may be designed by 
computing the section mcdulus and selecting the proper sizé of beam from the 
tables of properties. Angles, tees and other miscellaneous shapes used as beams 
must usually be designed by use of the section modulus, as few tables of safe 
loads or resisting moments and shears are given for these shapes. 

Bethlehem beams and girders differ from the manufacturers’ standard sec- 
tions rolled by other manufacturers. The beams have heavier flanges, and, 
where moment is the consideration, they are lighter for the same strength than 
other sections. Their webs are lighter than in standard sections. Bethlehem 
girder sections are, for their depths, the strongest sections rolled. They have 
nearly twice the carrying capacity of the manufacturers’ standard section for the 
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same depth, but they are uneconomical where there is room for a deeper section. 
Tables of uniform loads for Bethlehem sections are given in Bethlehem Hand- 
book. The common properties are also given. 

Built-up steel beam properties usually have to be computed with the proper- 
ties of the component parts as a basis. Some properties of the more common 
plate-girder sections are given in the principal steel handbooks. 

Columns.—I-beams are occasionally used as columns. Their properties will 
be found as noted under beams. The only rolled steel column section in common 
use is the H-section. The Carnegie Co. rolls 4-, 5-, and 6-in. H-sections; and the 
Bethlehem Co. rolls 8-, 10-, 12- and 14-in. H-sections in a large range of weights. 
The properties of various built-up columns of pairs of channels, both latticed 
and with cover plates, and of plate and angle sections are given in the steel 
handbooks. 

There are also patent columns such as Lally columns! and cast-iron columns 
for second-class construction or light loads, whose properties are given in books 
issued by the manufacturers. 

Struts and Ties.—In the design of struts and ties, it is found convenient to 
have tables giving the values of the radius of gyration r, and also tables giving 
net areas deducting rivet holes. The principal steel handbooks give values of r 
for pairs of different angles back to back, and also the net areas for angles. It 
should be noted that the minimum r for a single angle is not about an axis parallel 
to either leg. This minimum r is given in the tables of the properties of angles. 


STEEL BEAMS ~ 
By C. R. Youne 


8. Stress Conditions to be Met.—In order that a steel beam may be able to 
perform the service required of it satisfactorily, it must be secure against failure 
by bending, flange buckling, vertical or horizontal shear and web crippling. At 
the same time it must not deflect to such an extent as to endanger or damage 
dependent construction. By carefully selecting the type of section to be 
employed, large economies may often be effected in meeting each of the above 
tendencies to failure. Where bending moment and tendency to excessive deflec- 
tion are of paramount importance, the selection of beams possessing heavy 
flanges and large depth in relation to area will be found in the interests of econ- 
omy. If the beam be without lateral support for a long distance in relation to 
its width, the selection of a broad-flanged type is desirable. Where shear and 
the accompanying tendency to web crippling are large, it may be prudent to 
select relatively shallow beams with heavy webs which do not require stiffening 
or reinforcing. To meet any stress condition, it is most desirable to utilize, where 
possible, single rolled sections, of standard rather than special type, and so obviate 
the relatively expensive procedure of building up a section from several shapes 
and plates. 

4. Proportioning for Moment.—In selecting a rolled section, such as an 
I-beam, channel, angle or tee for the resistance of a given bending moment, it is 


convenient to employ the flexure formula f/e = M/I in the form 8 = M ape 
1 The Lally Column Co., New York and Chicago. : 
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where S, known as the section modulus, = I/c. Having found the required 
section modulus S by dividing the computed bending moment by the permissible 
fiber stress, all that is necessary in designing for moment is to find from a book 
of tables a section having a section modulus at least as great as that required. 
It should be remembered, however, that adequacy for moment is by no means a 
guarantee of entire safety. 


Illustrative Problem.—lIf the permissible bending stress on a steel beam which is sub- 
jected to a bending moment of 30,000 ft.-lb. is 16,000 lb. per sq. in., suggest a suitable 
section. 

Care must be taken to express the bending moment in the formula in inch-pounds, 
since the unit of length involved in the permissible fiber stress and in the tabulated section 
moduli is the inch. 

i (30,000) (12) 
ee 161000 


. 

An economical section would be the Carnegie supplementary 10-in., 22.4-lb. I-beam 
for which the section modulus = 22.7, or a Bethlehem 10-in., 23.5-lb. I-beam with a 
section modulus = 24.6. The standard 10-in., 25.4-lb. I-beam with a section modulus 
of 24.4 would also suffice. Relative pound prices and availability would govern the choice, 
provision being made of course for shear, web crippling and flange buckling (see Arts. 16, 
17 and 15 respectively). 

Illustrative Problem.—If a girder of 21-ft. span, consisting of one 18-in., 54.7 lb. I- 
beam, is to be loaded by two equal concentrated loads at the third points (including the 
weight of the girder), and the permissible flexural stress = 16,000 lb. per sq. in., find how 
great each of the concentrated loads may safely be, so far as bending is concerned. 

If P be one of the concentrated loads, the maximum moment = (P)(7)(12) = 84P in.-lb. 

Moment of resistance of section, or its capacity to resist moment 

M = Sf = (88.4)(16,000) = 1,415,000 in.-lb. 


S = 22.5 


Hence 
th 1,415,000 


£ 84 


= 16,850 Ib. 


Great saving in time in proportioning beams for moment may be effected by 
using the tables of flexural capacity for rolled sections in the handbooks. By 
using these tables it is possible to find very easily the necessary size of rolled shape 
to carry a given uniform load over a given span, or to find the carrying capacity 
of a given beam over a given span. 

_ Tables of safe loads per foot of span given in the handbooks have the merit 
that the safe bending capacity for any practicable span may be found by dividing 
the safe load per foot, or the coefficient of strength as it is sometimes called, by 
the span. The correctness of this is evident from the formula for the total safe 
load on a uniformly loaded beam, = 


pane 


l 


where J = the span in inches and S and f are as previously defined. The capacity 
of spans of a fractional number of feet may be found in this way without 
interpolation. 

Illustrative Problem.— What is the total safe load in pounds of a 7-in., 15.3-lb. I-beam 
of. 9:37-ft. span at a permissible bending stress of 16,000 lb. per sq. in.? 

From Cambria, the coefficient of strength, or allowable load for a span of 1 ft. = 110,410 
lb. 

Safe load for stipulated span, 


ne 110,410 


9.37 


= 11,780 lb. 
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In tables of capacity, the weight of the beam is included, so that if the super- 
imposed, or net load is desired, the weight of the beam must be deducted from 
the quantity taken from the tables. 

5. Economic Section for Flexure.—In most cases it is more economical for 
the resistance of moment, so far as the beam itself is concerned, to select a section 

of the minimum weight available 
ced ee ea Ed Ba for a given depth than to use an in- 


termediate or a maximum weight. 


ae 41 ‘The addition of ti 
5 Bia e addition o area to a section 
& 60 al that comes from thickening the 
£ ot web and widening the flanges an 
es an 4 equal amount, as-is done in wide- 
ning the rolls to produce the 
: “EI +} heavier weights of I-beams and 
N 40 te fe ee pe ena channels, is much less effective in 
ee: Tt | pt TTT tT [| sCoimereasing the bending capacity 
2° ee TTT tT TT dT dT | sothan would be the addition of 
aes eet tt tt tt area by increasing the depth. 
ptt} For a rectangular section the sec- 
7 4 G6 7 8 9 10 le 15 18 20 24 tion modulus increases as the 


Depth of beam in inches square of the depth and as the 
Fig. 2.—Comparison of flexural efficiency of Car- first power of the width. A some- 
negie I-beams of minimum and maximum weights. what similar rule applies to vari- 
ations in width and depth of rolled sections. From Fig. 2 it is seen for Carnegie 
I-beams: (1) that the section modulus per square inch of sectional area is in 
every case greater for the minimum weight than for the maximum weight beam 
of the same depth, and (2) that this quantity gradually increases with the depth 
of beams. It is, therefore, economical of steel, so far as moment is concerned, to 
utilize the deepest practicable sections available. 


Illustrative Problem.—Compare the bending capacities per square inch of area of the 
following standard I-beams: 15-in., 45-lb.; 15-in., 55-lb.; 18-in., 48.2-lb. ; and 18-in., 54.7-Ib. 


Section meceiog 
Beam modulus nee Se Relaaye 
f (in. 2) per sq. in. efficiencies 
(in.3) 
of area 
UGeiniss AGHlb cise cce ern ateia ec eleus 60.5 13.12 4.61 ; 1.09 
LG-iny, D-II ysis seni: oe tasers 67.8 16.06 4.22 1.00 
18-in’, 48) 22D cients os eer art 81.9 14.09 5.82 insets) 
1Ssin 54572] bi cecte eu aise ote 88.4 15.94 5.55 32 


It is thus evident that by increasing the depth of beams from 15 to 18 in. with little or 
no change in weight, the bending capacity per unit of area or volume is increased at least 
32 per cent and that the efficiency of an 18-in., 48.2-lb. I-beam although 12.4 per cent 
lighter than a 15-in., 55-lb. is 38 per cent greater. 


Formerly, only the so-called ‘‘standard” sections of I-beams were to be had, 
but in 1902 in Germany and in 1908 in America the rolling of broad-flanged beams 
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on the Grey mill began. The Bethlehem series of beams brought out at the 
latter date was designed to have the same bending strength as standard sections 
then existing but with generally 10 per cent less weight. This result was attained 
by thinning the web and widening the flange, thus dispensing with what was gen- 
erally unnecessary shear material and adding it in the flanges where it was useful 
for the major requirement, the bending moment. In recent years the rolling 
of Carnegie ‘‘supplementary”’ beams has made available a highly economical 
beam so far’as flexure is concerned. Care must be taken in using these beams, 
as also in using Bethlehem beams, to see that the safe stresses in shear and web 
crippling are not exceeded (see Arts. 16 and 17). 

6. Relative Efficiencies of Beams and Channels.—In selecting a rolled 
section for a given duty, the respective advantages of the I-beam and the channel 
should be studied. The fact that I-beams have a larger percentage of their 
area in the flanges than have channels and a smaller percentage of their area 
in the web, would indicate the superiority of the I-beam for flexure and the chan- 
nel for shear and web crippling. If then, the governing stress is a flexural one, 
the I-beam is best, but if it is shear or web crippling, the channel is best. 

The truth of this will be evident from the comparative figures for representa- 
tive beams and channels listed in Table 1. In the second column the amount of 
section modulus per square inch of each I-beam is seen to be greater than that 
for the channel with which it is most naturally compared. On the other hand, 
in the third column it is seen that the percentage of shear area is higher for chan- 
nels than for the corresponding I-beams. As is explained in Art. 16, it is assumed 
that the entire shear is resisted by the web, taking its area as the depth of the 
beam d multiplied by the web thickness. 


TaBLE 1.—RELATIVE FLEXURAL AND SHEARING EFFICIENCIES OF TypicaL I-BEAMS 
AND CHANNELS 


=a Section modulus per Shearing area per 

; square inch of total | square inch of total 
Section g is 
areay = area — 
8-in. 11.5-Ib: channel.............. 2.41 0.523 
S11 LS 24-1 sp l-DEAMI errr sii ia.e so 011 +> 2.66 0.405 
10am 5 eoubachannelisc2 ca sa. 3.00 0.5388 
VOzine 2524-lb. L-beamineeeeec- oe +o = 3.30 0.420 
1Osing So” O-lbs channele-ee.. 4 .1s13.-9. 2.24 0.798 
LOain. 35e0clb: T-beam.s. 2c... 5.1.5. 2.86 0.581 
(Pati. CH. Valo elornnels Meces saou cede 3.55 0.557 
1{2:in. 31).8-lb; I-beam..........035 6.5 3.89 0.453 
lS SSeO lb sehannelen cise occa. 4.22 0.607 
L5-ins 42) 9-Ib [-beami.. 2.1... .-- +s 4.72 0.492 
154m. 55-0-Ib. channel....7........: 3.00 0.757 
15-in. 55.0-lb. I-beam............... 4.22 0.606 


a 

7. Location of Neutral Axis of Punched Beams.—When holes are punched or 

drilled through the flanges or web of a beam on the tension side of the neutral 

axis, some diminution of bending capacity is thereby brought about. It is 
12 
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customary to assume that if holes on the compression side are filled with rivets, 
no reduction of strength is occasioned. Such could not be assumed, however, for 
holes filled with loosely fitting bolts. 

Before the effect of holes on the tension side can be calculated accurately, 
it is necessary to determine the position of the neutral axis of the punched beam. 
If it be assumed that this axis is at the center of gravity of the right section passing 
through the rivet holes in question, the moment of inertia and section modulus 
of the net section must then be computed about that axis—a time consuming 
operation if many cases have to be considered. 

There are reasons, however, for believing that the position of the neutral axis 
does not change greatly by reason of the insertion of a few holes on the tension 
side even though they be spaced at the minimum practicable distances apart. As 
the deformation of the beam, and hence the stress variation in it, depends upon 


Fin. 79.29/16. bean 


ig LLY A Extreme positions 


or neutral AXIS 
: as Ee = O55 
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_ Extreme positions 
‘of neutral axis 
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(6) 


rivets; /" holes 


(a) 


Fic. 3.—Effect of holes on tension side of beams on position of neutral axis. 


the gross rather than on the net section, the position of the neutral axis is likely 
to be affected more by the gross section between the rivet holes than by the net 
section through them. In order to show the small movement of the neutral axis 
that results if the predominance of the gross section be given due weight, con- 
sider the two extreme cases shown in Fig. 3: One a 24-in., 79.9-lb. I-beam with three 
horizontal rows of 1-in. holes in the lower half of the web and two-rows of holes 
of the same size in the tension flange, the web and flange holes being opposite; 
the other a 6-in., 12.5-lb. I beam with a line of 34-in. holes along the center line of 
the web and two lines of holes in the tension flange, the holes being opposite. 
Assume a longitudinal spacing of 3 in. in the first case, Fig. 3a, and of 2 in. in 
the second case, Fig. 30. 

That no important change in the position of the neutral axis is brought about, 
even in the case of such extreme punchings as those shown, seems probable when 
one considers the small diminution of volume brought by the insertion of the holes. 
The volume of the holes in a 3-in. longitudinal section of the 24-in. I is 2.56 cu. in. 
or 3.7 per cent of the gross volume of the section. If the moment of the volume 
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of the holes be taken about the neutral axis of the gross section and be divided by 
the net volume of. the 3-in. section, the upward shift of the neutral axis 
is found to be 0.32 in. For the 6-in., 12.5-Ib. I, the loss of volume of a 2-in. 
length of beam brought about by the punching shown in Fig. 3b is 6.1 per cent 
of the gross volume, and the movement of the neutral axis would be 0.14 
in. If the neutral axis is assumed as located at the center of gravity of the net 
sectional area through a transverse line of holes, this eccentricity would be 
respectively 0.90 and 0.55 in. for the two beams of Fig. 3. 

Just where the neutral axis actually lies at a reduced section it is impossible 
to say, but no doubt it is somewhere between the two extreme positions found, and 
rather nearer the neutral axis of the gross section than a consideration of net 
sectional area alone would indicate. Since in the examples the arrangement of 
rivets is an extreme one and the beams selected are of minimum-weight sections, 
in which the effect of punching is relatively important, the change in position of 
the neutral axis brought about by punching cannot be great in the average case. 

In any accurate investigation of stress conditions at a cross section a knowl- 
edge of the extreme possible position of the neutral axis is of assistance. To show 
the alteration in position of the neutral axis brought about by an arrangement 
of rivet holes as severe as is likely to be commonly encountered in average 
practice, Table 2 has been computed. The figures therein contained are based 
on the extreme assumption that the neutral axis depends only on the extent and 
disposition of the net sectional area at the transverse section in question. Two 
opposite holes of a diameter equal to the size of the maximum permissible rivet or 
bolt plus 4 in. are assumed to be located in one flange only... The sections are, in 
general, the minimum and maximum weights of Carnegie and Bethlehem I-beams 
and Bethlehem girder beams. From the right-hand column it is seen thatthe 
alteration in position of the neutral axis is, in relation to the depth of the beam, 

_a maximum for the shallowest and lightest beams and a minimum for the deepest 
and heaviest ones. It ranges from 10.5 per cent for a 3-in., 5.7-Ib. I to 2.2 per 
cent for a 30-in., 200-lb. Bethlehem girder beam. The shift is, in general, greater 
for the lighter weights of any depth of beam than for the heavier weights of the 
same depth. With the aid of this table it is easy to determine the shift of the neu- 
tral axis for any rolled beam with two maximum holesin one flange. If there be but 
one hole in one flange, the shift in position of the neutral axis ranges from about 
45 to 48 per cent of that for two holes in one flange, the former figure applying 
to very shallow, light beams and the latter to deep and heavy ones. An average 
of 47 per cent may be safely taken. 

8. Proportioning of Punched Beams.—If it be assumed that the neutral axis 
of a punched beam passes through the center of gravity of the area of the reduced 
section, the capacity of the beam, even considering rivet holes in the tension side 

‘only, may be calculated in the same manner as the capacity of an unpunched 
beam from the formula M = Sf. The section modulus is to be taken for the net 
section, being equal to the net moment of inertia divided by the distance of the 
extreme fiber from the neutral axis. For an assigned working stress, the capacity 
of the beam is consequently reduced in the same ratio as the reduction of section 
modulus. 

This reduction is brought about by two causes. First, while the depth of the 
tensile portion of the section is increased, its area is reduced, since the diminution 
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TaspLE 2.—Maximum ALTBRATION IN Position or NeurraL Axis oF ROLLED 
Beams anp Grrpers Causep By Two Opposite Hotes In ONE FLANGE 
. 4 . . 
Nore: For one hole in one flange, take 47 per cent of the “shift” figures given 


Dia. of 
Section, holes = 

Standard and| dia. of 
Carnegie | maximum 


I-beams rivet + 
1 in, 
(in.) (Ib.) 
<<  Horl 0.50 
BOK Ya 0.50 
Aye ot 0.625 
4X 10.5 0.625 
5 xX 10.0 0.625 
5X 14.75 0.625 
Os Ise 0.75 
6x 17.25 0.75 
WS by. 0.75 
7X 20.0 0.75 
Selina 0.875 
8x 18.4 0.875 
8X 25.5 0.875 
9X 21.8 0.875 
9x 35.0 0.875 
10 X 22.4 0.875 
10 X 25.4 0.875 
10 x 40.0 0.875 
12 27.9 0.875 
IPS BU. 0.875 
12 X 55.0 0.875 
15 X 37.3 0.875 
15 X 42.9 0.875 
15 xX 75.0 0.875 
18 X 48.2 1.0 
18 xX 54.7 1.0 
18 x 90.0 1.0 
20 X 65.4 1.0 
20 X 100.0 1.0 
21 X 60.4 1.0 
24 X 74.2 1.0 
24 X 79.9 1.0 
24 X 115.0 1.0 
0 1.0 


Ratio 
aut of Section, 
of neu-| shift B 
ethlehem 
tral I-beams 
axis | depth 
of 
beam 
(in. ) (in.) (lb.) 
02820) 0-105) 10 See 2355 
0.23 | 0.075|| 10 K 28.5 
0.39 | 0.099)| 12 x 28.5 
0.27 | 0.068)]| 12 * 36.0 
0.45 | 0.090; 15 xX 38.0 
0.28 | 0.057|| 15 X 71.0 
0.52 | 0.086) 18 x 48.5 
0.35 | 0.059) 18 x 59.0 
0.48 | 0.069) 20 x 59.0 
0.35 | 0.050! 20 xX 82.0 
0.56 | 0.070)| 24 x 73.0 
0.63 | 0.078|| 24 x 84.0 
0.50 | 0.063); 26 x 90.0 
0.69 | 0.076)| 28 x 105.0 
0.40 | 0.045)| 30 x 120.0 
0.54 | 0.054); Bethlehem 
0.64 | 0.064) girder beams 
0.39 | 0.039)) 8X 32.5 
0.60 | 0.050)} 9 X 38.0 
0.68 | 0.056)| 10 xX 44.0 
0.50 | 0.042:;| 12 * 55.0 
0.55 | 0.036|| 12 x 70.0 
0.70 | 0.046)/| 15 x 73.0 
0.54 | 0.036) 15 x 140.0 
0.67 | 0.087|| 18 x 92.0 
0.90 | 0.050)| 20 * 112.0 
0.70 | 0.039,, 20 x 140.0 
0.82.| 0.041] 24 x 120.0 | 
0.70 | 0.035|| 24 * 140.0 
0.69 | 0.033]| 26 * 150.0 
0.72 | 0.030!) 26 x 160.0 
0.94 | 0.039)| 28 x 165.0 
0.82 | 0.034); 30 « 180.0 
0.79 | 0.029)| 30 x 200.0 


Dia. of 
holes = 
dia. of 
maximum 
rivet + 
in. 
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.048 
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034 
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of section caused by the rivet holes is greater than the increase of section due to 
the upward shifting of the neutral axis. In the second place, the compression 
area is lessened, as will be seen from Fig. 4, and the maximum stress developed 
on the extreme compressive fiber, if the main- 
tenance of a plane section be assumed (as 
usual), will be only 


c—e 
fo=f (: + ) 
Vf Net Section 


where f; = extreme fiber stress on tensile side;  |#He7*-44 ¥ 
c = distance from center of gravity of gross 
section to extreme tensile fibers, and e = shift 
of neutral axis towards compression side due to 
insertion of holes. In the case of, say, a 24-in., 
79.9-lb. I, with two holes in the tension flange, 


Fie. 4.—Reduction in working 
= 0.855f; stress on extreme compressive 


ey (3 — 0.94 
7 ‘X12 + 0.94 fiber due to effect of holes on 
tension side. 


The calculation of the moment of resistance of 
a typical section on the assumption that the neutral axis passes through the 
gravity axis of the net section will illustrate the procedure necessary for exact 
analysis. 


Illustrative Problem.—Compute the safe moment of resistance of a 15-in., 73-lb. 
Bethlehem girder beam with two 1-in. rivets through one flange. f = 16,000 lb. per sq. in. 
Assume the neutral axis to pass through the center of gravity of the net section. 

Statical moment of two 1}-in. holes through 114g-in. metal of flange taken about 
axis through center of section = (2) (1.125) (0.688) (7.16) = 11.10 in. 

Shift of neutral axis = statical moment of holes + net area of section = 

i 11.10 
21.49 — (2)(1.125) (0.688) 
Moment of inertia of net section about center of gravity of net section is 


T+ Ae —a (452 +6)’ 


where J = moment of inertia of gross section about its own gravity axis, A = gross area 
of section, e = shift of neutral axis; a = area of two holes; d = depth of beam;g = thick- 
ness of beam flanges at rivet lines, or grip. This is 


883.4. + (21.49) (0.56)? — 1.55 Ce 


= 0.56 in. above center of web. 


a 0.56) = 797.7 


Section modulus of reduced section = 797.7/(7.5 + 0.56) = 99.0, as compared with —~ 


117.8, the section modulus of the gross section, a reduction of 16 per cent. 
Safe moment of resistance = Sf = 99.0(16,000) = 1,585,000 in.-lb. 


9. Net Section Modulus.—Obviously the accurate computation of the section 
modulus and moment of resistance of a punched beam on the supposition that the 
neutral axis is at the center of gravity of the net section is too laborious a task to 
be often undertaken. To obviate this labor, Table 3 has been computed. This 
gives generally for the minimum and maximum weights of Carnegie and Bethle- 
hem I-beams, Bethlehem girder beams and standard channels, the percentage of 
gross section modulus developed with holes in the flanges. The holes are 14 in. 
larger than the maximum rivet or bolt specified for the section considered in the 
handbooks. In.the case of beams, the punchings assumed are one hole in one 
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flange or in each flange, and two opposite holes in one flange or in each flange. 
For channels, one hole is assumed in one or in each flange. 

In order to appreciate the relation of the reduction of section modulus on the 
above hypothesis to that obtained on the assumption that the neutral axis does 
not move, the percentage reductions for unsymmetrical punchings on the latter 
basis have been listed parallel with the others. The grip, or thickness of the 
flanges at the rivet lines has been taken at the fractional values given in the hand- 
books, and the moment of inertia of the holes about their own gravity axis has 
been neglected. Since the error involved in these assumptions is unimportant, 
and may be offset by the selection of somewhat different gages from those 
assumed, this procedure is justifiable, the more so because of the uncertainty 
as to just where the neutral axis actually does lie. The diameters of the holes 
have been taken as the diameter of the maximum rivet or bolt plus } in. 

From a study of Table 3 it is evident that the percentage reduction of section 
modulus brought about by punching of the flanges is greatest for shallow, light 
beams and channels and least for deep, heavy ones, ranging, in the case of two 
holes in one flange, from 41.6 to 10.2 per cent. For beams of a given depth, the 
reduction is, in general, greatest for the minimum weight beam and least for 
the maximum weight. Where the punching consists of but one hole in one flange, 
the percentage reduction is very nearly one-half of that occasioned by two holes 
in one flange only. 

Where the punching is symmetrical—that is, the same number of holes are 
taken out of each flange—the uncertainty respecting the position of the neutral 
axis disappears and the computation of net section modulus is thereby greatly 
simplified. From the table, the fact appears that the percentage loss in section 
modulus is only slightly more with one hole out of each flange than with one hole 
out of one flange only. Thus, the percentage of gross section modulus developed 
in a 9-in., 21.8-lb. I with one 7-in. hole out of one flange is 84, assuming the neu- 
tral axis at the gravity axis of the net section, whereas with one hole out of each 
flange it is 81.4, thus showing losses of 16 and 18.6 per cent respectively. Al- 
though the loss of area in the second case is double that in the first case, the loss 
in section modulus is only as 1.16-to 1. The same general principles apply if two 
holes are taken out of one flange and two out of each flange. The greater weaken- 
ing accompanying unsymmetrical punching, despite the fact that there are only 
half as many holes, is due to the important effect of the shifting of the neutral 
axis. 

The importance of the alteration in position of the neutral axis brought about 
by punching is further exhibited in the relation of the relative percentages of 
gross section modulus developed on the assumption (1) that the axis moves, (2) 
that it is stationary. In the latter case the reduction is everywhere less. Thus, 
for a Bethlehem 18-in., 48.5-lb. I, with two holes out of one flange, the relative 
percentages are 81.7 and 89.2. If the neutral axis were to take up a position 
based wholly on the net area through the punched section in question, the com- 
mon assumption of stationary axis would be seriously in error. It leads to reduc- 
tions in section modulus that are only from 55 to 65 per cent of what they should 
be if the assumption of a shifting axis holds. The first figure applies to the 
shallower and lighter sections and the second to deep and heavy ones. A close 
approximation to the net section modulus on the basis of the shift theory can be 


Sec. 2-9] 


DESIGN OF STEEL AND CAST-IRON MEMBERS 


183 


TaBLE 3.— UNCORRECTED PERCENTAGE or Gross Section Mopuuus DrEvELOPED 
BY BrAMS AND CHANNELS wiITH HoLEs IN FLANGES 


Section 


(in.)  (1b.) 


Standard and 


Carnegie 


I-b ams 
5. 
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90. 


oO 
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Bethlehem 
I-beams 


10 X 
10 X 
12 X 
12 X 
15 X 
15 X 
18 X 
18 X 
20 X 
20 X 


23. 
28. 
28. 
36. 
38. 
ee 
48. 
59. 
59. 
82. 


ceoomoocoonnn 


Diameter 
of holes = 
diameter of 
maximum 
rivet +. 
1g in. 
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Neutral axis at center 


Percentage of gross section modulus developed 


of gravity of net 


Neutral axis at center 
of gravity of gross 


section section 
One hole | Two holes} One hole | Two holes | One hole | Two holes 
in one in one in one in one in each in each 
flange flange flange flange flange flange 
78.8 58,4 89.0 78.0 78.0 56.0 
85.2 67.8 90.1 80.2 80.2 60.4 
80.6 6L.4 89.0 78,0 78.0 56.0 
86.0 70.3 90.5 81.0 81.0 62.0 
82.8 64.4 89.6 79.2 79.2 58.4 
86.6 73.0 91.7 83.4 83. 4 66.8 
82.2 64.4 89.8 79.6 79.6 59.2 
86.1 72.3 91.5 83.0 83.0 66.0 
85.0 , 70.4 91.5 83.0 83.0 66.0 
88.0 76.2 92.6 85.2 85.2 70.4 
85.8 vo lee 91.9 83.8 83.8 67.6 
83.9 67.3 90.4 80.8 80.8 61.6 
85.4 70.7 91.0 82.0 82.0 64.0 
84.0 67.6 90.7 81.4 81.4 62.8 
88.8 77.5 92.9 85.8 85.8 eL.6 
88.7 76.8 93.3 86.6 86,6 73.2 
86. 2 72.4 91.9 83.8 83.8 67.6 
90.2 80.0 93.7 87.4 87.4 74.8 
89.4 78.1 93.6 87.2 87.2 74.4 
87.4 74.7 92.5 85.0 85.0 70.0 
89.8 79.3 93.5 87.0 87.0 74.0 
91.7 83.2 95.0 90.0 90.0 80.0 
89.4 78.5 93.8 87.6 87.6 75.2 
91.0 82.1 94.4 88.8 88.8 77.6 
91.5 82.6 94.8 89.6 89.6 79.2 
88.5 76.8 93.0 86.0 86.0 72.0 
90.7 81.4 94.2 88.4 88.4 76.8 
90.5 80.5 94.1 88,2 88.2 76.4 
91.2 82.5 94.5 89.0 89.0 78.0 
92.0 84.5 95.2 90.4 90.4 80.8 
92.8 85.4 95.6 91.2 i 4 82.4 
90.8 81.7 94.4 88.8 88.8 77.6 
92.0 83.6 95.0 90.0 90.0 80.0 
93.0 85.8 95.6 91.2 91.2 82.4 
88.7 77.5 93.8 87.6 87.6 75.2 
90.5 80.4 94.4 88.8 88.8 77.6 
89.8 79.5 94.1 88.2 88.2 76.4 
89.5 79.0 94.0 88.0 88.0 76.0 
89.2 78.4 93.7 87.4 87.4 74.8 
90.0 80.0 94,2 88.4 88.4 76.8 
90.8 Sit 94.6 89.2 89.2 78.4 
92.0 84.1 95.2 90.4 90.4 80.8 
91.6 83.1 95.0 90.0 90.0 80.0 
92.5 85.2 95.6 91,2 91.2 82.4 
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TaBLE 3 (Continued) 


Percentage of gross section modulus developed 
Becton Diameter | Neutral axis at center Neutral axis at center 
= HG of gravity of net of gravity of gross 
jameter of Neon section 
maximum 
rivet + 
(in.) (lb.) ¥ in. One hole | Two holes} One hole | Two holes} One hole | Two holes 
in one in one in one in one in each in each 
flange flange flange flange flange flange 
Bethlehem 
[-beams 
24 xX 73.0 1.0 92.5 84.9 95.5 91.0 91.0 82.0 
24 xX 84.0 1.0 92.8 85.7 95.7 91.4 91.4 82.8 
26 X 90.0 1.125 92.0 84.1 95.3 90.6 90.6 81.2 
28 X 105.0 1.125 92.6 85.3 95.6 91.2 91.2 82.4 
30 X 120.0 1.125 93.2 86.4 95.9 91.8 91.8 83.6 
Bethlehem 
girder beams 
8X 32.5 1.0 90.3 80.5 94.5 89.0 89.0 78.0 
9X 38.0 10, 91.0 82.1 95.0 90.0 90.0 80.0 
10 X 44.0 1.0 91.4 82.6 95.1 90,2 90.2 80.4 
12 xX 55.0 1.125 91.0 82.2 95.0 90.0 90.0 80.0 
12 x 70.0 1.125 91.5 82.5 95.0 90.0 90.0 80.0 
3H 8 1B O) 1.125 92.0 84.0 95.5 91.0 91.0 82.0 
15 X 140.0 1.125 94.0 88.5 96.7 93.4 93.4 86.8 
18 X 92.0 1.125 92.8 85.5 95.9 91.8 91.8 83.6 
20 X 112.0 1.125 93.3 86.3 96.1 92.2 92.2 84.4 
20 X 140.0 1.125 93.5 86.4 96.1 92.2 92.2 84.4 
24 X 120.0 1.125 93.5 86.8 96.2 92.4 92.4 84.8 
24 X 140.0 1.125 94.1 88.0 96.5 93.0 93.0 86.0 
26 X 150.0 1,125 93.5 86.6 96.2 92.4 92.4 84.8 
26 X 160.0 1.125 94,3 88.6 96.7 93.4 93.4 86.8 
28 X 165.0 1.125 93.7 87.4 96.3 92.6 92.6 85.2 
30 X 180.0 1.125 94.5 89.0 96.8 93.6 93.6 87.2 
30 X 200.0 1.125 95.0 89.8 97.1 94.2 94.2 88.4 
Standard 
channels 
3X 4.1 0. 625 67.8 82.2 64.4 
See O0) 0.625 77.8 86.0 72.0 
4X 5.4 0.625 71.1 82.6 65.2 
4X . 7.25 0.625 74.8 83.5 67.0 
SEG e 0. 625 75.4 85.8 71.6 
5X 11.5 0.625 85.6 89.7 79.4 
6 >< 8.2 0.75 76.7 85.4 70.8 
6X 15.5 0.75 82.5 88.4 76.8 
TOC oS 0.75 75.8 85.1 70. 2 
7X 19.75 0.75 84.4 89.2 78.4 
SX) AES 0.875 75.3 85.0 70.0 
8X 21.25 0.875 82.5 88.5 77.0 
9X 13.4 0.875 75.6 85.2 70.4 
9X 25.0 0.875 82.8 88.8 77.6 
10 X 15.3 0.875 78.4 86.9 73.8 
10 X 35.0 0.875 87.5 91.4 82.8 
12X 20.7 1.0 79.0 87.1 ve oe) 
12 X 40.0 1.0 84.5 89.7 79.4 
15 X 33.9 1.0 83.4 89.7 79.4 
15 X 55.0 ibe (0) 87.5 91.8 83.6 
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made by computing the percentage of gross section modulus developed on the 
basis of the stationary axis theory and then reducing it by multiplying it by a 
factor less than one. An examination of Table 3 shows that this factor should 
range from about 0.75 to 0.98 depending upon the size of the beam and whether 
there are one or two holes in each flange. 

Where the diameter of the holes is less than the maximum permissible diam- 
eter, or the diameter assumed, the percentage loss of section modulus may, with 
sufficient accuracy be assumed as bearing the same ratio to those tabulated in 
Table 3 as the new diameter of hole does to the diameter assumed in the table. 


Illustrative Problem.—Find the percentage of gross section modulus developed in a 
Bethlehem 18-in., 59-lb. I-beam with holes for two 34-in. rivets opposite each other in the 
tension flange. Assume that the neutral axis is at the center of gravity of the net section. 

Effective percentage of gross section modulus with two 1-in. holes (from Table 3) = 


84.1, and hence loss of gross section modulus = 15.9 per cent. 


Loss of section modulus with two 7-in. holes instead of two 1-in. holes = ae (15.9) = 


13.9 per cent. 
Percentage of section modulus effective = 86.1 per cent. 


Since the moment of inertia of a portion of the section increases approximately 
as the square of the distance of its center of gravity from the neutral axis of the 
beam, and since at the same time holes through the flange remove a larger area 
of metal, flange holes have very much greater effect in reducing the bending capa- 
city than web holes have. No material error is committed by neglecting the 
weakening effect of the latter so far as moment is concerned. An example will 
suffice to show this. 


Illustrative Problem.—Determine the reduction of bending capacity, of a 9-in., 21.8-lb. 
I-beam with two 7-in. holes opposite each other in the tension flange and one %-in. hole 
in the web 2 in. out from the neutral axis with its center on the right section through the 
flange holes. Assume the neutrel axis to be at the center of the web. 

Gross S of 9-in., 21.8-lb. I = 18.9 

Area of two flange holes, the grip of beam being 34 in. = (2) (0.875) (0.5) = 0.875 sq. in 
Distance of center of gravity of flange holes from neutral axis = 4.5 — 0.25 = 4.25 in. 
Moment of inertia of two holes about axis through center of web, neglecting their moment 
of inertia about their own gravity axes = (0.875) (4.25)? = 15.8, 

Area of-web hole = (0.875) (0.290) = 0.25 sq. in. Approximate moment of inertia of 
hole = (0.25)(2)2 = 1.0. 

Section moduli of 3 holes = (15.8 + 1.0)/4.5 = 3.7, hence net section modulus = 
18.9 — 3.7 = 15.2, or 19.6 per cent less than the gross section modulus. This represents 


the reduction of bending capacity caused by the holes. 
The relatively small weakening caused by the web hole indicates that but little error 


would be committed by neglecting web holes. 


10. Correction of Approximate Section Modulus.—In making calculations 
respecting the bending strength of beams on the basis of the fixity of the neutral 
axis, it should be assumed that an originally plane cross-section does not remain a 
plane during flexure, but resolves itself into two planes intersecting at the neutral 
axis, as shown in Fig. 5a. This involves a greater extreme fiber stress at the 
tension edge than at the compression edge in order that the total tension, 7',on 
the punched half of the beam may equal the total compression, C’, on the com- 
pression half, as shown in Fig. 5c. Dividing the total moment of resistance into 
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two parts—that contributed by the tensile portion of the cross-section, M,, and 
that contributed by the compression portion, M., we have 


M=M4+M=2 1421 (1) 


where f; and f, are the extreme fiber stresses on the tensile and the compressive 
faces respectively, and J, and I, are the moments of inertia of the corresponding 
halves. In computing the total moment of resistance on the basis of this theory, 
therefore, it is incorrect to assume, as is commonly done, that for beams of the 
same depth—that is, with f/e constant—it varies directly with the net moment of 
inertia. Change in the number and arrangement of holes not only affects the 


value of I,, but also the value of the coefficient of J,—that is, 2 A reduction 


of 20 per cent in the moment of inertia of the tension half, therefore, brings 


Fie. 5.—Reduction of flexural strength of I-beam due to holes in tension flange—Neutral 
axis at center of section. 


about a reduction of total moment of resistance of more than 20 per cent. If 
there were no holes, the moment of resistance would be 

M=MtmM.=2.1441, (2) 
but the punching not only reduces the first term of the right-hand member by 
20 per cent, but the second term in the ratio of f./f. 

The reduction of flexural strength, assuming the neutral axis to remain fixed 
in position, may be computed for the general case of an I-beam with holes in one 
flange by substituting an equivalent rectangle for each flange and calculating the 
necessary increase in extreme fiber stress on the tension face as compared with 
that on the compression face in order that compensation may be made for the 
effect of the holes. Let f, = extreme fiber compressivé stress and f,; = extreme 
fiber tensile stress. If the equivalent section of the beam be as shown in Fig. 5b, 


h being the clear distance between flanges and d the depth of the beam, the total 
compression may be written 


he he 
wl | lt] escelas (04 D4 a 


where A; = gross area of one flange and A,, = gross area of entire web. 
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The total tension may in like manner be written 


h h 
paves je" 
, d Aw|d ; h h 
ar a I+ ZS) = alas (144s 4.4] 
where A,’ = net area of one flange. 
Equating the total compression and the total tension, there results the relation 


1, Sa roa 
ede (ae ye gas” 
ae I (3) 


4,(1+*)+u 4.2 


By taking account of the reduced value of J; compared with half the moment 
of inertia of the unpunched beam, or with J., and also of the lesser value of the 
ratio f./e as compared with f,/c, as given by Formula (3), the net moment of 
resistance in rigid accordance with the arbitrary assumption of fixed neutral axis 
may be found. 


Illustrative Problem.—Calculate the percentage reduction of the moment of resistance 
of an 18-in., 54.7-lb. I with two 1-in. holes in one flange, assuming the neutral axis 
as at the center of the web. 

Moment of inertia of one-half the gross section = 397.8. 

Moment of inertia of two 1-in. holes through 34-in. flange material = 

(2) (1) (0.75) (8.625)? = 112.0. 

Net moment of inertia of tension half of beam, I; = 397.8 — 112.0 = 285.8, or 0.72 I. 

The gross area of one flange (taking its average thickness) = 4.15 sq.in.;the net area = 
2.77 sq. in., the web area = 7.64 sq. in., the average flange thickness = 0.691 in., and the 
value of h/d =.0.924. Then, the ratio 

fe _ (2.77)(1.924) X (0.5) (7.64) (0.924) 
fi (4.15) (1.924) + (0.5) (7.64) (0.924) 


Formula (1) becomes for the case in point 


M = ".0.721. + 0.77.1. 
or, since J, = % I, or, half the gross moment of inertia of the entire beam, 


ine - (0.36 + 0.385) = 0.74517 


= 0.77 


or 74.5 per cent of what the moment of resistance of the gross section would be with an 
extreme fiber stress on both upper and lower faces equal to the maximum permissible 


stress jj. ; 
Comparing this with the efficiency of the same beam, when computed on the assumption 


that the neutral axis is at the center of gravity of the net section, it is found by consulting _ 
Table 3 that in the latter case it is 76.8 per cent, or somewhat higher than is obtained in 
accordance with the arbitrary assumption that the neutral axis is fixed at the center of 
gravity of the gross section. The latter must, therefore, be in error on the side of 


severity. 


To compare the efficiencies developed in accordance with the two common 
assumptions upon which Table 3 is based with that found by the method illus- 
trated in the last problem, efficiencies have been listed for a number of typical 
beams and girder beams in Table 4. These beams are assumed to have two 
maximum holes in one flange. 

The efficiencies tabulated in column A are the same as those in column 4 
of Table 3 for the same beams and are based on the neutral axis being at the cen- 
ter of gravity of the net section. Those in column B are based on the neutral axis 
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’ being at the center of gravity of the gross section, and take into account in accord- 
ance with the method illustrated in the last problem, the fact that f, must be 
less than f;. The efficiencies in column C are calculated on the assumption that 
the neutral axis is at the center of gravity of the gross section and that the fiber 
stress f, exists at both compressive and tensile extreme fibers. The figures corre- 


spond to those in column 6 of Table 3 for the same beams. 


TABLE 4.—CorrectEep FuexuraL Erricrency or Typican I-BEAMs WITH Two 
Maximum Howes In OnE FLANGE 


eS ee 


Percentage of gross flexural 
capacity developed Coefficient 
aes ae — “K’=by | Method C 
: eutra : which results 
Size of beam, of axis at ee las paeiie. method “C”, adjusted 
we. Canker a of gross section | Tesults are by coeffi- 
gravity of to be cient K ~ 
net section multiplied 
A B C 
(in.) (Ib.) (in.) Test fo< fe | fo =e 
Standard 
I-beams 
6X 12.5 0.75 64.4 61.4 79.6 0.90 71.6 
6X 17.25 0.75 12.3 68.5 83.0 0.90 74.5 
12> 3-8 0.875 74.7 (eo soe0 0.95 80.8 
12 x 55.0 0.875 79.3 ie) 87.0 0.95 82.6 
18 X 54.7 120 76.8 74.4 86.0 0.95 81.8 
18 x 90.0 1.0 81.4 79.0 88 . 4 0.95 84.0 
24 X 79.9 a0) 81.7 78.9 88.8 0.95 84.4 
24 X 115.0 1.0 83.6 81.3 90.0 0.95 85.5 
Bethlehem 
I-beams 
QE e282 .875 79.5 76.6 88.2 0.95 83.6 
18 X 48.5 1.0 Silat 78.8 89.2 0.95 84.6 
24x 73:0 1.0 84.9 82.8 91.0 0.95 86.4 
Bethlehem 
girder beams 
1S. GeO) ee 82.2 80.0 90:0 0.95 85.5 
18 X 92.0 1.125 85.5 83.6 91.8 0.95 87.2 
24 12050 1.125 86.8 84.8 92.4 0.95 87.6 
30 X 180.0 1.125 89.0 86.8 93.6 0.95 89.0 


It will be seen from this table that if the resistance of the beam were developed 
in the manner assumed in calculations by method B, that the efficiency would be 
less than if the neutral axis were to shift to the center of gravity of the net section, 
which is in itself, according to the principle of least work, an indication that the 
axis does shift, and that the efficiency cannot be lower than given by method A. 
It probably does not shift to the center of gravity of the net section by reason of 
the influence of the gross section on either side of the holes, but it is reasonable 
to assume that it shifts to a mid-position, so that the actual efficiency developed 


Sec. 2-11] DESIGN OF STEEL AND CAST-IRON MEMBERS 189 


is neither so low as methods A or B would indicate nor so high as method C would 
indicate. Since the employment of the latter method greatly facilitates computa- 
tion, it is recommended that in supplementing Table 3 it be followed and a correc- 
tion applied to give results between those given by method A and by method 
Ce If, for beams 6 in. deep and less, the efficiency found by method C be 
multiplied by the coefficient 0.90 and, for beams over 6 in. deep, including rolled 
girder beams, it be multiplied by 0.95, the efficiencies so obtained will probably 
be very close to those actually developed. In the last column of Table 4 the 
efficiencies found for certain typical beams by this procedure are given, affording 
a comparison with those obtained by methods A, Band C. For a greater re- 
finement of design than is obtained by the usual arbitrary assumptions, it is 
recommended that for unsymmetrical punchings the quantities in the fifth 
and sixth columns of Table 3 be employed, multiplying them first by the 
appropriate coefficients K from Table 4. 

The same correcting coefficient may be applied without material error to 
beams having only one hole in the tension flange or to beams having reinforcing 
plates riveted on the flanges. 


Illustrative Problem.—A Bethlehem 28-in., 165-lb. girder beam has two 1}¢-in. holes 
opposite each other in its tension flange. Estimate the probahle efficiency. 

Gross moment of inertia of girder beam = 6,562.7. 

Moment of inertia of two holes, assuming fixed axis (method C) = (2) (1.188) (1.125) 
(13.41)? = 480. Net moment of inertia = 6,562.7 — 480 = 6,082.7. 

If the correction factor be 0.95, as suggested in Table 4 for sections of this depth, the 


probable efficiency is 
(0.95) (6,082.7) 


6,562.7 


This result may be obtained readily from Table 3, if available, by multiplying the 
efficiency given for this beam in column 6 by the factor 0.95. 


= 0.88 = 88 per cent. 


11. Limiting Longitudinal Position of Flange Holes.—Where flange holes are 
located in unreinforced rolled beams at points remote from the center, no atten- 
tion need be paid to the weakening effect produced by them. Within a certain 
distance from the center of a beam symmetrically loaded, and from the point of 
maximum moment of a beam unsymmetrically loaded, the reduction of section 
modulus should be computed in accordance with one of the methods given above. 
The exact position of this critical point depends on the nature of the distribution 
of the loading and on the end conditions. For the common cases of simple beams_ 
uniformly loaded, loaded at the third-points, and loaded at the center, the 
diagram of Fig. 6, similar to one suggested by Henry Kercher in Engineering 
News-Record, May 12, 1921, p. 800, will be found helpful. By means of the 
curves there given it is possible to determine directly the point in the span length, 
with respect to the center, at which a given fraction of the section modulus 
provided at the point of maximum moment would be permissible. If it be desired, 
for example, to place two holes in the tension flange of a symmetrically-loaded 
beam at a stated distance from the center, the ratio of the net section modulus at 
the holes to the section modulus at the center may be found by the methods 
already described or by the use of tables, and a reference to the appropriate curve 
will show whether this reduced section modulus would suffice at the proposed 


location of the holes. 
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In cases where plates are riveted to the flanges of rolled beams for purposes of 
reinforcement, it is very convenient to be able to discover readily if the net sec- 
tion of the beam at the point of cut-off of the plates is adequate. 


Illustrative Problem.—An 18-in., 48.2-lb. I-beam of 21-ft. span carries a uniformly dis- 
tributed load: It is desired to drill two 1-in. holes in the bottom flange at a point 3 ft. 
from the center. Is this permissible? Assume the neutral axis at the center of the web 
and apply the adjusting factor 0.95 recommended in Table 4. 

From Table 3 the percentage of the gross section modulus developed on the assumption 
made is 89.6 per cent. This corrected = (0.95) (0.896) = 0.852. 


Wee 
BS 
ne il ec ea a 


et i Pa el a 
Py as ee 
BER Memes = 
O00 095 090 Q85 O80 O75 ATO Q65 ACEO O55 ASO 045 O40 


Reduced section modulus 
Section modulus at point of maximum moment 


Part of span length from center of span 


Fia. 6.—Proportion of maximum provided section modulus required at various points 
of span. 


On the curve for uniformly distributed loading in Fig. 6 find the point where the vertical 
through 0.852 on the horizontal axis intersects the curve, and directly opposite to the left 
is found 0.207. The holes may, therefore, not be located closer to the center than (0.20) (21) 
= 4.2 ft., and hence the proposed location is not permissible, without reinforcement of the 
section or use of a heavier beam. 


12. Reinforcement of Beams for Bending.—Occasionally through the desire 
to utilize a rolled section that chances to be on hand for a bending moment in 
excess of its normal capacity, or in order to keep the construction especially 
shallow, or to strengthen an overloaded beam already in position, a beam is 
reinforced for flexure by the addition of a plate or plates. to each flange. Such 
procedure is only practicable where the shear requirement does not also demand 
reinforcement. The bending capacity of the beam is thereby increased in direct 
ratio to its increase in section modulus. To determine this increase, the moment 
of inertia of the plates on the compression flange, considered as unpunched, plus 
the net moment of inertia of the plates on the tension flange is added to the gross 
moment of inertia of the original section less the moment of inertia of the holes 
through the tension flange. The total net moment of inertia divided by the 
distance to the extreme fiber of the reinforced beam will then give the net section 
modulus. In making this computation it is most convenient to consider the 
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neutral axis as at the center of gravity of the Bross | area and then apply whatever 
correction is deemed reasonable for the section under consideration. 

Allowance for rivet holes on the tension side of the beam should be for the 
most unfavorable arrangement likely to be adopted. A saving in section may, 
however, be effected by staggering the rivets in the two gage lines of the flange, 
since for the large spacing obtaining at the point of maximum moment, one 
flange hole only need then be deducted. While web holes on this critical section 
should also in strict accuracy be considered, it is generally unnecessary to do so 
unless there be several of them. If for any reason flange holes are opposite as 
they will be at the ends of the plate, allowance should be made for two holes in 
computing the section modulus. 


Illustrative Problem.—Calculate the moment of resistance of a 12-in., 31.8-lb. I (Fig. 
7) with one 6 X 34-in. plate riveted to each flange by 34-in. rivets, staggered in two lines. 
Permissible flexural stress = 16,000 lb. per sq. in. ‘ 

Gross moment of inertia of I-beam = 215.8. cf flange pee ous 

Approximate moment of inertia of two unpunched plates = ——: = 
(2) (6) (0.375) (6.19)? = 172.4. 

Total gross I = 388.2. 

Moment of inertia of one hole through tension flange, including 
plate, the grip of the I-beam being %g¢ in., is 

(1) (0.875) (0.94) (5.91)2 = 28.8 

Net moment of inertia of section = 388.2 — 28.8 = 359.4, and 
adjusted net section modulus (0.95) (359.4) /6.375 = 53.6, applying 
the correction factor 0.95 recommended in Art. 10 for sections 
over 6 in. in depth. 


: Fie. 7.—\ Cross-section 
Moment of resistance = 53.6 (16,000) = 858,000 in.-lb. of reinforced I-beam. 


It should be remembered when calculating the section modulus of parts of a 
-compound section that this quantity is the moment of inertia of the part under 
consideration about the neutral axis of the compound section divided by the 
distance from the neutral axis to the extreme fiber of the total assemblage of 
parts existing at the section considered. If, for example, a 12-in., 31.8-lb. I with 
section modulus of 36.0 is used in a reinforced beam or box girder with one %-in. 
plate on each flange, the gross section modulus of the beam in the assemblage is 


6.00 
6.50 (36) = 33.2. 


13. Length of Reinforcing Plates.—Because of the lessening moment near 
the ends, it is unnecessary to carry the reinforcing plates the full length of the 
beam. ‘They should end, theoretically, at the points nearest the center where the 
net section modulus of the unreinforced beam is sufficient for the moment require- 
ment. If the total loading is uniformly distributed, the position of these points 
may be found readily by either graphical or analytical means. 

Since for a beam carrying a uniformly distributed load, the moment varies as 
the ordinates to a parabola with vertex at the center of the span and axis vertical, 
the required section modulus must vary in precisely the same manner, given a 

constant working stress in flexure. The truth of this is evident from the formula 
M 


ener 
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It is possible, therefore, to plot, as has been done in Fig. 8, a curve of required 
section modulus at each point of the half span and, to superimpose on this, a 
diagram of provided section modulus. Such diagram may be prepared for any 
system of loading, although that of Fig. 8 is for uniform loading. The maximum 
ordinate S represents the required net section modulus of the reinforced beam at 
the point of maximum moment, and the depths of the various strips required to 
cover the area beneath the curve of required section modulus represent the net 
section moduli of the punched beam and the successive flange plates with respect to 
the total cross-section existing at the point. The minimum length of these strips 
required to cover completely the area mentioned may be easily scaled from the 
diagram. The theoretical length, x, of any flange plate is twice the sealed dis- 
tance from the center of the span to the point where the inner (lower) horizontal 
bounding line for the appropriate strip cuts the curve. To this length a certain 
addition is made, for reasons set forth below. 
If it happens that by reason of staggered rivet spacing in the central portion 
_of the reinforcing plates (or 
for any other cause), the net 
section modulus, s;3’ of the 
primary beam is less near 
f the ends of the flange plates 
(where the rivets will be 
opposite each other) than 
the net section modulus, s3, 
near the center, the upper 
horizontal bounding lines 
for the successive strips 
S should be jogged down in- 
= ->| side the end of the first (out- 
Fig. 8.—Determination of length of flange plates for side) flange plate, as shown 
reinforced steel beams. in Fig. 8. For approxi- 
mate work the net section modulus of the beam may be taken as the same 
throughout—that is, at the least value—and the jogging of the horizontal bound- 
ing lines thereby obviated. In general, the strip representing the net section 
modulus of the pair of outside flange plates will be wider than is actually required 
to cover the remaining area of the diagram, but this does not affect the graphical 
determination of length of the outside flange plates. 


—=—~4-y-~-=-- 


To determine the theoretical lengths by analytical means, let. - = etc., 


Fig. 8, be the required half lengths of the flange plates numbered consecutively 
from the outside. Let the actual effective section modulus of the punched beam 
at the center be s3 with respect to the maximum section and at the ends of the 
flange plates be ss’ with respect to the beam section alone. Let s2 be the actual 
effective section modulus at the center of the span for the two flange plates in 
immediate contact with the punched beam with respect to the maximum section, 
and s,’ be the corresponding quantity at the ends of these plates with respect to 
an assemblage consisting of the beam and these two plates. Lets; be the required 
net section modulus of the two outer (first) flange plates with respect to the maxi- 
mum section, and sj’ be the required net section modulus of these plates at their 


a 
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ends. Let S be the total required net section modulus at the center of the rein- 


forced beam. The relation of these quantities will be clear from Fig. 8. Then, 
since the curve BD is a parabola 


or 


U 


_ Ina similar manner the length of any plate may be derived; thus, 


2 = l Suh oi 8 — 
i. 81 + Seb . o5 
Cal ( 5 


To ensure that the reinforcing plates are able to take stress at the points 
where they are first needed, they should be carried past the points of theoretical 
ending a distance sufficient to accommodate at least two transverse rows of rivets. 
The addition of 9 in. at each end of the flange plates will make this possible, for 
the close spacing of rivets usually adopted at the ends of the reinforcing plates. 
Closer spacing at the ends of the plates than at the center is desirable since the 
increment of flange stress per lineal inch of girder is greater near the ends than 
near the center, and since it is well to transfer stress to the flange plates as near 
their ends as. possible in order that they may be fully and uniformly stressed at 
the points where they are most needed. 


(| (2-17, 816.1 bear 


Eg 


Fig. 9.—Details of flange reinforcement for I-beam. 


Illustrative Problem.—Determine the theoretical and practical lengths of the reinforc- 
ing plates in the problem of Art. 12, if the span is 25 ft. 

Net section modulus required at center, with one 74-in. flange hole out = 53.6. 

Effective section modulus of 12-in., 31.8-lb. I with two 1%-in. holes out of tension flange, 
according to Table 4 = (0.808) (36) = 29.1. 

Required net section modulus s1’, of two plates to satisfy requirements at the ends of 
these plates = 53.6 — 29.1 = 24.5. ; 

Theoretical length of flange plates required, 


si! 24.5 
ae iz 53.6 


By making the plates 18 ft. long, or a little more than 6 in. longer at each end, two rows 
of rivets, 3 in. apart, may be driven outside the theoretical point of cut off and at the same 
time sufficient end distance allowed for the plate. The relation of the plates to the primary 
beam may be seen in Fig. 9. , 

13 
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14. Riveting of Reinforcing Plates.—For the adequate attachment of the 
plates to the primary beam, enough rivets should be employed to develop between 
the ends and the center of the span, the total stress that exists in the plates at that 
point. It is sufficiently accurate to assume that the extreme fiber stress obtains 
over the entire net cross-section of the plate at the span center, although at the 
fibers nearest the neutral axis, the intensity of stress is somewhat less than at the 
extreme fibers. The total force to be developed between the end and the center 
of a tension reinforcing plate will, therefore, be the net area multiplied by the 
stipulated extreme fiber stress. On the compression side the area of the plates will 
not be reduced by rivet holes and hence if the plates be the same as on the tension 
side, the average stress over the plate section will be lower, but the total force 
to be provided for will be the same. The number of rivets found for the tension 
side will, therefore, apply also to the compression side. So few are they in rela- 
tion to the length of the plates generally needed that the actual spacing is usually 
dictated by practical requirements such, for example, as that rivet spacing in the 
line of stress must not exceed 16 times the thickness of the outside plate nor 6 in. 
in any case. 


Illustrative Problem.—Determine the correct rivet spacing in the reinforcing plates of 
the preceding problem, if the safe shearing and bearing stresses on rivets are 10,000 and 
20,000 lb. per sq. in. respectively, and the spacing in the line of stress must not exceed 16 
times the thickness of the reinforcing plate, nor 6 in. 

Net section of one 6 X 3-in. plate = [6 — 1(0.875)](0.375) = 1.92 sq. in. Hence 
safe tensile strength = (1.92)(16,000) = 30,700 lb. 

Least value of 34-in. rivet bearing on 3-in. plate-or 9{é-in. flange of beam is the single 
shear value = (0.44)(10,000) = 4,400 Ib. 

Number of rivets required in one plate from end to center to develop stress at center = 
30,700/4,400 = 7. This would give an average spacing of about 114 ft. even though the 
rivets are staggered, and hence the rule that the spacing must not exceed 16 = (16) (34) = 
6 in. becomes operative. Beginning at a point 3 in. on each side of the center line, the 
rivets will be staggered 6 in. apart for 7 ft. 6 in. and then a closer spacing will be used for 
the remaining distance, as shown in Fig. 9. This closer spacing is desirable since the 
increment of flange stress per lineal inch is much greater near the ends of the girder than 
near the center. 


15. Proportioning for Flange Buckling.—In proportioning beams for bending 
moment, it is unsafe to use without reduction, the permissible extreme fiber stress 
given in specifications if the compression flange is unsupported laterally for a 
distance exceeding about 10 or 15 times the width of flange. This source of 
weakness arises from the fact that the compression flange acts in some measure 
as a column and, like a column, tends to fail by buckling sidewise between points 
of lateral support. It is not free to do so, however, to the same extent as a 
column, by reason of the fact that Loth the web and the tension flange tend, with 
an effect that depends largely on the depth of the beam and the web thickness, to 
hold it in.a straight line. If the web is very deep and thin, it obviously could 
afford relatively small support to the compression flange and could transmit but 
little support from the tension flange. ; 

The compression flange differs from a column also in the manner of loading. 
A column receives its loading at one point, or a group of points, near the top. 
If the load be concentric, there is, then, neglecting the buckling stress, a uniformly 
distributed stress over the cross section from one end to the other. The com- 
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pression flange of a beam, however, receives its loading at innumerable points 
from one end to the Raneerous section, or if it be a restrained beam, from the 
point of inflection to the dangerous section. 

Early efforts to formulate rules for reducing the permissible ath stress 

_ to compensate for the buckling tendency in compression flanges were based upon 
unsatisfactory experimental evidence, as was pointed out by R. Fleming in an 
excellent discussion of the subject in Engineering News, April 6, 1916. 

The Pencoyd rule, adopted in the Bethlehem, Jones & Laughlin, Phoenix and 
several other handbooks was based more on judgment than on actual tests. As 
will be seen from Table 5, no reduction of bending strength is required by this 
rule where the ratio of unsupported length to width of compression flange does 
not exceed 20. A reduction of 10 per cent for each additional 10 flange-widths 
of length is recommended up to 70 flange-widths where the table stops. This 


rule is the most lenient in common use. 
18,000 


te 
zr 3,000 b? 
found by considering the top flange a strut of rectangular cross section of width 
b, sufficiently supported by the web and tension flange to warrant a fiber stress 
of 18,000 lb. per sq. in. for short lengths. Applying the Rankine formula for 
fixed ends, p = ee and replacing r? by the Cambria formula was 
1 + 3600072 
derived. According to this formula, a fiber stress of 16,000 lb. per sq. in. would 


A basis for the Cambria formula, p = »given in Table 5, was 


be attained at a value of : = 19.37 and therefore no reduction is necessary with 
ratios of less than approximately 20 flange-widths. 
The Carnegie formula, recommended since 1913, p = 19,000 — 3005 is an 


l 
approximate application of the column formula p = 19,000 — 1007, to the com- 


pression flange, considering it as a rectangle. Reduction begins at 10 flange- 
widths and no beam is allowed to have an unsupported length exceeding 40 
flange-widths, a restriction of greater severity than had till that time been cus- 


tomarily imposed. 
Two characteristic reduction formulas for railway bridge work are; the 


. l 
American Railway Engineering Association formula, p = 14,200 — 200 5 and the 
: l 
Canadian Engineering Standards Association formula, p = 16,000 — 200 3 No 


maximum allowable value of ; d ; Without reduction is specified in either case, but 


beams of greater length ae 20 ft. without lateral support are not allowed. 
The first is included in Table 5 for purposes of comparison, although it is intended 
only for plate girder flanges. The second applies to ei‘her. 

R. Fleming recommends in Engineering News-Record, Feb. 24, 1921, that 
the permissible flexural stress for beams over 10 in. deep, and for plate girders 


without cover plates, be p = 19,000 — 250 : while for beams 10 in. deep, and 
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under, and for plate girders with covers, p = 19,000 — 2255 is recommended. 


If the compression flange is rigidly held at the ends, the length to be taken is 3% 
the span. 

A valuable study of flange buckling made by H. F. Moore was reported in 1913 
in Bulletin 68 of the University of Illinois Engineering Experiment Station. 
From theoretical considerations and from a study of all available tests, Mr. Moore 
concluded that the ultimate fiber stress for steel I-beams not restrained against 
sidewise buckling of the compression flange, is given by the formula f; = 40,000 


Penue p : 
— 60 7? where f; = extreme fiber stress in lb. per sq. in. computed by the usual 


flexure formula, 7 = span of beam in inches, 7’ = radius of gyration of the I-sec- 
tion about a gravity axis parallel to the web, and m = a coefficient dependent 
upon the end conditions and method of loading, ml being an equivalent column 
length. Values of m vary from 1.0 for a cantilever beam with an end load to 0.25 
for a fixed-ended beam with a mid-point load. For a simple beam with uniform 
load, it is 0.667, while for a simple beam with a single concentrated load at any 
point of the span, it is 0.50. 

From the above formula for ultimate flexural stress, it is possible to derive 
a working formula with a fairly satisfactory basis in actual experimental results. 
If r’ be considered as equal to 0.20 ), which is a very close average value, and the 
maximum listed value of m be taken, that is 1, then the formula for ultimate 


buckling strength becomes f: = 40,000 — 300 _ Applying a factor of safety 


of 214—a reasonable one in column design and sufficiently severe in the present 
case if m be taken at its extreme value of 1—there results the working formula p 
l 


= 16,000 — 120 b The test results indicate that such a formula should be applied 
for all ratios of : up to the arbitrary limit for the ratio set by good practice. It 


is recommended that the latter do not exceed 50. 
In Table 5 the permissible stresses on compression flanges given by the for- 


mulas discussed above are listed for values of : from 15 to the upper limit allowed. 


From this it is seen that for short unsupported lengths, disregarding the A.R.E.A. 
formula which applies to plate girders only, the C.E.S.A. formula is the most 
severe, while for long lengths the Carnegie formula is the most severe. Inthe case 
of the A.R.E.A. formula, considerable weight was given to recent experimental 
evidence of low strength of short length columns and to the fact that the top 
flanges of through plate girder spans may be indifferently braced. In view of 
Moore’s investigations, the low values given by the Carnegie formula for high 
width ratios appear unwarranted. In the case of the recommended formula, 
the necessity for applying the reduction to beams without lateral support for all 


values of * from zero to 50, might appear to be severe for beams with width ratios 


under 10 or 15, for which some formulas permit the specified working stress with- 
out reduction. In practice, however, if a beam is supported at intervals of less 
than 10 or 15 times the flange width, it is likely to be supported continuously, 
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by flooring or other construction furnishing effective restraint against lateral 
buckling, and justifying the employment of the full working stress. 

To apply the recommended formula when using tables of safe capacity of 
beams based on an extreme fiber stress of 16,000 lb. per sq. in., the tested loads 
may be multiplied by the following reduction factors: 
ce Te ee 


; Reduction factor . Reduction factor 
0 1.000 30 0.774 

10 0.924 35 0.737 

15 0.887 40 0.700 

20 0.850 45 0.662 

25 0.812 50 0.625 


Illustrative Problem.—A 20-in., 65.4 lb. girder of 21-ft. span carries a load of 20,000 
lb. at each of the third points. If the concentrated loads be considered as including the 
weight of the girder and there be no lateral restraint between the two points of loading, 


1 
express an opinion as to the safety of the girder if p = 16,000 — 120 i 


Moment = (20,000) (7)(12) = 1,680,000 in.-lb. 

Extreme fiber stress = M/S = 1,680,000/116.9 = 14,400 Ib. per sq. in. 

Permissible stress by formula 

p = 16,000 — (120) (84) /6.25 = 14,390 lb. per sq. in. 

As this is almost exactly equal to the existing stress the beam is safe. 

Illustrative Problem.—If the total capacity of an 18-in., 60-lb. I, 17 ft. in span, 
is listed in a handbook as 58,700 lb. with a fiber stress of 16,000 lb. per sq. in., find the safe 
capacity assuming that the beam is without lateral support between its bearings. p = 


16,000 — 1205: 


Width ratio, : = (17) (12) /6.087 = 33.5 


Interpolating in the table of reduction factors, above, 74.8 per cent of the tabular load 
should be regarded as safe, or (0.748) (58,700) = 43,900 lb. 

Wherever a beam must be employed with any considerable portion of its 
length without lateral support, it is advantageous in order to reduce the flange 
buckling stress to select a section with a relatively wide flange. By so doing a 
higher permissible flexural stress may be used than for beams with narrower 
flanges and an important economy effected. 

Care must be taken not to assume a beam as supported against lateral buck- 
ling unless the lateral restraint is known to be effective. Separators between the 
webs of I-beams cannot be regarded as fully supporting the compression flange, 
particularly if they be of the gas-pipe type. Tie rods and sag rods have small 
value in preventing the compression flange from buckling under overload. 

16. Proportioning for Shear.—When a rolled beam or channel is proportioned 
to be sufficiently strong in flexure, it will generally be adequate also for both 
vertical and horizontal shearing stresses, so that there is usually no necessity of 
investigating the shearing capacity of the beam. If, however, the span of the 
beam be short in relation to its depth and it is loaded to capacity in bending, 
the shearing stresses may be excessive. Such beams should consequently be 
investigated for shear. 
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Analysis of the internal stresses in a beam! shows that the intensity of either 
the vertical or the horizontal shearing stress at any point on any cross section 
may be expressed by the formula 


ce as (1) 


_ where Q = the statical moment of the area on one side of the point considered, 
about the neutral axis; V = total vertical shear; J = moment of inertia of the 
section; and ¢ = thickness of section at the 
point. It has also been established that for, 
an I-section, by far the greater part of the 
total vertical shear is resisted by the web and 
that no material error is committed by con- 
sidering that the web resists all of it. 

16a. Vertical Shearing Stress.— 
While for many purposes it is sufficiently 
accurate to assume the total vertical shear to 
be uniformly distributed over the web, con- 
sidering the web area to be the extreme depth 
of the beam multiplied by the web thickness, 
the error involved, which is on the side of 
weakness, must be offset by the use of alow 
working stress in shear. In cases of close 
designing or investigation of seriously over- 
loaded beams, the design for shear should 5, 19 Calculation of true ering 
be on the basis of the correct theory. stress at neutral axis of an I-beam. 


Illustrative Problem.—Find the maximum intensity of the shearing stress on the web 
of a 12-in., 28.5-lb. Bethlehem I-beam of 12-ft. span carrying a total uniformly distributed 
load of 32,000 lb., and compare it with the average stress assuming the total shear to be 
uniformly distributed over the web. 

As the maximum stress will be at the neutral axis, Q is to be taken for half the cross- 
sectional area. 


Q for flange rectangle (Fig. 10) = (6.12) (0.33) (5.835) = 11.80 

Q for 2 flange triangles = (2.935) (0.30) (5.57) = 4.90 

Q for half web = (5.67) (0.25) (2.835) 4 2) 
Total statical moment ie Oa 
Moment of inertia, J of beam Fy = 216.2 
End shear = 32,000/2 = 16,000 lb. 


Shearing stress, horizontal or vertical, at neutral axis 
-_ (20.72) (16,000) 
“~~ (216.2) (0:26) 
Assuming the total shear as uniformly distributed over the web 
16,000 : 
= 2 lb. eat 
v (12) (0.25) 5,333 per sq. in 


The actual stress is, therefore, 15.0 per cent in excess of the average. 


= 6,130 lb. per sq. in. 


To simplify the design of beams for shear by the accurate formula, Table 6 
has been prepared. It contains for a wide range of rolled I-beams, girder beams 
and channels the following quantities: 


1 See Sec. 1, Art. 51. 
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Tapte 6.—RELATION or TRuE Maximum Sumarine Stress TO AVERAGE SHDARING 
Srress FoR RoLtLED BraMs, GIRDERS AND CHANNELS 


Maximum stress, Um = 7; V 


Average stress, ¥a = - V 
ieee Se LSS Re 
Statical Statical 
moment Excess moment oe 
: of 4 of Um f of 4 of Um 
Section SSE Q ab. Boone ae gross area 2 3 OVer Va 
(in.) (Ib.) aWeden Vee Cer in.) Ib.) about (per 
neutral cent) neutral cent) 
axis, Q axis, Q 
Standard and 26 X 90.0 133.4 /0.098/0.083} 17.4 
Carnegie 28 X 105.0 167.0 |0.083/0.072} 16.2 
I-beams 380 X 120.0 204.2 |0.072)0.062| 16.9 
SG Deal, 0.96 |2.26 |1.96 15.3 Bethlehem 
Soni 1.16 |1.15 |0.96 20.3 girder beams 
6X 12.5 4.1 |0.83 |0.73 13.9 8X 32.5 16.4 |0.50 |0.43 14.9 
6X 17.25 5.2 |0.43 |0.36 19.6 9X 38.0 21.7 |0.42 |0. 37 14.2 
7X 15.3 5.9 |0.66 |0. 57 14.9 10 X 44.0 27.8 10.37 |0.32 13.5 
7X 20.0 7.2 0.388 |0: 32 19.8 12% 55.0 41.0 |0.26 |0. 23 14.3 
Si eel) 8.1 |0.63 |0. 57 11.5 12 X 70.0 51.9 |0.21 |0.18 15.6 
8X 18.4 8.2 10.53 19.46 14.8 LSS 330) 67.5 |0.18 |0.16 14.8 
8X 25.5 10.3 |0.28 |0. 24 20.1 15 X 140.0 125.8 |0.10 |0.083; 18.5 
Oe PANES 10.8 |0.44 |0.38 14.9 18 X 92.0 101.3 |0.13 |0. 12 14.6 
9X 35.0 15.2° |0519) |0. 15 23.0 20 X 112.0 134.7 |0.10 |0.091| 14.8 
10 X 25.4 14.0 |0.37 |0. 32 15.0 20-x< 140.0 169.4 |0.090/0.078} 15.3 
10 X 40.0 19.4 |0.17 |0.14 22.8 24 X 120.0 172.9 |0.090|0.079} 14.9 
12 X 31.8 20.8 |0.28 |0. 24 15.6 24 X 140.0 201.2 j0.080/0.070) 14.7 
12 xX 55.0 32.5 |0.13 |0.10 21.8 26 X 150.0 229.6 |0.071|0.061] 15.7 
15 X 42.9 34.3 |0.19 |0.16 16.2 26 X 160.0 248.8 |0.070/0.061} 14.9 
15 X 75.0 55.7 |0.093/0.077| 21.4 28 X 165.0 271.9 |0.063/0.054} 16.0 
18 X 54.7 51.6 |0.14 |0.12 16.9 30 X 180.0 317.1 |0.056/0.048} 15.9 
18 X 90.0 83.0 |0.083/0.070| 18.6 30 X 200.0 353.3 |0.052/0.044; 16.0 
20 X 65.4 68.5 |0.12 |0.10 Wy 2 Standard 
20 X 100.0 99.4 |0.069|0.057} 20.5 channels 
24 xX 79.9 101.4 |0.097/0.083] 16.2 ORC ail 0.65 |2.40 |1.96 22 
24 X 100.0 119.1 |0.067|0.056) 20.4 oO GAO 0.86 |1.15 |0. 93 24.5 
27 X 90.0 126.2 |0.082/0. 07 15.4 6X 8.2 2.6 |0.99 |0.83 18.5 
Bethlehem 6X 15.5 4.2 10.38 |0.30 28.6 
I-beams T= 29.8 3.6 |0.80 |0.68 18.0 
10 X 23.5 14.1 |0.46 |0.40 15.0 Coe 19RTS 6.1 |0.30 |0. 23 29.8 
10 X -28.5 15.9 |0.30 |0. 26 18.2 Se Ke Miler: 4.8 |0.67 |0.57 18.4 
12 X 28.5 20.7 |0.38 |0.33 15.0 Si Ge2In25 7.6 |0.28 |0. 22 28.7 
12 X 36.0 25.9 |0.31 |0.27 15.4 9X 13.4 6.2 |0.57 |0.48 18.3 
15 X 38.0 34.0 |0.27 |0.23 15.3 9X 25.0 10.1 |0.23 |0.18 28.4 
15 X 71.0 62.9 |0.15 |0.13 18.7 10X 15.3 ~ 7.9 10.49 10.42 18.2 
18 X 48.5 49.2 |0.19 |0.17 10.8 10 X 35.0 15.2 |0.16 |0.12 31.3 
18 X 59.0 56.3 |0.13 |0.11 15.0 12 X 20.7 12.7 |0.35 |0. 29 21.0 
20 X 59.0 68.0 |0.15 |0.13 15.9 12x 40.0 21.2 |0.14 |0.11 29.0 
20 X 82.0 92.1 |0.10 |0.088) 18.1 15 X 33.9 25.2 10.20 |0.17 21.0 
24 X 73.0 101.0 |0.12 |0.11 15.8 15 X 55.0 36.9 {0.11 |0.082|} 28.9 
24 X 84.0 115.9 |0.106/0.091| 16.7 
a 
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(1) The statical moment, Q, of one-half of the gross area of the section about 
the neutral axis. 


(2) The coefficient %, by which the total vertical shear, V, is to be multiplied 
to give the maximum shéaring stress, vm, according to the exact theory. 
: f é : 

(8) The coefficient at’ by which the total vertical shear, V, is to be multiplied 


to give the approximate, or average, shearing stress, Va, assuming that the total 
shear, V, is uniformly distributed over the web area dt. 

(4) The percentage by which the true maximum shearing stress exceeds the 
approximate or average shearing stress. 

While in general only two places of decimals have been given for the coeffi- 


f 1 : 
cients 2 and ae the percentages in the last column were calculated from coeffi- 


cients with three places of decimals. The sections for which the quantities have 
been listed are, in most cases, the minimum and maximum weights rolled for 
each depth. The values for intermediate sections can be approximated by inter- 
polating in the following manner: 
Where sections are of the same section index or number, being produced by 


> the same rolls through slightly varying their distances apart, the figures for 


sections of the same depth as those listed, but of intermediate weight, may be 
determined on the basis of relative weights. Thus, the widening of the rolls a 
distance A, increases the statical moment by 


AQ = 4 ai(2)’ 


' where dis the depth of the beam, or decreases it if At be regarded as the narrowing 
~ of the rolls from the width required for an upper weight section. Having the 
figures in the table for any beam of the same section number as that being investi- 
gated, the percentage change in Q, or the value of Q for the section in hand, may 


be found. ‘The value of the coefficient S is then easily determined by dividing Q 


vise oe . 
- by quantities found in the handbooks. As the coefficient as readily found for 


any beam, the excess of the maximum over the average shearing stress is easily 

determined. 
Table 6 may be used in any one of several ways. ‘The true maximum shearing 

stress, Um, may be obtained by multiplying the total shearing force, V, by the 


appropriate coefficient : » interpolating as explained between the values given for 


intermediate weights of sections. The average shearing stress, Vs, may be 
obtained in similar manner by multiplying the shearing force, V, by the coefficient 


5 From this approximate stress the true maximum stress may be obtained by 
increasing the former by the appropriate percentage in the last column, or by a 
percentage obtained by proper interpolation. 

An examination of the table shows that the true maximum stresses exceed the 
average or approximate stresses by from about 10 to 30 per cent, and generally 
from 15 to 20 per cent. The error involved in using the approximate method of 
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design is greater for the maximum weights of sections than for the minimum 

weights. This is because the former section approaches the rectangle more nearly 
than the latter. Particularly large differences occur for the maximum weights of 
channels in each depth, reaching in one case over 31 per cent. By reason of the 
fact that there is less difference in weight between the minimum and maximum 
Bethlehem sections for a given depth, the percentage excess of true over approxi- 
mate stresses is more nearly constant than for standard sections. 


Illustrative Problem.—The maximum shear on a 9-in., 25-lb. I-beam is 35,000 Ib. 
Compute the true maximum shearing stress on the cecumeostion® 

Since for a 9-in., 25-lb. I the increment to the statical moment 10.8 (Table 6) for a 9-in., 
21.8-lb. I is 


hoe war()° = (34)(0.107) (4.5)? = 1.1 
the statical moment for the heavier beam becomes 10.8 + 1.1 = 11.9. 


The coefficient © i is, therefore, ° 


11.9 
(91.4) (0.397) 
and the maximum shearing stress 


= (0.328)(V) = (0.328) (35,000) = 11,531 lb. per sq. in. 


= 0.328 


166. Horizontal Shearing Stress.—Since the horizontal and vertical 
shearing stresses at a point are equal, the maximum horizontal shearing stress 
occurs, as does the maximum vertical shearing stress, at the neutral axis of the © 
beam. The calculation of its intensity at amy-point may be made in precisely 
the same manner as for the vertical shearing stress. Unlike timber, steel is able 
to take shearing stresses almost equally well in all directions—at least near 
enough so for purposes of ordinary design. ‘The presence of possible horizontal 
lines of rivet holes along or near the neutral axis may render the beam weaker in 
horizontal shear than in vertical shear. 

16c. Permissible Shearing Stress.—In proportioning steel beams for 
shear, it is commonly specified that the shearing stress on the gross section of the 
web considered as uniformly distributed shall not exceed 10,000 lb. per sq. in., 
or 62.5 per cent of the customary permissible tensile stress. Since the ultimate 
shearing strength of structural steel is about 75 per cent of the ultimate tensile 
strength, the shearing unit stress might appear too low. However, the shearing 
stress is really not uniformly distributed and since the presence of holes in the web 
somewhat reduces its strength, the unit is seen to be justifiable. More conserva- 
tive specifications fix the safe shearing stress at 10,000 lb. per sq. in. on net area. 
In either case the gross area is taken as dt, where d = extreme depth of beam and 

= thickness of web. 

The effect of lines of holes in the plane of shear considered is, of course, to 
weaken the section to a degree proportionate to the number and size of the holes. 
If, for example, a vertical line of 1-in. holes 4 in. apart center to center lies on 
the section being investigated, the area has been reduced 25 per cent and the 
statical moment by an equal amount. The moment of inertia of the web, if 
deep, is reduced in approximately the same ratio, so that the shearing stresses 
would be increased approximately in the same ratio as the area is decreased. 
For a further discussion of this point see Art. 41. 
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To facilitate the design of beams for shear by the approximate or average 
method, tables of the safe shearing capacity of rolled beams are inserted in the 
handbooks. In the tables of safe bending loads the upper limit of loads beyond 
which excessive shearing stresses (or really web crippling stresses) would be 
produced are indicated, thus making it easy to avoid sections weak in shear. 
~ No provision for loss of section by holes is made except in the lowness of the 
prescribed working stress. 


_ Illustrative Problem.—If the permissible shearing stress on the webs of beams is 10,000 
Ib. per sq. in., gross area considered as uniformly distributed, report on the safety in shear 
of a 15-in., 42.9-lb. I-beam supporting a total uniformly distributed load of 150,000 lb. 


Total end shear, V = (34)(150,000) = 75,000 Ib. 
Gross area of web = (15)(0.410) = 6.15 sq. in. 


Average shearing stress on web = 75,000/6.15 = 12,200 lb. per sq. in. As this is 
greater than the prescribed shearing stress, the beam is unsafe in shear. A 15-in., 50-lb. 
I with a }4-in. web would be adequate. 


17. Diagonal Buckling of Web.—Although the web of a beam may be safe 
so far as either vertical or horizontal shearing stresses are concerned, it may be 
unsafe for the resistance of the diagonal compression resulting from a combina- 
tion of shearing and flexural stresses. As has been shown elsewhere in this 
volume, both the magnitude and the direction of the resultant compressive 
stress at a point depends on the relative intensities of these two kinds of stress. 
If fm = the maximum compressive or tensile stress at any point on either side of 
the neutral axis; f = the flexural stress at the point; and v = the shearing stress; 
then, as has been shown,! 


in SEVER HO 


The positive sign is to be used for compressive stresses above the neutral axis and 
for tensile stresses below it, the negative sign is for tensile stresses above and 
compressive stresses below the neutral axis. 

At the center section of a uniformly loaded beam, the shear is zero and the 
resultant stress at any point on the section is horizontal. On the other hand, near 
the support, the flexural stress, f, approaches zero and the resultant diagonal 
stress makes an angle of nearly 45 deg. with the horizontal throughout the 
greater part of the depth of the beam. For beams carrying concentrated loads, 
the shear may be practically constant, and very near its maximum for a large 
portion, or perhaps all, of its length. In such cases, therefore, the highest ~ 
diagonal stresses are likely to occur near the section of maximum moment. Such 
is also true for cantilever, restrained, and continuous beams. - 

The maximum diagonal compression existing in the web is particularly 
likely to arise at some point near the junction of the web with the flanges, where 
a large flexural stress is augmented by the shearing stress. At the ends of 
beams of ordinary length, the diagonal compressive stress may not be so large 
as exists at points near the center, but if the beam be short and the shearing 
stresses heavy, the critical region so far as web crippling is concerned is likely 
to be near a support. Near this point the diagonal compression throughout the 
depth of the beam may be regarded as equal in intensity to the vertical or hori- 


1See Sec. 1, Art. 53. 
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zontal shearing stress and as making an angle of 45 deg. with the neutral axis 
relations that are exactly true at the neutral axis. 

Because of its relative thinness, the web of a beam tends to buckle or cripple 
under the action of the diagonal compressive stresses, but such action cannot 
proceed in the same manner as if the strip of web under consideration were an 
isolated bar of metal. At right angles to the strip there are tensile stresses 
which at the neutral axis have a magnitude equal to the compressive stresses, 
tending to restrain the strip from buckling, and it is therefore in a more favorable 
condition than a true column. 

A rational method of proportioning a beam so that the compressive stresses 
in the web will not cause failure through buckling, is that followed in the Cambria 
handbook. It is assumed that the safe stress on a strip of web making an angle 
of 45 deg. with the neutral axis is represented fairly by the Rankine formula for 


fixed-ended columns, 
12,000 


[2 
pat 36,000r? 


where p = safe compressive stress in lb. per sq. in. 
l = length of diagonal strip between fillets. 
r = radius of gyration of the web normal to its plane. 
If h = the clear vertical distance between fillets, and t = thickness of web, 


(i he (1) 


If the equality of shearing and diagonal compressive stresses which exists at the 
' neutral axis is assumed to hold throughout the depth of the beam, the average 
shearing stress in the beam web should also incidentally not exceed p, and so web 
crippling may be conveniently provided for by ensuring that the average shearing 
stress comes within the requirement of Formula (1). This stress is to be regarded 
as uniformly distributed over the area dt, where d = the depth of the beam. 


By applying the Carnegie column formula, p = 19,000 — 100 : to a diagonal 


strip of web in the same manner as above, the formula for the safe shearing stress 
based on diagonal buckling becomes 
h 


p = 19,000 — 4905, (2) 
The American Railway Engineering Association formula, p= 15,000 — 50 
l 
7 becomes 
p = 15,000 — 245" (3) 


The A.R.E.A. formula for-safe compressive resistance of webs on which the 
formula for stiffener spacing is based may also be-adapted to apply to the webs 
of beams. This formula, to which reference is made in Art. 52, is 


p = 12,000 — 40° 
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where d = the distance between rivet lines of stiffeners in inches, and p and ¢ are 
as previously defined. For the average case, d is approximately 1.07 h’, where h’ 
is the clear distance between stiffeners, and if the measurement be a vertical one, 
d, the distance between near lines of rivets, is also approximately 1.07h, where h 
_ 1s the clear distance between flange angles. Consequently, the above formula 


3 h 
when expressed in terms of 7 becomes 


p = 12,000 — 43" (4) 
A study of web crippling of I-beams was made by H. F. Moore in Bulletin 
No. 68 of the University of Illinois Engineering Experiment Station in connection 
with a general inquiry into the strength of I-beams in flexure. This study was 
continued by Mr. Moore and W. M. Wilson in Bulletin 86 of the same series. 
From the records of web failures there presented, the diagonal compressive 
stresses at mid-web accompanying failure and the ratio of the depth of the web 
between fillets to its thickness are seen to be as follows: 


£ Computed i Computed 
Thick- diagonal Thick: incon! 
ness | compressive ness | compressive 
Size of beam ratio stress at Size of beam ratio stress at 
of web mid+web of web mid-web 
h h 
= (Ib. per = (Ib. per 
t 5 t i 
sq. in.) sq. in.) 
Bulletin 68; Bulletin 86: 
12-in., S18-Ib, I... 0+. 30.1 25,800 12-in. (web planed thin).| 48.0 18,700 
12-in., 31.8-lb. I (web 12-in. (web planed thin).| 55.0 19,500 
planed thin).........%- 37.4 27,200 24-in. special built-up 
12-in., 31.8-in. I (web SITET cg sctereustes cee 101.0 20, 000 
F planed. thin)\sc.s02 sf. > 55.3 27 , 400 12-in. (web planed thin).| 56.0 17,300 
12-in., 31.8-lb. I (web 12-in. (web planed thin).| 53.0 |, 17,100 
planed thin) .2....... 65.9 21,400 12-in. (web planed thin).} 52.0 18 ,300 
30-in., 175-lb. Bethlehem 12-in. (web planed thin).| 54.0 18,800 
girder beam.......... 38.6 14,800 24-in. special built-up 
20-in. special built-up PITUESL cole cree 101.0 22,200 
UTLOT sie isteveshersl onsi scams 99.7 26,500 


In Fig. 11 the diagonal compressive stresses at failure divided by 234—a 
reasonable factor of safety for columns—have been plotted with respect to the _ 
thickness ratio of the web, h/t. Except for the extraordinary strength of the 
special built-up girders, the general trend is clearly downward with increasing 
thickness ratio. on 

On this diagram several formulas for permissible stresses in web crippling have 
been plotted. The Euler formula for fixed ends, assuming Es 28,000,000 lb. 
per sq. in., has been expressed in terms of the thickness ratio h/t and divided by 
234, to give the plotted working formula 

_ 16,700,000 


Oe 
t 


This formula fits the results for the lower values of h/t very well, but gives stresses 
that are too low for the higher values of h/t. 
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The Cambria formula (1), when plotted in relation to the tests appears to be 
too severe. 

The adapted Carnegie formula (2) when plotted shows relatively very low 
values and the adapted A.R.E.A. formula (3) values that are nearly as 
low. The A.R.E.A. stiffener formula (4) gives values that appear too high for I- 
beams. None of these formulas conform at all closely with all the test results 
shown. 

A straight line formula with two segments might be made to conform very 
well to the test results for I-beams without departing too radically from accepted 
practice. Such a formula has also, as compared with those of the Euler or the 


/€,000, 


N 
S 
S 


3 


Diagonal compressive stress at failure =C4 
~~ 
8 
S 


S 
8 
ag 
se 
BEBE 


Q 

8 

S 
ae 


4000 


O /0 20 JO FO 30 GO 70 G0 90 
Values of 2 


Fig. 11.—Safe diagonal compressive stress on webs of I-beams based on analysis of test 
results. 


Rankine type, the merit of greater simplicity. It is recommended that for 
values of h/t up to 60, the following working formula be used: 


p = 15,000 — 150 ; (6) 
For values of h/t over 60, a reasonable formula would be 
h 
» = 10,200 — 70 P (7) 


The relation of the graph of these formulas to the tests and to other formulas is 
shown in Fig. 11. 

If the shearing stress on a given beam is found to be in excess of that permitted 
by the particular web crippling formula used, the difficulty is best met by selecting 
a beam with a thicker web. It is not economical to use stiffeners to stay the 
webs of rolled beams, although it may be for plate girders, and the reinforcement 
of the web by riveting plates to it is only justifiable where the rolled section used 
is the heaviest available. 
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Illustrative Problem.—A 12-in., 31.8-lb. I carries a total uniformly distributed load 


of 70,000 lb. Investigate its safety against web crippling using the Cambria formula. 
Thickness of web = 0.35 in. 


: 35,000 
Average shearing stress on web = G2) (0.35) = 8,340 lb. per sq. in. 


Clear distance between fillets = 9.75 in. 

Safe shearing stress to provide against web crippling is 

__ 12,000 
(9.75)? 

Aart (1,500) (0.35) 2 

Hence the beam is not safe, according to the specification. A beam with a thicker web 

should be selected. 

Illustrative Problem.—Select a 15-in. I-beam capable of taking safely an end shear of 
50,000 lb. without giving rise to dangerous web crippling stresses, according to Formulas 
(6) and (7). 

Assume a 15-in., 37.3-lb. Carnegie I. Area of web = (15)(0.332) = 4.98 sq. in. 
Average shearing stress = 50,000/4.98 = 10,050 lb. per sq. in. 


= 7,900 lb. per sq. in. 


os 5 F E 12:25 
Permissible shearing stress (based on web crippling) = p = 15,000 — (150) eS) = 
: ; h, 
9,460 lb. per sq. in., using Formula (6) which applies, as 7 is less than 60. 
The section is, therefore, not quite adequate. 
Assume a 15-in., 41-lb. Bethlehem I. 
Average shearing stress = 50,000/(15) (0.34) = 9,800 1b. persq.in. Permissible shear- 


12.875 
ing stress = 15,000 — (150) Oa _ = 9,3201b. persq. in. This section is also slightly 


below the requirement for web crippling. 
Try a 15-in., 42.9-lb. Carnegie I. Average shearing stress = 50,000/(15)(0.41) = 


12.50 
8,130 lb. per sq. in. Permissible shearing stress = 15,000 — (150) (23°) = 10,430 lb. 


per sq.in. This section is adequate. 


18. Vertical Buckling of Web.— While the diagonal buckling effect in the web 
considered above exists and must be provided for even at points remote from the 
-supports or from concentrated loads, a beam to be safe, so far as the web is con- 
cerned, must be capable of safely withstanding concentrated loads or loads 
distributed over only a short length of the beam. Concentrated loads may be 
applied to the compression flange, to the web by means of brackets or connection 
angles, or, as occurs in every beam no matter how loaded, as a vertical (and usu- 
ally upward) load at the support. 

Based upon a series of unpublished tests on beams of various depths and web 
thicknesses, the safe end reaction F and the safe interior concentrated load W are 
given in the Carnegie Pocket Companion. The formulas, with slight modifica-— 
tion, are as follows: ; 


R = pt ( a+ “) (1) 
d ’ 
W = pt (a, a °) (2) 
In these formulas, t = web thickness, d = depth of beam, a = distance over 
which reaction is applied, a1 = distance over which concentrated load is applied, 


d , oe 
-p = safe compressive resistance of web = 19,000 — 173 is This permissible 


stress is not limited to 13,000 lb. per sq. in. in the tables of allowable buckling 
resistance given in Carnegie. 
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An examination of these formulas indicates that they are based on the concep- 
tion of the vertical loads R or W being resisted through column action by a section 
of the web of height d and width parallel to the beam equal to the distance (a or 
a1) over which the load is applied plus one-quarter of the depth of the beam in the 
case of the reaction, or one-half the depth of the beam in the case of an interior 
load. Formula (2) is supposed to apply strictly only to the case of a single load 
concentrated at the center of the span. Some designers prefer the more conserva- 
tive rule of considering the effective strip of the web as equal to not over the length 
of bearing of the load. The permissible compressive stress in the above formulas 
is based on the Carnegie column formula 


p = 19,000 — 100° 


1 being taken as d/2, since the compression in the strip of web is not constant 
throughout its depth, but varies from a maximum at one end to zero at the other. 
It is, however, more convenient to base the formula on d/t than on d/r. 

In a similar manner other web buckling formulas might be evolved using any 
accepted column formula as the basis—for example, the formula of the American 


Railway Engineering Association 


p = 15,000 — 50" 


Letting 1 = d/2 andr = +/3{ot, the safe buckling resistance of the web would be 
p = 15,000 — 874 (3) 


The width of the column might be assumed as the length of bearing of the load 
plus any approved fraction of the depth of the beam. 


By replacing d in the Carnegie formula, p = 19,000 — 1734 and in the 
d F : 
adapted A.R.E.A. formula p = 15,000 — 87 by its approximate average value 


in terms of h—that is 1.25 h—these formulas in terms off become respectively 
h 


p = 19,000 — 2167 (4) 
and a 
h 
p = 15,000 — 109; (5) 


Although Formulas (6) and (7) of Art. 17 are intended to give only the safe 
diagonal buckling stress, they are sufficiently severe to be applied to vertical 


: h 
buckling. Up toa value of rar 60, Formula (6) of Art. 17, that is 


p = 15,000 — 150) 


gives smaller values of the permissible compressive stress than do Formulas (4) 
and (5) of this article. 

Due to exceptionally heavy concentrated loads applied to the compression 
flange, or perhaps even to the web itself, the thickness of web, although possibly 
adequate for ordinary diagonal compression arising from the combination of 
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shearing and flexural stresses, may need to be increased. An alternative pro- 
cedure is to use stiffeners or to reinforce the web immediately under the load. 
For rolled beams it is generally desirable to use a beam with a thicker web, where 
such does not involve a very great increase in weight, rather than to use stiffeners. 
Reinforcement of the web is adopted only where certain restrictions respecting 
depth or availability of sections make the employment of a given section necessary. 


Illustrative Problem.—A rolled beam resting on two columns 20 ft. apart supports two 
symmetrically placed loads of 70,000 lb., each 1.5 ft. from the supports, as shown in Fig. 12. 
Find the required size of the beam, if the permissible stresses are as follows: Flexure, 
16,000 lb. per sq. in.; maximum shearing stress at neutral axis, 12,000 lb. per sq. in.; 


' average shearing stress based on diagonal web buckling, p = he maximum 
US oa 

vertical compression at support to be 

according to Carnegie formula (1) of this 

article. Assume a 12-in. support. 

Assume an 18-in., 48.2-lb. I, having web 
thickness of 0.38 in. and section modulus of 
81.9. 

Maximum moment due to concentrated 
loading = (70,000) (1.5) = 105,000 ft.-lb. 

Maximum moment due to weight of 
beam = (34) (48.2) \20)2 = 2,410 ft.-Ib, 

Total maximum moment = (107,410)- 
(12) = 1,289,000 in.-lb. 

Section modulus required 1,289,000 /- 
16,000 = 80.5. The section selected is, 
therefore, adequate for moment. 

Maximum end shear = 70,000 + (10)- 
(48.2) = 70,480 lb. 

Average shearing stress 

_ 70,480 
Se aen1S"5C.0.38) 

Increasing this by correction of 17 per 


cent (Table 6, Art. 16), the maximum Fie. 12.—Shearing and web buckling capacity 
, ; : of I-beam. 


_ _20'0"atoc columns ___ 


= 10,310 lb. per sq. in. 


70 


shearing stress 
Vm = (10,310)(1.17) = 12,070 lb. per sq. in. 


The section is, therefore, sufficiently strong for shear also. 
Safe shearing stress based on diagonal buckling of web 


p= param = 6,000 lb. per sq. in. 
(1,500) (0.38) 2 
This is very much below the existing average shearing stress of 10,310 lb. per sq. in. and 
the section must be increased. 
Try an 18-in., 60-lb. I which has a 0.547-in. web. 
Average shearing stress, taking the revised end shear as 70,700 lb., is 


_ 70,700 
°s * (18) (0.547) 
Safe shearing stress based on buckling diagonally 

aye 12,000 
= on 
ga Ce 
(1,500) (0.547) 2 
This section is, therefore, adequate for diagonal buckling. 
1¢ 


= 7,180 lb. per sq. in. 


~ = 7,900 lb. per sq. in. 
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Vertical compressive stress at support, from Formula (1) 
R 70,700 , 

f= A = 18 = 7,820 lb. per sq. in. 

(a +4) (12 +=) (0.547) 


Permissible vertical compression in web 


d 18 : 
p = 19,000 — 173~ = 19,000 — (173) (saz) = 13,310 Ib. per sq. in. 


which is much greater than the existing stress. 

The 18-in., 60-lb. I is, therefore, adequate in all respects. 

It is assumed that the web is reinforced, if necessary, to take the concentrated super- 
tmposed loads. 

Illustrative Problem.—A 6-in. H-column with a load of 85,000 lb. is supported on the 
top flange of a 20-in., 59-lb. Bethlehem I as shown in Fig. 13. Determine whether the 
web will carry the concentrated load without stiffening or reinforcement if the concen- 
tration be considered to be distributed over a length equal to the width of the column shaft 


d 
ylus one-half the depth of the beam. gp = 19,000 — 173 i (Carnegie formula). 
Length of web over which concentration of 85,000 lb. is concentrated = 6 + 2 = 16in. 
Compressive stress on web 
f 85,000 
nm C6S0:375) 
Permissible compressive stress 


p = 19,000 — (173) ( 


= 14,150 lb. per sq. in. 


(20) 
0.375 
Stiffeners are therefore required under the load. It is reeommended that two 3 xX 
2145 X 3¢-in. angles be placed vertically on each 
side oi the web so that the outstanding 3-in. legs 
are d -sctly under the flanges of the column. 
Four 84-in. rivets in each angle are sufficient, as 
with the stiffeners ground to fit the beam flanges, 
most of the load in them is transferred by end 
bearing. 

Illustrative Problem.—A 15-in., 33.9-lb. 
channel carries at one point the ends of two 


= 9,780 lb. per sq. in. 


Zhy-Gin,. H-beam 


| 85000 /. 


Ground to fit flange 


2017. 5 W1b, 
| Bethlehern 
: 2\— I-beam 


[ZOOO/B, 
3 0001, 


eee M614 xp | t 
L “Ground to fit flange pied 4 +t 
da mop 5% — JP 
ihe ne 2ls-31eb xg 
ciara et allie 
Fig. 138.—Transmission of concentrated Fie. 14.—Transmission of two Denceereied 
load to beam web. loads to web of channel. 


12-in. I-beams in the manner shown in Fig. 14. The reaction of each beam is 13,000 lb. 
Investigate the compressive stresses in the web under the combined load, assuming that 
the compression is distributed over a length of the channel equal to the length of the shelf 


angle. Permissible compressive stress = p = 15,000 — 109 9 the adapted A.R.E.A. 


formula (5). ‘ 
Total concentrated load on 5 in. of web = 26,000 lb. 
Vertical compressive stress in web due to concentration, and neglecting compression 
due to combination of shearing and flexural stresses 
26,000 


= 5)(0.40) ~ 19:000 Ib. per aq. in. 
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Permissible compressive stress on unstiffened web = p = 15,000 — (109) (2 


11,660 lb. per sq. in. It will, therefore, be necessary to stay the web by two stiffener 
angles under the shelf angle, as shown in Fig. 14. These would not be necessary for stiffen- 
ing the shelf angle under the existing load, with an angle 44 in. thick or over, but they are 
required to prevent the web from buckling. Two 3{-in. rivets in each angle under the 
' shelf ‘angle will be sufficient, under any ordinary specification. The stiffeners may be 
two 3 X 216 X 54. in. angles. 

Illustrative Problem.—A double-tier steel grillage carrying a total load (including the 
weight of the 20- X 20-in. column base) of 600,000 lb. has to be made up of 12-in., 31.8-lb. 
I-beams, reinforced if necessary. Three beams, 5 ft. long, constitute the upper tier, and 
7 lines of 8-ft. beams of the same size the lower tier, as shown in Fig. 15. Investigate the 
web crippling and vertical compressive stresses in the beams of the two tiers, assuming that, 


LU 
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Fie. 15.—Shear and web crippling in grillage tier. 


the beams without reinforcement are sufficient for bending moment. es diagonal 

web crippling and web vertical compressive stress = p = 15,000 — 150 - Assume the 

direct compression to be distributed over a length of web equal to the length of bearing. 
Total shear across beams of upper tier at edge of column base = (14)(600,000) = 


200,000 Ib. 
Average shearing stress on unreinforced beam webs 
_ __ 200,000 _ 
~ (3) (12) (0.35) 
Total area of webs of beams of upper tier resisting 600,000-lb. vertical compression, a. 
being 20-in. = (3) (20) (0.35) = 21 sq. in. 
Compressive stress on beam webs f = 600,000/21 a 28,600 lb. per sq. in. 
Permissible shearing stress in order that web crippling stresses may not be excessive, 
and also permissible vertical compressive stress under concentrated loading = p = 


Va = 15,900 lb. per sq. in. 


15,000 — (150) 722). = 10,820 lb. per sq. in. It is thus evident that the beams of the 
; ‘ . . . 
upper tier, without reinforcement, would be overstressed by ordinary web crippling due 


to the combination of shearing and flexural stresses, and very seriously overstressed by the 
direct compression of the column load. 
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Add one 5(¢-in. plate—the thinnest practicable plate—to each side of the web, of 
sufficient width, when ground at the edges, to fit tightly against both upper and lower 
flanges. Thickness of reinforced web = 0.35 + (2)(0.3125) = 0.97 in. 

Average shearing stress on reinforced web now becomes 

200,000 _ ‘ 
Oe. (3) 12) (0.97) = 5,720 lb. per sq. In. 
or much below that allowed. 
Compressive stress on reinforced webs under column base 
7 = 000,000 
~ (8)(20) (0.97) 
9.75 


Permissible compressive stress for reinforced web, p = 15,000 — (150) (2 = 13,490 


= 10,320 lb. per sq. in. 


lp. per sq. in. The reinforcement provided is adequate. 

The reinforced plates may be dispensed with, in theory, at a distance out from the edge 
of the column base where the total shear is such as to give a shearing stress on the rein- 
forced web within the permissible stress given by the formula specified. 

Shearing capacity of three webs = (8) (12) (0.35) (10,820) = 136,400 lb. This shear 
would exist at a distance from the edge of the column base 

136,400 E 
AEE (Ssa-c00) (20) =.6.4 in. 
The plates should, however, be carried far enough beyond this point of theoretical ending 
to accommodate at least one vertical row of rivets, so that the projection would probably 
be at least 11 in. In such cases the plates are often carried to the ends of the beams. 

As the vertical compressive stress at the junction of the web and flange of the unrein- 
forced beam is 28,600 lb. per sq. in. and in excess of the usual permissible stress in bearing— 
20,000 to 24,000 lb. per sq. inthe horizontal edges of the reinforcing plates should be | 
ground to fit both the upper and lower flanges of the beams. 

Since the 5-in. flanges of the 3 lines of beams of the upper tier cross all 7 lines of the 
lower tier, the area of webs of the beams of the lower tier resisting the 600,000-lb. load = 
(21) (5) (0.35) = 36.8 sq. in. 

Compressive stress, f = 600,000/36.8 = 16,300 lb. per sq. in. 

To provide for this vertical compressive stress due to the load from the upper tier, the 
beams of the lower tier would need to be reinforced similarly to those of the upper tier for 
a central length of about 27 in. If beams with heavier webs were available, it would be 
much more economical to employ them. 

The diagonal web crippling stress in this case of the beams of the lower tier is well 
within the permissible limit. 

The reinforcing plates on the webs of the beams should be attached by rivets spaced 
vertically not over 5 in. apart and preferably less. é 


19. Proportioning for Deflection. 

19a. Beams with Constant Section—Although a beam may be 
strong enough to ensure that under the greatest loads ever likely to be applied, 
it will not fail, the proportions may be such as to bring about objectionable and 
even alarming deflection. No harm may come to the beam itself- because of the 
excessive deformation, but any very apparent sag, especially if it visibly increases 
during the imposition of a load, is likely to convey the impression of weakness to 
the observer. It is possible, too, that through large deflections, plastered ceilings 
may be cracked, tile, stone, or concrete floors may open out at the beam supports 
in a direction transverse to the beams, supported walls may crack, glass in nearby 
windows may be broken, doors may jam, or shafting or attached equipment or 
machinery may be thrown seriously out of line or level. If the deflection due to 
live load is large and frequently occurring, it promotes excessive vibration which 


may rock the structure, loosen rivets and necessitate constant and troublesome 
repairs. 
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Observation and experience show that the maximum deflection that it is safe 
to allow in a beam supporting plastered ceilings, after the ceilings have been 
plastered, is }4o in. per ft. or }4g9 of the span. Stone or tile floors are likely to 
crack when the deflection of the supporting beams is less than this. Where such 
floors are carried, it is desirable to limit the deflection to about 400 of the span. 
Obviously, only the deflection produced by loads applied to the beam after the 
ceiling is plastered, or the floor laid, need be considered, so far as the possibility 
of cracking is concerned. Wherever the situation will permit, it is desirable to 
keep down the deflection by using the deepest practicable beams. If no de- 
pendent construction will be affected by deflection—as, for example, the interior 

_ panels of a building with timber flooring not supporting mechanical equipment— - 
the amount of deflection permissible is entirely a matter of appearance. It 
might for example, be 4449 or 1400 of the span. 

The maximum deflection of a beam is! 

A=K ie 
aca 
where K is a constant depending upon the nature of the supports at the ends and 
the system of loading. Knowing K and the other quantities involved, it is easy 
to compute the deflection. Wherever a steel handbook is available, however, 
it is much more convenient to calculate the deflection by means of coefficients 
than to use the deflection formula for the type of beam and loading under consid- 
. eration. For example, if in the case of the simply supported uniformly loaded 
beam, for which the maximum deflection 
ee 
384 HI 


the load W be replaced by its value Sy and the span be expressed in feet, that is 


1 = 12D, the deflection may be expressed as 
oe 30fL? 1 


BE 2c 
poe sUsLs* ? ; 
Values of the coefficient E for various spans are tabulated for the simply 
supported, uniformly loaded beam in the handbooks for H = 29,000,000 
and for various common values of f, so that to determine the maximum 
deflection of a uniformly loaded beam of either symmetrical or unsymmetrical 


section it is only necessary to divide the appropriate coefficient by twice the _ 


distance from the neutral axis to the extreme fiber. For beams of symmetrical 
section, the divisor is obviously the depth of the beam. 


Illustrative Problem.—A lintel consisting of two 6 X 314 X 3¢ in. angles, placed with 
the 6-in. legs vertical and back to back, has a span of 10 ft., and carries a uniformly dis- 
tributed load which produces an extreme fiber stress of 16,000 lb. per sq. in. What is the 
center deflection? 

From the table in either Carnegie, Cambria or Bethlehem, the coefficient of deflection 
for a uniformly loaded beam simply supported at the ends and stressed in flexure to 16,000 
Ib. per sq. in. = 1.655. 

Distance from neutral axis to extreme fiber = 3.96 in. 

Hence center deflection 


1See Sec. 1, Art. 66 
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For conditions other than those assumed in the tables, either the coefficients, 
or the resulting deflections, may be readily adjusted. From the nature of the 
coefficient it is seen that the deflection varies directly as the fiber stress, directly 
as the square of the span and inversely as H. For other systems of loading than 
the uniform load and for other end conditions, the deflection found in the tables 
may be multiplied by the factors given in Table 7 to give the deflection under 
the same fiber stress for the same span, 


TaBLE 7.—RELATION or Maximum Deruections or TypicaAL BEAmMs UNDER SAME 
Finer STRESS AND FOR SAME SPAN 


Factor by which deflec- Factor by which deflec- 
tion for simply sup- tion for simply sup- 
System of loading ported uniformly load- System of loading ported uniformly load- 
ed beam is to be ed beam is to be 
multiplied : multiplied 
- 
Simply a age Beam Cantilever Beam 
Uniform load........ 1.00 Uniform load...... 2.40 
Single central est. hse 0.80 Single end load... . 3.20 
Two loads at 14 points 1.20 


Useful tables are given in the Cambria handbook for simplifying the calcula- 
tion of the deflection of a beam of any section having been given the load and the 
span. The coefficients N and N’ there tabulated are the deflection for a simply 
supported beam 1 ft. long, loaded respectively by a uniformly distributed load of 
1,000 lb. and a concentrated central load of the same amount. The deflection 
for a beam supporting any load of either of these types, and of any span, is 
found by multiplying the appropriate coefficient by the number of 1,000-lb. units 
in the load and by the cube of the span in feet. 

In fixing the sizes of beams for a given situation, it is most desirable to select a 
depth that under the adopted working stress will be sure to give a deflection 
within the prescribed limit. This result will be attained if the depth of the beam 
is made not less than a certain fraction of the span, depending on the nature of 
the material, the end conditions, and the system of loading. If the limiting 
deflection be 1460 of the span, and this be equated to the deflection expressed in 
terms of the fiber stress, the limiting depth ratio may be readily obtained. Thus, 
for uniform loading 


poss Nie ae 
~ 48 Ec 360 
from which the maximum permissible span for the stated deflection sa is found 


to be 
Ec 


ey as: 
If H = 29,000,000, f = 16,000 lb. per sq. in., and the beam has a symmetrical 
cross-section, so that c = 9) 


1 = 24.1d 
If the section be unsymmetrical, 
he | = 48.2c 
c being the distance from the neutral axis to the extreme fiber. 
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For other types of loading, and for the values of EZ and f given above, the 


maximum span for which the deflection will be an is given in Table 8 for beams 


of symmetrical cross-section. 


-TaBLE 8.—MaximuM PeErmissIs_te Ratio or SPAN To DEPTH ror TYPICAL Brams 


f = 16,000 Ib. per sq. in. 
E = 29,000,000 lb. per sq. in. 


a eee NE a ee 
‘ ; ' Ratio of : Ratio of ; 
System of loading | I « System of loading I 
for A = 360 for A = 365 
| 
Simply Supported Beam Cantilever Beam 
mirormi loads... 60. 24.1 Unitormeloadts-m..e eee 10.1 
Single central load......... 30.2 Single end load........... 7.05 
Two loads at 14 points..... 23.6 | 


In order that the maximum permissible flexural stress and the maximum per- 
it 5 l Pat 
missible deflection of 360 may be attained at the same time, the span must, in 


general, not exceed 
Ec 


Kf 
the constant K depending on the type of beam and loading. For a simply 


{= 


- supported load carrying a uniform load K has been shown to be = 37.5, while 


\ 


for the same type of beam carrying a single central load, K = 30, and for a beam 
loaded at the third points it is 38.3. 

Limitation of the depth ratio is frequently prescribed in structural specifica- 
tions. For example, in Schneider’s ‘‘General Specifications for Structural Work 
of Buildings,” the following clauses occur: 

The depth of rolled beams in floors shall be not less than one-twentieth of the span, 


and, if used as roof purlins, not less than one-thirtieth of the span. 
In case of floors subject to shocks and vibrations, the depth of beams and girders shall 


~ be limited to one-fifteenth of the span. If shallower beams are used, the sectional area 


shall be increased until the maximum deflection is not greater than that of a beam having 
a depth of one-fifteenth of the span, but the depth of such spans and girders shall in no 
case be less than one-twentieth of the span. 


The building code of Philadelphia contains the following restrictions: 


The allowable deflection for beams or girders shall not exceed one-thirtieth of an inch 
per foot of span where the ceiling is to be plastered, or one-twenty-fifth of an inch per foot 
of span, where the ceiling is not to be plastered. 


In what has been said above concerning the calculation of maximum deflec- 
tion, the effect of the shear in producing.deflection has been neglected. This is 
justifiable for all except precise calculations and for short beams and girders 
carrying heavy loads. As may be shown, the calculation of shearing deflection 
for rectangular, or nearly rectangular, sections must take into account the fact 
that the shearing stress is not uniformly distributed. For I-sections—the most 
commonly employed ones for flexural members—it may be assumed as pointed 
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out in Art. 16 that theshearing stress is uniformly distributed over the web only, 
and the shearing deflection computed accordingly. 

A useful comparison of the deflections resulting from flexure and shear, made 
by R. Fleming in Engineering News-Record, May 27, 1920, is reproduced in 
Table 9 with some modifications and additions. The deflection due to shear was 
computed for uniformly loaded beams by the formula 

6Wl 
As = 40E dt 
and for the centrally loaded beams by the formula 
aoe 6Pl 
*  20F, dt 


In these expressions 


W = total uniformly distributed load. 

P = concentrated load at center of span. 
1 = span in inches. 

E, = shearing modulus of elasticity (= 12,000,000 lb. per sq. in.). 
d = depth of beam. 
t = thickness of web. 


An examination of the last column of Table 9 shows that for very short spans © 
—five or six times the depth of the beam—loaded to capacity in bending, the 
deflection due to shear may be between 30 and 50 per cent of that due to flexure. 
It is relatively more important for beams carrrying concentrated loads than for 
those carrying uniformly distributed loads. For beams with a span of from 20 
to 24 times the depth (a ratio that is likely to be closely approached in most 
designs), the shearing deflection is in the neighborhood of 2 or 3 per cent of the 
deflection due to flexure. It is therefore evident that only for short spans loaded 
to capacity in bending is there necessity of taking the shearing deflection into 
account. Should it be desired to include it, for spans of ordinary proportion a 
close approximation to the total deflection may be made by increasing the deflec- 
tion due to flexure by a percentage taken from Table 9, interpolating if necessary. 
Another method of taking account of the shearing deflection is to compute the 
deflection due to flexure by using a value of the modulus of elasticity somewhat 
lower than the usual value assumed, say from 10 to 25 per cent. 

Since for beams of the usual depth ratios, the shearing deflection is relatively 
small as compared with that due to flexure, the shearing deflection may with 
sufficient accuracy be calculated on the assumption that the shearing stress is 
uniformly distributed over the web and is entirely borne by the web. 

19). Beams with Variable Section.—In computing the deflection of 
reinforced steel beams, account must be taken of the fact that the moment of 
inertia is not constant throughout the length of the beam. For such cases 
the total deflection may be computed by summing a number of partial deflections. 
The beam is first divided up into a number of short segments, so chosen that 
any abrupt changes in sectional area or moment will take place at the dividing 
lines between segments. If EZ be constant, the deflection due to flexure only is 
found by applying to the whole reinforced beam the summation 


a= 27 (mde) 
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TaBLE 9.—RELATION oF SHEARING AND FLEXURAL DEFLECTIONS FoR SIMPLY 
Suprortep Rouep I-secrions. f = 16,000 lb. per sq. in. 


Deflecti Deflecti 
Section Span Ratio Total Distribu- due oi quo 100A. 
lin.) (b.) (feet) of depth load tion of flexure shear Ar 
to span (pounds) load f As (per cent) 
(inches) (inches) 
- Standard 
I-beams 
(8X 18.4 5 7; 30,300 | Uniform | 0.050 0.011 22.0 
8X 18.4 10 4 15,150 | Uniform | 0.200 0.011 5.5 
8X 18.4 15 me 10,100 | Uniform | 0.449 0.011 2.5 
8X 18.4 5 a 15,150 | Middle 0.040 0.011 27.5 
8X 18.4 10 é 7,600 | Middle 0. 160 0.011 6.9 
8x 18.4 15 a 5,050 | Middle 0.359 0.011 3.1 
12x 31.8 5 z 76,700 | Uniform | 0.033 0.014 42.5 
12X 31.8 10 Db 38,350 | Uniform | 0.133 0.014 10.5 
12 X 31.8 & - 19,175 | Uniform | 0.534 0.014 2.6 
12X 31.8 5 3 38,350 | Middle 0.027 0.014 51.9 
12 X 31.8 10 i 19,175 | Middle 0. 107 0.014 13.1 
12 X 31.8 oe a 9,580 | Middle 0. 427 0.014 3.3 
20 X 65.4 10 ; 124,700 | Uniform | 0.080 0.019 23.8 
20 X 65.4 oO ib 62,350 | Uniform | 0,321 0.019 5.9 
20 X 65.4 ea 4 31,175 | Uniform | 1.281 0.019 1.5 
20 X 65.4 10 Z 62,350 | Middie 0. 064 0.019 29.7 
“20 X 65.4 20 > 31,175 | Middle 0.256 | 0.19 7.4 
’ 1 ‘ os 
20 X 65.4 Ne or 15,580 | Middle 1.024 0.19 1.9 
Bethlehem 
I-beams 1 
30 X 120.0 15 6 248,400 | Uniform 0. 124 0. 035 28.2 
1 
30 X 120.0 a 15 124,200 | Uniform | 0.496 0. 035 71 
1 
30 X 120.0 50 30 74,600 | Uniform 1.379 0. 035 2.5 
1 
30 X 120.0 15 FA 124,200 | Middle 0.099 0. 035 35.4 
i 
30 X 120.0 20 ie 62,100 | Middle 0. 396 0.035 8.8 
1 
30 X 120.0 50 30 37,300 | Middle 1. 102 0.035 3.2 
Bethlehem 
girder beams uh 
30 X 180.0 15 6 388,480 | Uniform | 0. 124 0. 042 33.9 
1 
30 X 180.0 30 12 194,240 | Uniform | 0.496 0. 042 8.5 
1 
30 X 180.0 50 20 116,600 | Uniform 1.379 0.042 3.1 
1 
30 x 180.0 15 6 194,240 | Middle 0. 099 0. 042 42.4 
1 
30 X 180.0 30 12 97,120 | Middle 0. 396 0.042 10.6 
1 
30 X 180.0 50 20 58,300 | Middle 1.102 0.042 3.8 


i 
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In this expression, 


A = required maximum deflection. 

E = modulus of elasticity. 

M = bending moment at the center of any segment distant x from a support 
for simply supported beams and from the free end in the case of cantilevers. 

I = moment of inertia of the beam at the center of any segment. 

m = bending moment at center of any segment due to load of 1 lb., acting at 
the point where the deflection is required. 

dx = length of any short segment. 


ll 


Fig. 16.—Calculation of deflection of reinforced or built-up beam. 


Applying this to a uniformly loaded beam with several reinforcing plates on 
each flange, as shown in Fig. 16, the summation by means of the Calculus for the 
entire span gives a deflection of 

aya wl 1,3 13— 13 133 = 13 ae W [F 1,4 = 1,4 thee = =| 
= galtit Ane ens | yd PRS Paes OF 


(1) 
where 
w =uniform load per unit of length. 
E =modulus of elasticity of material. 
l =span length. 
ly, l2, lj =distances of successive points of change of moment of inertia 
from support. 
I,, I2, 13 =moment of inertia of successive sections from support. 


This formula may be used to cover any number of abrupt changes by the 
inclusion of more terms. 


For purposes of computing deflections, the moment of inertia of the gross sec- 
tion, which is the predominant section, should be used. 

Computations made for beams of constant depth and section so varied as to 
give constant strength show deflections from 20 to 100 per cent greater than 
for beams with constant moment of inertia. 


Illustrative Problem.—Compute the maximum center deflection of a 25-ft. 12-in., 
31.8-lb. I with one 6 X 3-in. plate, 18 ft. long, riveted to each flange. (See Fig. 9 and 
the problem under Art. 12.) The beam carries a total uniformly distributed load of 90 
1b. per lin. ft. # = 29,000,000 Ib. per sq. in. : 

The half beam will be divided into two segments, the first of which comprises the 3.5-ft. 
unreinforced portion of the end, and the second the remaining 9-ft. portion of the half 
span. The values of J; and lz are, therefore, 3.5 and 12.5 ft. respectively. 

Moment of inertia of gross unreinforced section, I; = 215.8. 

Moment of inertia of gross reinforced section, I2 = 388.2. 

For the case in hand, Formula (1) becomes 

ly 3 ly 4 
\ wilt , (5) —h w fi, (5)'-n 
Deg ae " Qe = ai + ah 


2 


‘ 
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Using the inch as unit of length, and inserting the appropriate numerical quantities, 


es (75) (300) (42)3 | (150)3 — (42) 
(6) (29,000,000) } 215.8 " 388.2 | 

a) 75 (42) | (150)4 — (42)4 

(8) (29,000,000) bee Tee | 


= 0.721 in. 


If it be assumed that the gross moment of inertia of the reinforced section applies for 
the whole span, the deflection would be 


pap Mba 
384 ° EI 
or, for the beam under consideration. 
5 3 
A SUA CLU EES 0.702 in. 


mgeat: (29,000,000) (388.2) — 


or but slightly less than the deflection found by the correct method. The close correspond- 
ence of these results is due to the fact that the flange plates run nearly the full length of the 
beam and the stresses in the central reinforced section influence the deflection much more 
than those in the unreinforced section near the ends. 


20. Combined Stresses.—Cases frequently arise in practice of members 
subjected to flexure and at the same time to an axial tensile or compressive force.! 
These are in most cases, however, primarily tension or compression members and 
are discussed as such in this volume. One characteristic case of a flexural mem- 
ber being subjected to axial loading is the trussed beam. This type of member 
is discussed in Art. 21. 

21. Trussing of Beams.—If it happens that the heaviest rolled section avail- 
able is not sufficiently strong to carry the stipulated load, and there is no restric- 
tion with respect to headroom, a rolled section may be trussed so as to enable it 
to carry a load. Two common methods of-trussing are used, the king-post, Fig. 
17(a) and the queen-post, Fig. 17(b) and (c). With 
the first, a single strut is connected to the primary Sg en 
_ beam at the center and-a rod is carried from the bottom 
of it to each end. With the second, two struts are ) 
used, dividing the beam into three segments not 
necessarily equal. The struts may be of angles or 
castings and the ties may be single or multiple rods. 
Where cast struts are used, they may be at right angles 1a. 17.—Types of trussed 
to the top chord, as in Fig. 17(0), but if angles are used cami, 
they should be battered so as to bisect the angle between the horizontal and slop-_ 
ing sections of the tie rod to give axial stress only in the struts. 

A common use of trussed steel beams is in roof construction, as rafters or 
purlins. If they are used as purlins, the bending will not be in a principal plane’ 
of the trussed section and hence in designing the principles pertaining to unsym- 
metrical bending (Art. 22) must be observed. 

While the accurate design of a trussed beam should be carried out in accord- 
ance with the method of least work, a sufficiently accurate procedure for most 
purposes is to regard the structure as a beam continuous over the struts. This 
involves the erroneous assumption that the beam does not settle at the struts 
with respect to the end supports—an assumption that is, however, justified for 


approximate design. 
1 See chapter on “Bending and Direct Stress’’ in Sec. 1. 


(} 
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In accordance with this assumption, the primary beam is not only subjected 
to the moments and shears existing in a continuous beam of the same number of 
spans as there are panels, but must also resist the axial thrust due to the pull of 
the tie rod. The end connections of this tie should be such that the thrust is 
applied centrically, thus avoiding secondary stresses. 

The approximate method of design outlined above, may best be studied by 
means of an example. 


Illustrative Problem.—An opening of 18 ft. center to center of bearings is to be spanned 
by a beam carrying a total uniformly distributed load of 600 lb. per lin. ft. For this 
situation there are available only minimum weight channels of depths up to 9 in., angles, 
and soft steel rods. There is no restriction as to headroom. Lateral support to the beam 
is afforded at the center and at peints 3 ft. from eachend. Design a trussed beam to carry 
the load if the permissible stresses are as follows: 

Bending, 16,000 lb. per sq. in. 


Compression on struts, p = 19,000 = 100 
least radius of gyration. y 
Combined compression and bending, p = 19,000 — 300 BP where / = unsupported 


where J = unsupported length and r = 


length of flange and b = breadth of flange. 

Shear, 10,000 lb. per sq. in., gross area of web. 

Tension on soft steel rods, 15,000 lb. per sq. in. 

Bearing, on soft steel, 15,000 lb. per sq. in. 

As only very light channel sections are available, an arrangement will be adopted 
favorable to the primary beam, or what is really the top chord of the resulting truss. 


18°0''c.10 ©. 


Fig. 18.—Details of trussed channel. 


Two struts will therefore be used, symmetrically placed and 6 ft. apart at their inter- 
section with the center line of the channels, as shown in Fig. 18, and the depth from the 
enter of the top chord to the center of the tie rod will be 2 ft., giving a slope of the end 
sections of tie rod of 1 vertical to 2.83 horizontal, with the struts bisecting the angle 
between the horizontal and inclined portions of the tie rod, which is desirable in order to 
give only axial stress in the struts. 

Shear.—From the theory of continuous beams, the maximum shear in the top chord 
occurs at the two struts on the sides nearest the end supports and is 

e 
os wee 

where w = total uniform load per unit of length; and p = panel length. 

For this case 


V = (52) (600) (6) = 2,160 Ib. 


Assuming one 8-in., 11.5-lb. channel as the top chord, the average shearing stress on the 
web is 
2,160 a 
m= (8) (0.220) ~ 1,230 lb. per sq. in. 


which is very much below the allowed limit. 
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: Combined Bending and Compression.—For a continuous beam of 3 equal spans, assum- 
Ing no restraint at the end supports, the maximum moment occurs at an intermediate 
support and is 
1 
i: M = — 2 
ies 
which for this problem becomes 


Ma em) (600) (6)2(12) = 25,920 in.-lb. 


Extreme fiber stress assuming the top chord to be one 8-in., 11.5-lb. channel with a 
section modulus of 8.1 is 


M 25,92 
fi = ces = ee 3,200 lb. per sq. in. 


Horizontal or axial compression in top chord, neglecting the horizontal component of 
the stress in the strut, 


a 
He 79"? cot a, 
where a = angle of slope with the horizontal of the end sections of the tie rod. 


Numerically, 
Hoe (5 (600) (6) (2.83) = 11,200 Ib. 


Maximum axial compressive stress, 
H _ 11,200 


fi =] = 336 


Total maximum compressive stress, 
fi + f2 = 3,200 + 3,340 = 6,540 lb. per sq. in. 


Permissible compressive stress on chord 
72 


p = 19,000 — (300) (556 Brow in ore 


Since the effect of the necessarily eccentric application of the axial thrust has been 
neglected, the margin of safety is not too great. 

Tie Rod.—Tension in tie rod : 

fee core = (5) (600) (6) (2.99) = 11,850 lb. 
10 10 

Required area = 11,850/15,000 = 0.79 sq. in. 

Use one 1-in. rod upset, having an area of 0.79 sq. in. in the body and of 1.054 sq. in. 
at the root of the thread of the 13-in. upset ends. A turnbuckle will be needed at the 
center of the span for adjustment. 

Struts —Compression in struts, 


Pies (15) = 3) (600) (6) = 3,960 Ib. 


= 3,340 lb. per sq. in. 


Assume one 3 X 3 X %¢-in. angle, for which 
A = 1.78 sq. in. and least r = 0.59 in. 
Compressive stress = 3,960/1.78 = 2,220 lb. per sq. in. 
Permissible stress, 
l ( 24 


p = 19,000 — 100 — = 19,000 — (100) 0.59) = 14,930 lb. per sq. in. 


The outstanding leg of the lower end of the struts will be notched to semi-circular form 

so as to receive the rod. 

Bearing area required for rod, 

Dede ea S000 
~ p 15,000 

Area provided = (1.00)(0.3125) = 0.31 sq. in., which is adequate. 
Details —Details may be arranged as shown in Fig. 18. The connection of the tie rod 
and the struts to the top chord must be sufficient in strength to transmit the stresses in 


them to the channel. 


= 0.26 sq. in. 
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22. Proportioning for Unsymmetrical Bending.—Beams subjected to bending 
not operating in the plane of one of the principal axes cannot properly be designed 


by the simple flexure formula ih 
re 


in which S is the ordinary section modulus about the principal axis most nearly 
at right angles to the plane of loading. If, however, the true section modulus 
applicable under the circumstances be employed, either the maximum stress at 
the extreme fiber or the safe capacity may be computed accurately by the com- 
mon flexure formula. This quantity known as the flexural modulus is, as has 
been shown elsewhere in this volume, 
iS’ os eG 
Ly sin 0 + I,2 cos 6 


where 
I, = moment of inértia of section about the x-axis. 
I, = moment of inertia of section about the y-axis. 
x, y = coordinates of the most highly stressed fiber. 
6 = angle between the plane of the moment and the z-axis. 


For the purposes of practical design it is more convenient, however, to 
resolve the moment into two components, parallel respectively to the two principal 
axes of the section, and then add together the stresses produced by them at the 

critical fiber. The correctness of this method 
of procedure has been established elsewhere in 
this volume. 

A frequent case of unsymmetrical bending is 
that of a beam subjected to both vertical and 
transverse moment, as a floor beam supporting a 

Be vertical load and at the same time resisting the 
“1 \ thrust of an arch. Here a resultant oblique 
, moment really exists in the form of two prin- 
cipal components. Investigation of such a 


/1-54000 in-lb. 


Gin.BAlb, 


channel beam may, therefore, be carried out as explained 

above. ‘ 
Fig. 19.— Flexural capacity of Illustrative Problem.—A 6-in., 8.2-in. channel 
channel purlin. purlin of 15-ft. span with web inclined 30 deg. to the 


vertical, as shown in Fig. 19, carries a vertical roof 
load of 160 lb. per lin. ft. Express an opinion as to its safety if the permissible stress in 
bending is 16,000 lb. per sq. in. i 
Vertical moment on purlin 


_ Wi _ (160) (15) (180) 


M 
8 8 


= 54,000 in.-lb. 


Component of moment in plane of purlin web, or about the axis of 2° 
M, = (54,000) (sin 60°) = 46,800 in.-lb. 
Component of moment at right angles to plane of web, or about the axis of y, 


My = (54,000) (cos 60°) = 27,000 in.-lb. 
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The fiber at point A is evidently the most highly stressed one. Its coordinates are: 
oa 1 4 and y = 3.0. The moment of inertia about the z-axis is Jz = 13.0 and about the 
y-axis it is J, = 0.70. Resultant fiber stress at point A is therefore 


_My , Myx 
fe thy = aT ate a 
es (46,800) (3.0) 4 (27,000) (1.4) 
13.0 0.70 


10,800 + 54,000 
64,800 lb. per sq. in. 

The purlin is therefore stressed to its ultimate strength. By supporting it laterally at 
short intervals the stress f, could be 
greatly reduced and the resultant stress 
fe +fy brought within the safe limit. 

Had the loading been assumed as 
acting in the plane of the web, as is 
sometimes erroneously done, the fiber 
stress obtained would be 12,470 lb. per 
sq. in. The stress calculated in this 
manner may, therefore, give no real in- 
dication as to the actual existing stress. 


Il ll 


w=300/b. per ft 


= 


Tie rod 


Illustrative Problem.—A floor beam x 
of 18-ft. span, consisting of one 12-in., 
31.8-lb. I, carries a total uniformly 
distributed vertical load of 900 lb. per Tie rod *-500/b per Fi 
lin. ft. and a resultant horizontal arch S i 
thrust of 500 lb. per lin. ft. If the beam % 2 Ze 
is divided into three 6-ft. segments by tie = 
rods, as shown in Fig. 20, find the RY 
maximum fiber stress, assuming perfect 
lateral restraint at the points of attach- : 
ment of the tie rods. Fie. 20.—Floor joist subjected to vertical and 


Section modulus S,, of 12-in., 31.8-lb. Be eeu oont: 
I about z-axis (normal to web) = 36.0, 
‘and section modulus about axis lying in center of web, S, = 3.8. Flange width = 5 in. 
Vertical moment at center of span, 
ae wl? _ (900) (18)?(12) 
4 Cer 8 ea 8 
Horizontal moment at center of span 
age ts* (500) (6)?(12) 
CEP 24 
where é¢ = lateral thrust per lin. ft., and s = spacing of the rods. 
Maximum fiber stress on fiber at A or B, at center of span, 
M., , M, 487,400 , 9,000 
eet e360 Be 
Vertical moment at a tie-rod connection, 
M.' = 14 wis — 44 ws? = 14 (900) (18) (6) — 34 (900) (6)? 
= 32,400 ft.-lb. = 388,800 in.-lb. 
Horizontal moment at the rod connection, assuming perfect restraint, 
= os (600) ee = 18,000 in.-lb. 
Maximum fiber stress on fiber A’ or B’, at tie rod connection, 
ene M,' , M,’ _ 388,800 ie 18,000 
Cie ee i Sy 1) 28.0 3.8 
= 15,530 lb. per sq. in. 
The beam is, therefore, more seriously stressed at the tie rod connections than at the 


= 437,400 in.-lb. 


= 9,000 in.-lb. 


= 14,540 lb. per sq. in. 


M,’ 


center. 
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23. Proportioning for Torsion.—Wherever beams are curved horizontally or 
are of such shape in plan that the applied loads do not lie on a straight line joining 
the two supports, a torsional moment is set up. 

A typical case of this kind is the circular girder supporting an elevated tank. 
The arc of the girder between two adjacent posts must withstand a torsional 
moment of the magnitude that may be computed by the methods explained in 
discussions of elevated tanks. 

If long, flexible beams connect to one side only of a girder, the girder is thereby 
subjected to torsional stresses which in severe cases should be investigated. A 
girder with a narrow flange, such as a single channel, is likely to be highly stressed 
in torsion. The torsional moment produced in a girder by a beam attached to it 
by a web connection may be considered as equal to the moment of restraint 
of the beam at the end. While such moment of restraint is disregarded in fixing 
the section of steel beams, the practice is common to assume that there is a 
moment of restraint that offsets the apparent moment of eccentricity in the end con- 
nection and renders it necessary to proportion the rivets through the beam web 
for direct shear only. Based on the character of the end connections of the beams 
framing into the girder subjected to torsion, an estimate may be made of the 
probable torsional moment applied at each loading point. Such torsional 
moments may be regarded as divided between the two segments of the beam on the 
two sides of the loading point in the inverse ratio of their length. With two 
symmetrically-applied torsional moments, there will be equal torsions in the two 
end segments and zero torsion in the center segment. 

In determining the maximum existing torsional shearing stress on the cross 
section of an I-beam or channel section, it is incorrect to assume that the common 
torsion formula for circular shafts applies. 

This formula is 

q 


ih 
oJ a 


where g = torsional shearing stress at the extreme fiber. 
c = radial distance from center of gravity of section to extreme fiber. 
T = torsional moment. 
J = polar moment of inertia (see treatise on mechanics). 


Experimental determination of the torsional elastic limit of I-beams made by 
the author indicate that this is reached at a torque less than 20 per cent as 
great as Formula (1) would indicate. The relatively thin metal of the web has 
little torsional resistance itself and does not effectively prevent the flanges from 
twisting around under a combination of shear and bending. Beams designed 
for torsion should only be proportioned by Formula (1), provided the allowable 
stress selected is not over 20 per cent the usual permissible stress in shear. 


MULTIPLE BEAM GIRDERS 


By C. R. Youne 


24. Types and Uses.—Where a single rolled beam or girder with adequate 
bending capacity for the situation in hand is not available, it is frequently advan- 
tageous to use two or more rolled sections placed side by side a short distance 
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apart and suitably connected together. Such construction is particularly useful 
for the support of walls, on account of the broad bearing offered for the load. 
The number of sections varies from two or three, used for the support of walls, 
to as many as 10 or 12 in the case of a tier in a grillage foundation. 

_ While the component sections are frequently of the same type, depth and 
weight, it is by no means necessary that they should be so. If three sections are 
used it may be advantageous to make the outer two somewhat lighter than the 
inner one; or if the latter section be an I-beam, to make the outer two channels 
of the same depth. Characteristic sections for multiple beam girders are shown 
in Fig. 21. Those shown in (a), (0) (c) and (d) are frequently employed for the 
support of walls, beams, and columns, while the use of a large number of sections 
as in (e), is confined to grillage tiers. Rolled beams in groups of from two to 
four are frequently employed as girders supporting timber decks in railway 
bridges. One group is placed under each rail. Modification of some of the 
types shown by the addition of shelf angles at the bottom is frequently made in 


(a} : (b) (c) 
ETT 
a) (e) 


Fig. 21.—Cross-section of typical multiple beam girders. 


order to adapt multiple beam girders to use as lintels or spandrel girders. Exam: 
ples of these are shown in Fig. 24. 

In making up the section of a multiple beam girder, regard must be had to the 
character of the determining stress. If the bending moment is relatively more 
important than the shear, I-beams should be employed, rather than channels, 
since the flexural efficiency of the I-beam is greater than that of the channel, as 
has been pointed out in the discussion of beams, Art. 6. On the other hand, if 
the shear is large enough to influence the design, channels are preferable for 
economic reasons as the amount of shearing area per square inch of total section 
is greater for channels than for I-beams. This latter condition also gives channels 
an advantage in resisting local transverse compression or web crippling. 

In selecting the sections to be utilized in a multiple beam girder, the bearing 
area that must be provided for the applied load should be considered. For well- 
bonded brick walls, there is no reason why the brick work in a wall of any thick- 
ness likely to be carried on multiple beam girders should not arch laterally over 
the clear space between the flanges of two supporting beams or channels. ; 

25. Advantages and Disadvantages.—The use of multiple beam girders is 
only advantageous where large flexural strength with small depth is required. 
The broad bearing afforded by such a girder for the support of walls and for the 
transmission of loads to the end supports is also an advantage, as is the consider- 

15 
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able lateral stiffness of the combined beam. It is, too, very convenient to be able 
to utilize a series of available light beams for building up a girder for the support 
of heavy loads. 

On the other hand, the use of shallow beams or girders is highly uneconomical 
so far as flexure is concerned, as has been pointed out in the discussion of beams 
in Art. 5. Where the shear is relatively more important than the moment, as 
in short, heavily-loaded tiers of grillage beams, sections of small depth may be 
found more desirable because of their greater aggregate web area. They are 
deficient in vertical stiffness, however, and unless care is taken to limit the ratio 
of span to depth the deflection may be so large as to be objectionable in appear- 
ance or, in the case of foundation girders, to lessen the bearing at the outer ends 
of the beams. In no case should girders of the multiple beam type be used in 
damp situations without being properly protected from corrosion on the interior 
surfaces. Such protection is naturally afforded by the encasing concrete in 
grillages, but girders above ground are frequently left without such protection, 
and from the nature of the construction cannot be inspected or painted after 
erection. 

26. Separators.—In order that the assemblage of sections may act as a unit 
in the support of loads and may possess adequate lateral rigidity, separators of 
various types are employed. These maintain the spacing of the component 
beams, and when loads are not applied equally to all of them should be able 
to distribute it equally amongst the various elements composing the girder, unless 
they are designed for unequal loads. | 

Three types, indicated in Fig. 21, are in common use—gas pipe, cast iron, 
and built-up or riveted separators. 

The gas pipe type, Fig. 21 (a) and (e), consists of a series of short lengths of 
gas pipe fitting closely between the webs, with bolts passing through them from 
one side of the girder to the other. The number of tiers of bolts and pipe sections 
used, varies with the depth of the girder, but in average practice conforms 
approximately to the following table: 


DepTH oF GIRDER NuMBER OF TIERS 
(INCHES) or Bouts 
3-10 ik 
12-18 2 
20-30 3 


Separators of the gas-pipe type are cheaper than any others, but are incapable of 
transferring any load from one beam of the compound girder to another. Wher- 
ever the applied load is known to be equally applied to the component sections 
or where the individual sections are designed for definite parts of the load, as in 
some lintels or spandrel girders, gas pipe separators may be used to advantage. 
They are particularly desirable in tiers of grillage beams since they do not inter- 
fere with the placing of the encasing concrete or break it up, as would cast iron 
or built-up separators. The American Bridge Company’s standards call for gas 
pipe separators for all girders composed of beams under 6 in. in depth. The size 
of gas pipe and bolts should conform to the size of the prevailing rivets in the 
work. Generally, 34-in. bolts and 1-in. gas pipe are used. 

Cast iron separators, Fig. 21 (b) and (d), consist of cast plates, usually from 
3g to 5¢ in. thick, with one or two lugs cast on the face of the plates to receive 
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the bolts which secure the separator in a transverse position between the con- 
nected beams. Two types of separator are commonly used, (1) a rectangular 
plate of width such as to maintain the component beams at the desired distance 
apart, and of height sufficient to clear the fillets (Fig. 21), and (2) a plate shaped 
to fit tightly against the webs and flanges of the beams (Fig. 22). If the second 
type be made to bear properly against the flanges, it is superior to the first, for 
the transfer of load from one beam to the other would then not depend solely 
upon the shearing and bending value of long flexible bolts, as with gas pipe 
separators. If a load be applied to one beam and 
not to the other, as in Fig. 22, the deflection of the 
loaded beam causes the top flange to transfer part of 
the load in bearing through the separator to the 
bottom flange of the other beam. With this type of 
separator, properly fitted, the tendency is for applied 
loads to be equally distributed amongst the component 
sections if they be of equal stiffness. If the sections 
are of unequal stiffness, the stiffest would receive the 
greatest loads. In situations where distribution of 
the load by separators is counted upon, therefore, 
cast iron separators of the second type may be ad- 
vantageously employed. They should not be used in 
grillages for the reasons already given. aS i 
According to the standards given in the hand- fia. 22.—Distribution of 
books of the steel companies, one bolt only may be 1924 by fitted cast-iron sep- 
used in each separator if the beams be not over 10 or oe 
12 in. deep. Two bolts are used for beams from 12 to 24 in. deep, and 3 bolts for 
beams over 24 in. The prescribed spacing of the bolts and the dimensions and 
-weights of separators and bolts is given in the standards mentioned. The 
width of the separators is so fixed that when they are used with the maximum 
weight of beams for the depth to which they conform, the flanges will clear. 
Built-up separators or diaphragms are employed in situations where very 
rigid bracing is required between the component sections of a girder or where 
provision must be made for distributing unequally applied loads. They may be 
made up of a plate and two or four angles to form a built-up channel or I-section 
with flanges riveted to the webs of the beams, or if the desired spacing of the 
component sections will permit, of a piece of channel or I-beam placed with its” 
flanges vertical and in contact with the webs of the connected sections. This 
riveted construction ensures the action of the assembled sections as one unified 
girder. 

- While separators serve to stay the top flanges of the component sections of 
the girder to some extent, their effectiveness in this regard, except in the case of 
the shaped cast iron separator, is considerably reduced through the attachment 
being to the web rather than to the flanges. The spacing of separators is there- 
fore generally less than would be obtained by applying such rules as that the 

‘compression flange of beams must be stayed at intervals of 10 or 20 flange-widths 
if the customary flexural working stress is to be employed. It is good practice 
to place separators at the ends of the girder and at, or near, all points of con- 
centrated loading. In addition they are placed at intermediate points, distances 
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apart varying with the depth of the beams. The spacing adopted where the 
position of points of concentrated loading does not determine it, is usually about 
as follows: 


SEPARATORS 
eee Spacina Guney 
3-10 3 
12-15 4 
18-30 5 


27. Proportioning of Multiple Beam Girders.—The design of multiple beam 
girders differs in no way from that of single beams. Having found the maximum 
bending moment and maximum vertical shear, such component sections must be 
selected as will give the desired width for the effective support of the applied load 
and will supply the total section modulus and shearing arearequired. Deductions 
for any flange holes that may be near the critical section for moment should be 
made as described for beams in Arts. 8 to 11 inclusive, but web holes may be 
neglected so far as moment is concerned. If a built-up separator chances to 


= —f Clee SOC as a ee 
—-€=center fo center span— 


Fie. 23.—Arching of masonry over openings. 


be at or slightly inside the plane of maximum shear, account may need to be taken 
of the lessened shearing resistance of the web produced by the vertical lines of 
holes. 

In calculating the load for which multiple beam girders must be designed, 
regard must be had to the arching effect of any brick, tile or masonry walls that 
may be supported. Observations of the cracking of such walls above a sup- 
porting girder or lintel that has partially failed, or sagged excessively, show that 
under certain favorable conditions only a relatively small triangular portion 
of masonry is really carried by the girder. The height of this triangle is variously 
assumed as from 14 to 34 of the span. While the cracks mentioned trend upward 
and inward from the junction of the top of the girder with the faces of the supports, 
as shown in Fig. 23, it is more convenient and just as accurate, to assume the 
height of the supported triangle as based on the center to center span—the 
span on which the calculation of moments and shears must be based. 

It is only safe to assume the arching effect as relieving the girder of all wall 
load, except the weight of the triangular portion mentioned, (1) when the supports 
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are capable of taking thrust in a direction parallel to the girder, or the supported 
wall continues past the supports for some distance, (2) when there is a height of 
brickwork not weakened by openings, for a distance above the girder about equal 
to the span length, (3) when the depth ratio of the girder is large enough to pre- 
vent excessive and disrupting deflection, and (4) when the masonry is well 
seasoned. Under such conditions the area of wall supported may safely be 
taken as contained within a triangle having base equal to the center to center 
span and height above the top of girder equal to 14 of the span. If the existing 
conditions depart measurably from those outlined, the full height of wall to the 
next support above should be taken. Piers or concentrated loads carried into the 
wall above the opening must be specially provided for. If the loads be relatively 
large, it is not safe to depend much on arch action in the masonry. 

Care must be taken to add to the weight of the wall any floor loads that may 
be carried into it or into the girder direct. 

If the wall above the opening spanned is cut up by windows or other openings, 
the weight of the existing sections of wall must be computed and the point of 
application of such weights carefully determined. 


Illustrative Problem.—A solid, well-seasoned 13-in. brick wall weighing 120 lb. per cu. 
ft. is to be carried over a clear opening of 17 ft. The wall continues on for some distance 
past the supports on either side. Design a suitable multiple beam girder to carry the wall. 
Permissible stresses in bending and shear = 16,000 and 10,000 lb. per sq. in., respectively, 
the shearing stress to be the average on gross section of the web. Permissible shearing 


stress to safeguard against web crippling = p = 15,000 — 150 i: 


To ensure that the deflection will not be great enough to destroy the arching effect 
which the stated conditions would permit, the depth of beam, assuming the center to center 
span to be 18 ft. should not be less than about (144)(18)(12) = 9 in. 


a aes 13 
Weight of brick work supported, taking the wall as weighing (#2) (120) = 130 Ib. per 


“sq. ft., is a 
W1 = (18) (24) (180) = 10,530 Ib. 
Moment due to brickwork, allowing for triangular loading, is 
Mi = we - EE = 31,590 ft.-lb. 

Moment due to weight of girder, assuming it to be made up of two 9-in., 21.8-lb. 

I-beams, the whole including gas-pipe separators, weighing 44 lb. per lineal ft., is 
Mz = (36) (44) (18)? = 1,780 ft.-lb. 

Total moment, M, = 31,590 + 1,780 = 33,370 ft.-lb. = 400,400 in.-lb. 

From tables of bending capacity, it is seen that a girder of two 9-in., 21.8-lb. I-beams 
would have a moment of resistance of 2 X 25,160 = 50,530 ft.-lb. at a fiber stress of 16,000 
Ib. per sq. in. A girder built up of two such beams would therefore be much stronger in 
bending than is necessary. Two 10-in., 15.3-lb. channels with a combined bending capacity 
of 35,680 ft.-lb. will be sufficiently strong and weigh less than the I-beams. Two such 
channels spaced 5 in. back to back, as shown in Fig. 21a will be adopted, subject to their 
being adequate in shear. 

Total end shear = 34(W:1 + W2) = 34[(10,530) + (18)(44)] = 5,660 lb. 


5,660 : 
Average shearing stress on webs = va = (2)(9) (0.24) = 1,310 lb. per sq. in. The 


girder is therefore evidently ample against both shear and diagonal buckling of the web. 
A single tier of 1-in. gas pipe separator spaced 3 ft. apart, will be used. 


A type of multiple beam girder requiring great care in design is a tier of beams 
in a grillage. In this case shearing and web crippling stresses are likely to be 


230 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 2-28 


very important, if not the determining factor in the design of the tier. The 
compressive stresses in the webs due to the application of heavy concentrated 
loads to the flanges must also be investigated. For a problem of this kind see 
Art. 18. 


METALLIC LINTELS 
By C. R. Youne 


28. Types and Uses.—Beams which carry walls over openings and deliver 
their loads to masonry walls or piers rather than to columns are called lintels. 
While structurally simple, their design is rendered somewhat uncertain by differ- 
ences of opinion as to how much of the weight of the wall supported is really 
borne by the lintel, and how much that does go to the lintel is borne by the com- 
ponent sections thereof. The matter of loading from masonry walls has been 
discussed in detail in Art. 27. The clear spans may vary from the width of an 
ordinary window or door to more than 20 ft. Metallic lintels may be of struc- 
tural steel or of cast iron. 

29. Steel Lintels.—Some types of structural steel lintels commonly employed 
are shown in Fig. 24. An essential feature of these members is that they must 


(a) (e) 
Fie. 24.—Typical steel lintels. 


be so constructed as to give proper support to every part of a supported body of 
masonry, the bottom of which may be irregular in outline and at different levels, 
as shown in Fig. 24 (e). The support offered may be in part through hook bolts 
or anchors attached to convenient flanges of angles specially riveted to the pri- 
mary elements of the lintel. Several shapes, specially arranged for each particular 
case, are often required for the support of walls with stone or terra cotta facing 
which must be tied in to the mass. 

In the design of steel lintels the same principles are observed as in the design 
of multiple beam girders. The angles riveted to the sides of primary shapes, 
as in Fig. 24 (0), (c), and (d), are attached by sufficient rivets to support the 
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column of masonry bearing on them for only a few feet above, or up to such 
height as the projecting masonry may be considered as thoroughly bonded into 
the principal mass and deriving its support therefrom. These angles are not 
regarded as contributing to the flexural strength of the lintel as a whole. Pro- 
vision must be made for any floor loads applied to the lintel or to the wall carried 
by it. 

In fixing the composition and lateral dimensions of the lintel, regard must be 
had to the necessity for supporting the mass of masonry above so that no cracking 
will occur. A continuous surface for the bearing of the supported wall is not 
required, as the masonry will arch laterally over a space of several inches between 
the component sections. The shapes employed must not be so shallow as to 
deflect to such an extent as to prove unsightly or cause cracking in the masonry. 
For a discussion of deflection see Art. 19. 

30. Cast Iron Lintels.—Occasionally use is made of cast iron for lintels, 
although much less frequently than a few years ago, due to the greater reliability 


of structuralsteel. Common forms 
of such lintels are shown in Fig. 25. | | 
They consist essentially of a flat 
plate, or soffit, surmounted by a 

(@) () (e) 


vertical rib or ribs. The number 
of ribs required will depend on 


the span and loading. These ribs 
are encased in the masonry or form 
exposed surfaces which may be 
ornamented (Fig. 25d and e). - i 
While theoretically they should is 
be so proportioned that the factor 
-of safety against compression on the upper fibers of the ribs would be the 
same as the factor of safety against tension on the lower fibers of the soffit, 
the liability to shrinkage cracks at the junction of highly unequal masses of cast 
iron, prompts designers to use the same thickness of rib as of soffit. The dimen- 
sioned requirements and limiting deflections also tend to modify any proportions 
that might be fixed by the stresses and the properties of the material. The New 
York and Boston building codes both specify that cast iron lintels shall not be 
less than 34 in. thick and shall not be used for spans exceeding 6 ft. 

In calculating the capacity of cast iron lintels, account should be taken of the” 
fact that the flexural capacity may be fixed by the tensile or the compressive 
stresses on the corresponding extreme fibers. However, with.ordinary propor- 
tions the capacity is much more likely to be limited by tensile than by compres- 
sive flexural stresses. 

Typical permissible working stresses for gray cast iron are those prescribed 
in the New York building code, namely: bending on extreme compressive and 
tensile fibers = 16,000 and 3,000 lb. per sq. in., respectively; shear = 3,000 lb. 
per sq. in. 

Due to the lack of symmetry of the section in a vertical direction, it is neces- 
sary to find the center of gravity of the section preliminary to finding the moment 

~ of inertia. The procedure to be followed in fixing a typical lintel section is one 
of trial and error—that is, a section is assumed and its capacity found. If it is 


Fie. 25.—Typical cast-iron lintels. 
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inadequate, the section is increased until it is sufficient to carry the specified load. 
The method is best elucidated by an example. 


Illustrative Problem.—Find the total safe uniform load for a cast-iron lintel of 6-ft. 
span, center to center, having the section shown in Fig. 26, if the permissible stresses in 
flexure on the extreme compressive and tensile fibers are 16,000 and 3,000 lb. per sa. in. 
respectively, and in shear 3,000 lb. per sq. in. 


Fiq. 26.—Design of a cast-iron lintel. 


To find the center of gravity of the cross section—that is, the position of the neutral 
axis—it is convenient to take moments about the center line of the ribs. The calculations 
are then as follows: 


Part AREA ARM Sraticat Moment 
SWObDS sch ciseyensile ciseuteustore ate 15.0 0 0 
Dan gees, sic rrctieee Selo 24.0 —3.0 —72.0 
39.0 —72.0 


Position of center of gravity below center line of webs = 7249 = 1.85 in. 

Moment of inertia of 3 webs about the neutral axis, or the gravity axis of whole section = 
3(Io + Ayo?) = 3[(42)(1) (5) + (5) (1.85)2] = 82.5. 

Moment of inertia of flange about neutral axis = [(+{2) (24) (1)3 + (24) (1.15)2] = 33.8. 

Total moment of inertia = 116.3. 

Section modulus, S,, with respect to extreme compressive fiber = 116.3/4.35 = 26.7. 

Section modulus, S;, with respect to extreme tensile fiber = 116.3/1.65 = 70.4. 

Safe resisting moment based upon permissible extreme fiber stresses in compression 
and tension is (26.7)(16,000) = 427,000 in.-lb. and (70.4)(3,000) = 211,000 in.-lb. respec- 
tively. 

The safe capacity is, therefore, dependent on the tensile stress in flexure and the total 
safe uniform load is : 
Ws 8M = (8) (211,000) 

1 (6) (12) 


= 23,400 lb. 


To facilitate the selection of cast iron lintel sections, tables may be prepared 
giving the properties of all sections likely to be employed. 


BOX GIRDERS 
By C. R. Youne 


31. Types and Uses.—In situations where a broad, comparatively shallow 
beam of great strength is required, such as for the support of walls or columns, and 
a multiple beam girder of sufficient capacity cannot be devised, resort is had to 
the box girder. This may consist of two or more rolled beams or channels 
arranged as in a multiple beam girder, with cover plates on their flanges, or it 
may be composed of an assemblage of built-up channels or beams with cover 
plates, as shown in Fig. 27. 

The form of section adopted depends on the character and magnitude of the 
load carried. For moderate wall loads and for spans of such length that the 
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design depends on bending moment rather than on shear, the sections shown in 
Fig. 27 (a) and (6) utilizing channels and I-beams are satisfactory. By the use 
of the deeper and heavier I-beams, reinforced by one or more cover plates, a 
large moment of resistance may be developed with comparative cheapness. As 
has been pointed out in Arts. 6 and 24, the use of I-beams is preferable where the 
predominating stress is flexural, but where shear and web crippling are determin- 
ing factors, channels may be employed to advantage. In the latter case, the 
girder sections shown in Fig. 27 (a) and (c) are suggested. 

If the situation calls for a special depth that cannot be made up by the use of 
reinforced rolled sections, or the 
required resistance cannot be 
readily developed in that man- 
ner, built-up channels or I- 
beams, as shown in Fig. 27 (e) bee! 2} @ 
and (f), are employed with the 
necessary number of cover 
plates. By this method it is 
possible to place the material 
where it will be most effectively | 
used for moment and shear. (a) 

Only one angle can be em- (a) () 
ployed to connect the cover Fie. 27.—Cross-sections of typical box girders. 
plates to the outer webs of the girder shown in Fig. 27 (f), since, unless the 
girder is large enough to allow a man to crawl through it, the riveting to the 
inside angles could not be done. The flanges are riveted to the center web before 
the center webs are assembled in place. 

It is with the object of resisting very heavy shears, rather than moments, that 
the sections with three webs, Fig. 27 (c), (d), and (f), are employed. Within 
‘certain limits, an increased bending moment might be met by increasing the 
number or thickness of the flange plates, but, for increased shear, additional webs 
or thicker ones must be used. If the load applied to the top flange, or cover 
plates, be uniformly distributed laterally, it is reasonable to assume that, for a 
section such as (d), the three I-beams would bear the load equally, if they are of 
equal strength and stiffness. If the outer ones are lighter, or if the section be 
as in (c), with channels on the outside, the lesser stiffness of the outer component 
parts would, under the same load as could be borne by the center section, bring | 
about a greater yielding in them and a transfer of a larger proportion of the load 
to the center section. Consequently, it is common practice to make the center 
web of girders of the type of (f) twice the thickness of each of the outer webs. 
Two angles at both the upper and the lower edges of this web are needed to receive 
and transfer the flange stress that is passed on to them by the web. Under the 
above assumption, it is reasonable to assume that one-half the cover plate area 
is tributary to the center web and one-quarter to each of the outer webs. Since 
the center web is also twice as thick as the side webs, the values of the flange 
rivets through it will be twice as great as for those through the outer webs. It is 
thus possible by this arrangement to keep the rivet spacing equal in the inner 
and outer flange angles. 
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It is desirable to keep the composition of the flanges practically alike so that 
the neutral axis may not be in any case far from the center of the webs. By so 
doing the rivet spacing may in general be made the same in the two flanges. 

32. Advantages and Disadvantages.—The advantages and disadvantages of 
box girders are the same as those pertaining to multiple beam girders. They 
give high strength with shallow depth; they afford broad bearing for applied 
loads and at the supports; and they are stiff laterally. On the other hand, 
they are uneconomical of material; their pound cost is greater than for single 
or multiple rolled sections because of the extra work of fabrication involved; 
they lack vertical stiffness because of their small depth; and they are subject to 
corrosion on the interior faces in damp situations. 

Box girders are superior to multiple beam girders because of the better tie 
between the compression flanges and the better bearing for the applied load. The 
rigid connection of parts reduces the tendency to flange buckling and increases 
the factor of safety in compression. 

33. Proportioning for Moment.— Whether a box girder consists of rolled beams 
or channels with flange plates riveted thereto, Fig..27, (a), (0), (c) and (d), or of 
an assemblage of plates and angles, Fig. 27 (e) and (f), it should, because of the 
rigid attachment of the parts to each other be regarded as essentially a built-up 
beam. Its moment of resistance, or capacity to resist bending moment should, 
therefore, be computed from the common flexure formula, f/e = M/I, or M = 
fI/c. This necessitates the computation of the moment of inertia, J, of the 
section, unless this fortunately chances to be listed in available tables, as in 
those given in Cambria, Steel. Because of the innumerable combinations of 
shapes and plates worked into box girder sections, the properties of the particular 
section most suitable for the work in hand are frequently not listed and so must 
be specially determined. 

It is of great advantage to use an approximate method of design at times, 
particularly in making rough estimates or in making the first trials for an exact 
design. For such purpose the approximate method of designing plate girders 
(Art. 44) may be used. If the box girder be much over 3 ft. deep, such a method 
may be sufficiently accurate for final design. 

In proportioning box girders, the permissible working stress is commonly 
assumed at either 15,000 or 16,000 lb. per sq. in. The tables of capacity of box 
girders given in Cambria Steel are based on the former stress, but the rivet holes 
are assumed as only }/¢ in. larger than the diameter of the rivet. The capacity 
tables for riveted beam girders given in the Carnegie Pocket Companion are 
based on a working stress of 16,000 lb. per’sq. in., but the section modulus 
used is that for the gross section. 

In making exact designs by what is called the “moment of inertia” method, no 
reduction in section modulus need be made for any type of beam on account of 
holes in the tension part of the section. The neutral axis of a box girder, 
therefore, lies somewhat above the center of gravity of the gross section, if the 
flanges have the same gross area, but for the reasons set forth in Art. 7, the shift 
cannot be so great as consideration only of the net area through the weakest 
section would indicate. In view of the uncertainty as to the exact position of the 
neutral axis, and in view of the simplification of work introduced by computing 
the net section modulus with respect to the neutral axis of the gross section, this 
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method will be adopted, the results being corrected as recommended in Art. 10 
to compensate for the error in the assumption of the position of the neutral axis. 
For further substantiation of the percentage corrections specified in the latter 
article, see the second problem under Art. 37. 

For girders with heavy flanges so supported laterally that no allowance need 
be made for flange buckling, it is desirable to make the net area of the tension 
flange as nearly as possible equal to the gross area of the compression flange, which 
means that the gross area of the tension flange must be greater than the gross 
area of the compression flange. By so doing, the neutral axis is kept practically 
at the center line of the webs, thus improving the flexural efficiency of the girder 
and making it possible to keep the rivet spacing in the tension and compression 
flanges equal (except for local transverse loading). An approximate compensa- 
tion for the loss of section due to rivet holes on the tension side may be made by 
adding to the cover plates on the tension side sufficient area to offset the rivet 
holes in the flange material. The high working stress of the material added 
to the plates will roughly offset the neglect’ of any web holes. 

In the computation of net section modulus of box girders built up with rolled 
sections as their primary component parts, such as shown in Fig. 27 (a), (0), (c) 
and (d), the work may be carried out by making use of Table 3. To the net 
section modulus in the compound section of the beams or channels employed, 
based on the stationary axis theory, may be added the net section modulus of 
the added plates, deducting holes 
for the plates on the tension side 
only. The sum may then be re- 


vo plates, 8% 


duced by the appropriate percentage 1G ls 
to compensate for the erroneous -Web, 28°F 
assumption of fixed neutral axis. ~-Web,28% 


Illustrative Problem.—Calculate the ‘in 
“net section modulus of the-compensated, 
3-web, built-up box girder section shown 
in Fig. 28, assuming that rivet holes are 
to be deducted on the tension side only 
and that the neutral axis is at the center | 6G "8 1s 
line of the webs. Rivets 7 in. and 
rivet holes 1 in. diameter. ———— ——— 
In finding the net moment of inertia ‘9 plates, 28°F 
of the compensated section, it is COs sy asok —Sactton modulus of orabeienied, bailt 
venient to tabulate the quantities as up box: girder - 
done in Table 10, the gross areas being 
taken first and the moment of inertia of the holes being listed below. The moment of 
inertia of the holes about their own gravity axes is neglected, since it is:relatively too small 
to affect the result appreciably. Areas of metal are marked “‘plus” and areas of holes 
“‘minus.’”? Distances above and below the assumed neutral axis, which is at the center 
line of the webs, are ‘‘plus’’ and ‘‘minus”’ respectively. The summations at the foot ot 
the second, fourth, fifth and sixth columns are algebraic. The summation of the fourth 
and fifth columns when added should equal the summation of the sixth. 
Net section modulus of girder = net moment of inertia divided by the distance from 
the assumed neutral axis to the extreme fiber, which in this case (because of the thicker 
- flange plates on the tension flange) is to the extreme tensile fiber. 


Hence 


I _ 27,028.5 


¢ 15.75 


Sa = 1,717 
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Taste 10.—Netr Section Mopuius or ComprnsatTep Burtt Up Box GIRDER 


Distance (yo) Monona ok 
“Area of Aron pected inertia (Jo) of = 5 
neutral axis Pa Ayo? LT =To + Ayo 
Part part toumravity part about its Gna) Gn) 
(sq. in.) : . gravity axis 
axis of (in.4) 
part (in.) 
SUWODS wencie elias seashore reiete + 42.00 0.0 +2,744.0 0.0 + 2,744.0 
A-topianglesnssmcriven er eae + 28.44 +12.52 + 96.8 |+ 4,460.0} + 4,556.8 
4 bottom angles........... + 28.44 —12.52 + 96.8 |+ 4,460.0} + 4,556.8 
3S LOD COVETS, «1 vice queleie wie + 36.75 +14.91 + 5.3 |+ 8,175.0} + 8,180.3 
3 bottom covers.........-- + 42.00 —15.00 + 7.9 |+ 9,450.0) + 9,457.9 
SilHoles AS yn ta oecterncee ee — 1.50 
3) Holes | Brice sie icer cena — 1.50 OS LZD lt os as craters - 15.9) 9 =— 15.9 
So Holés'@. cas cars sieancoee — 1.59 =)'6200) OU Becta es —- ~63.4 - 63.4 
By ELOLES Doon ote syclereusleccnae -— 4.00 SRT MY tees xcs etotenstete = 553.0 -_ 553.0 
4 Holes see ve cssterahys anes — 8.50 A GO as erasstetetetessts — 1,835.0; — 1,835.0 
+160 GSoy 0 tweets = +2,950.8 |+24,077.7| +27,028.5 


As compensation has been made by the extra thickness of the flange plates on the ten- 
sion flange for the loss of section occasioned by rivet holes on the tension side of the neutral 
axis, no. correction need be made because of 
~é plates 16"*%" the assumption that the neutral «axis is at 
the center line of the webs. 

Illustrative Problem.—Find the total safe 
65 [beam uniformly distributed load that may be 
! LNID HL, carried by a box girder of 21-ft. span of the 
. Ne ? i ae form shown in Fig. 29, consisting of one 
<I yee d i "OSS|| SECTION 15-in., 65-lb. I, two 15-in., 33.9-lb. channels, 

| 

! 

| 

| 


and two 16 X 3-in. flange plates on each 
flange. If 34-in. rivets are used, and two 
lines are employed in each flange of the 
I-beam in addition to one line in each flange 
of the channels, compute the effective section 
-2 plates lo"*E modulus of the combined section, assuming 
the neutral axis as at the center of gravity of 
the gross section, and correcting the result as 
explained in Art. 10. f = 16,000lb. per sq. in. 

Gross moment of inertia of one 15-in., 65-lb. I and two 15-in., 33.9-lb. channels about 
their own gravity axes = 632.1 + (2)(312.6) = 1,257. 

Gross moment of inertia of two pairs of 16 X 3é-in. flange plates 


1 
=2 [ (iz) oo (0.75) + (12.0) 7.875)*| = 1,490 


Total gross moment of inertia = 1,257 + 1,490 = 2,747. 

I of two 7-in. diam. holes through tension flange of beam and flange plates, if grip of 
beam is 7g in. = (2) (1.63) (0.88) (7.44)? = 158. 

I of two holes through channel flanges and plates = (2) (1.38) (0.88) (7.56)? = 138. 

Total I of 4 holes = 296. 

Net I of entire section = 2,747 — 296 = 2,451. 

Net section modulus = 2,451/8.25 = 297. 

This corrected by the coefficient 0.95, as recommended in Art. 10 is (0.95)(297) = 282. 

Hence total safe uniformly distributed load 


_ 8Sf _ (8)(282)(16,000) _ : 
W = = “enya = 148,000 Ib. 


34. Length of Flange Plates.—As in the case of rolled beams reinforced for 
bending, discussed in Art. 12, it is possible, if there is more than one plate on each 


Fie. 29.—Capacity of rolled shape box 
girder. 
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flange, to vary the section of a box girder by terminating some of the flange 
plates where they are no longer needed. The theoretical length of any flange 
plate, of a uniformly loaded girder is, as was established in Art. 13, 


Ln =l eA cars (1) 


where z, theoretical length of the nth flange plate from the outside. 


l = span of earder 

So! = . S’ = section moduli contributed to the total required section 
models of the girder by successive pairs of cover plates from the outside 
beginning with the second plate. 

8: = section modulus required to be contributed by outside plate. 


S = total required net section modulus of girder. 


Fie. 30.—Graphical determination of length of flange plates for box girder. 


In a box girder one cover plate on each flange must run full length to form the 
necessary tie between the main component parts of the girder, and often in the 
case of the top flange, to receive and distribute the applied load. 

While it is commonly specified that the thinnest of the flange plates shall be 
put on the outside, there appear to be better reasons for placing the thinnest 
on the inside, as pointed out in Art. 46. 

The practical rule respecting the addition of 9 or 12 in. to the theoretical 
length of the cover plates at each end stated for reinforced beams in Art. 13 
applies also to the box girder. 

If the loading on a box girder be not uniform, it is necessary to make use of a 
graphical method for the determination of the length of cover plates. The bend- 
ing moment is computed at critical or determining points and from it the required 
section modulus is derived. A diagram is then prepared for the half span if the 
loading be symmetrical, and for the full span if it be unsymmetrical, showing the 
requirement for section modulus at all points of the span. On this diagram is 
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laid off vertically from the base the section modulus provided (1) by the primary 
component parts of the box girder, (2) by each of the successive plates from the 
inside plates outward. The point where the upper horizontal boundary line of 
the rectangle laid off to represent a component part of the girder cuts the curve 
will locate the point of theoretical cut-off for the next (outside) part represented. 


istrative Problem.—Assuming that the loading to which the 21-ft. girder of Fig. 29 
is subjected, is not uniform, but is as shown in Fig. 30, and that the span is 21 ft., find the 


theoretical and practical lengths of the flange plates. 
The moments and required section moduli at the points of concentrated loading and 
certain intermediate points are as shown in the accompanying table. 


a —————————<$——_— 


Distance of point | Uniform load | Moment from Combined. Required sec- 
from left support | moment concentrated moment tion modulus 
(ft.) (ft.-lb.) (ft.-lb.) ~ (ft.-lb.) (in.*) 
2.15 4,460 158 ,500 162 ,960 122 
4.3 7,895 317 ,000 ~ 324,895 244 
10.5 12,100 342 ,000 354 , 100 266 
18.3 5,400 369 ,500 374 ,900 282 
19.65 2,900 185,100 188 ,000 141 


Plotting the required section moduli vertically on a diagram for the full span, Fig. 30, and 
laying off also vertically the section moduli provided by the primary beam and channels, 
and the successive cover plates, the theoretical .equired lengths of the plates may be readily 
scaled off. yee 

In the previous problem on the girder of Fig. 29, the effective section modulus at the 
maximum section was found to be 282. 

The effective section modulus of the beam and channels plus one cover plate on each 
flange needs to be found. 

Gross I of beam and channels = 1,257. 

Gross I of two plates (one on each flange) is approximately (2) (6)(7.1875)2 = 620. 

Total gross J = 1,877. 

I of two holes through beam flange and plate and two through the channel flanges and 
plate 

= [(2) (1.25) (0.88) (7.25)2] + [(2) (1.00) (0.88) (7.75)2] = 115 + 105 = 220. 

Net I of section with two flange plates only = 1,877 — 220 = 1,657. 

Corrected net section modulus = (0.95) (1,657) /7.875 = 199. 

Laying off this distance vertically on the required section modulus diagram of Fig. 30 
and drawing a horizontal line across the diagram, the points of theoretical cut-off are found 
where this line cuts the curve. Since the stress which these outer plates must carry must 
be transferred to them in distances of 4.3 and 2.7 ft. at the left and right hand ends respec- 
tively, the plates will need to be carried full length to accommodate the necessary rivets. 


35. Stiffeners.—In order that concentrated loads may be transferred to the 
webs of a box girder without exceeding the permissible buckling stress in the 
webs, it may be necessary to use stiffeners, as in the case of beams, Art. 18. If 
it is not practicable to make the thickness of the webs great enough to obviate 
danger from crippling due to ordinary diagonal compression, stiffeners spaced at 
suitable intervals throughout the length of the girder will need to be used. For 
the principles governing their proportioning and spacing, see Art. 52. 

36. Diaphragms.—To ensure that the principal component elements of a box 
girder act together as a unit and that any excess of loading received by one ele- 
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ment is distributed to the others, diaphragms should be inserted at certain points. 
It is not prudent to count on the stiffness of the cover plates in a vertical direction 
to transfer load from one vertical rib to another. Diaphragms are essentially the 
same as the built-up separators, described in Art. 26, being attached to the webs of 
the box girder preferably by rivets, or if such cannot be driven, then by, bolts if 
possible. If web stiffeners are used for the girder, the attachment of the dia- 
phragm plates may be to them. If stiffeners are not used, the attachment may 
be by vertical connection angles. 

The difficulty of fastening diaphragms to the webs arises from the fact that 
unless the girder be very large, rivets cannot be driven through the outside webs 
of a three-web girder or through either web of 
a two-web girder after the flange plates are Ne 
riveted on. For a two-web girder the am inal 
diaphragms may in theory at least, be riveted 
to the webs before the flange plates are riveted 
on, though there are shop difficulties entailed 
by this procedure. For a three-web girder, 
the cover plates must be connected to the 
inner web before the outer webs are assembled 
in place, thus making it impossible to rivet 
the diaphragms to the outer webs. One way 
of overcoming the difficulty is to rivet the 
diaphragms to the inner web, as shown in 
Fig. 31, and then provide on the inside of each 
of the outer webs (at top and bottom where diaphragms occur), short bracket 
angles ‘“‘A”’ between which the diaphragm would fit. Before these bracket 
angles are riveted in place, the diaphragms should be fitted in between them to 
ensure close bearing when the whole girder is riveted up. By this device, the 

excessive deflection of one web with respect to the others could be obviated— 
that is, the load might be distributed transversely. 

Where the spacing of the girder webs permit, single pieces of channel run 
vertically, as shown in Fig. 21c, may be used. This is usually only practicable 
for girders composed of rolled sections as the primary elements, and is not 
desirable for the heavier girder because of the lack of stiffening of the horizontal 
edges of the diaphragm. For such girders, diaphragms with both horizontal and 
vertical edge angles are desirable. The thickness of the diaphragm plate is_ 
commonly fixed by experience, though an indication of a suitable thickness 
may be gained by considering a load equal to one-quarter of the total load carried 
by the girder, divided by the number of diaphragms connecting to one outer web 
as applied at the upper outside corner of each diaphragm. The web should 
then be proportioned by a web crippling formula such as 


Fig. 31.—Distributing diaphragm for 
box girder. ~ 


p = 15,000 — 1507 


or any other of those mentioned in Art. 17. The connection and stiffening angles 

should be 54g in. for the lighter girders and 3¢ in. for the heavier ones. 
Diaphragms should be placed at all points of concentrated loading to ensure 

the proper lateral distribution of the load. They should be placed also at the 
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ends to give lateral support where the web buckling tendency is pronounced, 
and at such other points as they might appear desirable in view of probable 
inequalities of the loading. 

37. Flange Riveting—A simple but indirect method of determining the 
spacing of rivets in the flanges of a box girder is that followed in the problem on 
the reinforced beam, Art. 14. This consists of finding the difference in total 
stress in the added flange material at two sections, and placing between the 
sections sufficient rivets to develop the difference in stress. The two sections 
may be conveniently taken at the end of the attached flange element and at the 
point of maximum stress therein. For most box girders, such as those with only 
one or two plates of moderate thickness, where the theoretical spacing is much 
greater than would be permissible by the practical restrictions relating to the 
maximum rivet spacing, this method is sufficiently accurate. In computing the 
total stress in the plate, the stress per sq. in. may, without material error, be - 
taken as the maximum permissible fiber stress in bending. 

For box girders with relatively heavy flanges, in which the adopted rivet 
spacing will depend on stress conditions rather than on practical rules for maxi- 
mum spacing, it is desirable to employ a more exact method than that described 
in the previous paragraph. Although in the case of deep box girders, the flange 
rivet spacing may be determined by the approximate methods usually adopted 
for plate girders (discussed in Art. 51), the generally applicable method is that 
based on the true horizontal shear between faces of connected parts. 

It has been established in Sec. 1, Art. 510, that the intensity of horizontal shear- 
ing stress at any point in a beam or girder is given by the formula 


20M: 
eres f 


where v = intensity of horizontal (or vertical) shearing stress in lb. per sq. in. 


Q 


statical moment of area on either side of the point considered, taken 

about the neutral axis. : 

V = total vertical shearing force at the section considered. 

I = moment of inertia of the area of the entire section about the neutral 
axis. 

t = thickness of the section at the point considered. 


For a lin. in. of girder the horizontal shearing area = (1)(¢) = t, and hence 
the total horizontal shear per lin. in. is 


Pee 


I 


While the applicability of this formula to joints that lie in a horizontal plane 
is clear, it may not be so evident that it applies to joints in a vertical plane. For 
example, let it be required to determine the total horizontal shear per lin. 
in. between the web plates of the girder shown in Fig. 32 and the flange angles 
riveted thereto. The total horizontal shear between that portion of the section 
which lies above the horizontal plane BB, and the portion lying below it, is 
obviously 

QpV 
Hy = T 


Sec. 2-37] DESIGN OF STEEL AND CAST-IRON MEMBERS 241 


Part of Hz is borne by the portion of the two web plates above the level BB 
and part by the flange angles and cover plate, the division being on the basis 
of relative statical moments. Consequently if in Qz only the statical moment of 
the angles and cover plate is included, the result, Hp, will be the amount of total 
horizontal shear between the flange angles and the web plates. 

~ Having found the horizontal shear per lin. in., H; between an element of 
the flange which is riveted to the re- 
mainder of the girder, the rivet pitch in q 
_ the flange element, provided it does not B 4 
bear any local transverse load, may be > 4 
expressed by the formula 
. Neutral 
areH 
_ where r = safe resistance of one rivet in 
the situation under consideration. 


: LE TT ae 
>> 222) 


_WAABBWA@e@Bea@sPaeesaeseesaear 
2222 


Illustrative Problem.—If, at a certain sec- 
tion, the box girder shown in Fig. 28 is sub- 
jected to a total vertical shear of 348,000 Ib., Fie. 32.—Horizontal shear between web 
find the required pitch of the rivets in the and flanges. 
tension flange. Rivets, 74 in. diameter. Safe shearing and bearing stresses = 12,000 
and 24,000 lb. per sq. in., respectively. 

Total horizontal shear per lin. in. on planes of contact between web plates and angles of 
tension flange riveted thereto is 

Jéby = _— 


The statical moment of the net area of the tension flange about the assumed neutral 
axis (the center line of the webs) may be readily determined from the figures given for this 
girder in Table 10, p. 236, respecting the moment of inertia of this section. Arranged in 
tabular form, the computation is as below. For this purpose the areas of holes are con- 
sidered negative, but all distances, though measured downward from the neutral axis, are 
taken as positive. From the summation of the last column, the statical moment is seen to 
be 831.8. 


Distance (yo) 
from assumed | Statical moment 
Part Area of part neutral axis to ; of part (Ayo) 
(sq. in.) gravity axis of (in.3) 
part (in.) 
4 bottom angles...2......-s.: +28.44 +12.52 +356.0 
3 bottom Covers........+-.. : +42.00 +15.00 +630.0 
SPartio Holest CD) seca soho = — 2.50 +11.75 — 29.4 
A holed. (EB) uid oc es vs wakes + See — 8.50 _+14.69 —124.8 
SEBO AA Seishin ee +831.8 


a 


Net moment of inertia of section, from Table 10 = 27,028.5. 
Horizontal shear, per lin. in. of girder, transferred to anges by web 


(831.8) (348,000) _ 
1 = “oy 998.8 = 10-700 Ib. 


16 
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Since the outer webs are each one-half the thickness of the center web, each will be 

assumed as taking one-quarter of the total horizontal shear per lin. in.—that is, 
Hi = (0.25)(10,700) = 2,675 lb. 

The minimum value of one 74-in. rivet connecting the flange angles to the center web 
is its single shearing value r = (0.60)(12,000) = 7,200 lb. 

Hence theoretical pitch should be 

r 7,200 fs 
p ee MONA 

To give a well distributed connection between the web and the flange angles it is best 
to use two gage lines in the vertical legs of the angles, so that the pitch of 2.69, or say 2% 
in., would be a staggered pitch. ; 

Illustrative Problem.—Determine the necessary section for a symmetrically made up 
double-beam box girder, of the form shown 
in Fig. 33 (illustrating a girder designed in 
accordance with assumption D), to the data 
given below under the following alternative 
assumptions respecting allowance made for 
rivet holes and the position of the neutral axis: 

(A) No deduction for rivet holes; neutral 
axis at center of gravity of gross section. _ 

(B) Rivet holes in both flanges deducted; 
neutral axis at center of gravity of gross (or 
net) section. 

(C) Rivet holes in tension flange only de- 
ducted; neutral axis at center of gravity of net 
area. 

(D) Rivet holes in tension flange only de- 
ducted; neutral axis at center of gravity of 
gross section. 

Data.—Span, 22 ft. clear, or 23 ft. 4 in. 
Fig. 33.-—Proportioning of box girder center ae center of bearings. ; 

cross-section—Design D. Section must be not over 23 in. deep nor 
over 14 in. wide. 

Load to be 10,270 lb. per lin. ft., uniformly distributed, consisting of 10,000-lb. 
superimposed load and 270 lb. due to weight of girder. 

Permissible stresses to be as follows: Bending on extreme fiber = 16,000 lb. per sq. in., 
shearing on beam webs = 10,000 lb. per sq. in. on gross area. 

Vertical buckling stress on beam webs 


2 plates /4'*§ 


20-1.62.4-1b, 
“T-beam ~~ 


yeu tral 


%) t 
( ST 
must not exceed p = 19,000 — 173%) where 

R = end reaction of one beam in lb. 

a = length of bearing in in. 


d = depth of beam. 
t = thickness of beam web. ' 
Rivets = 34 in. dia.; holes for stress calculations = % in. diam. 


Design A 


Shear.—End reaction, or end shear, 


Vi = (34) (23.33)(10,270) = 119,800 lb. 
Required section for shear = 119,800/10,000 = 11.98 sq. in. 
As the limitation for depth would permit 20-in. beams, it would be in the interests of 
flexural economy to use beams of this depth, although shallower ones with thicker webs 


would be desirable if the shear happened to determine the design. Assume two 20-in., 
65.4-Ib. I’s. Shear area provided = 2dt = (2)(20) (0.5) = 20 sq. in. 
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These are, therefore, sufficient. 


Web Buckling —Existing vertical compressive stress on the web of one beam at the 
support, assuming a 14-in. bearing, 


ne (44) (119,800) 
(14 + 2) 0.5) 
‘t 

~ Permissible buckling stress on web, 


p = 19,000 — 173 Se = 12,100 lb. per sq. in. 


= 6,300 lb. per sq. in. 


Hence, assumed section is safe against web buckling. 
Bending — Maximum bending moment, 


“ Wl 10,270) (23.33) (2 
M = Fe = 20270) (23.39) (280) _ 3,387,000 in-b. 
Required maximum section modulus, 
M _ 8,387,000 _ 
ie A 10,000 = gO 


Assume as section the following: 
Two 20-in., 65.4-lb. I’s 
Four 14 X %¢-in. plates, 
arranged as shown in Fig. 33 (which in detail applies only to case D), the outer plate on 
each flange to be cut off at the point where it is no longer necessary. 
Gross moment of inertia of two 20-in., 65.4-lb. I’s about neutral axis of girder = 
(2) (1169.3) = 2,339. 
Gross wonent ee inertia of two pairs of 14 XK % g-in. plates, 
= 2(Iy + Ayo?) 
= 2[(14 2) (14) (1.1253) + (14) (1.125) (10.5632) ] 
= 2(2 + 1,755) = 3,514 
Total gross moment of inertia =5,853. 
Gross section modulus provided = 5,853/11.125 = 526. The section assumed is 
therefore adequate for bending. 
Design BD 


, Shear and Web Oe Saba —The stresses and necessary sections are the same as for 
Design A. - 

Bending—To compensate for the loss of area due to rivet holes in both flanges, assume 

the following section: 
Two 20-in., 65.4-lb. I’s 
Two 14 X %-in. plates (inside) 
Two 14 X 34-in. plates (outside). 

Gross moment of inertia of two I’s = 2,339 in.* 

Gross moment of inertia of two pairs of plates, each pair comprising one 14 X 5g-in. 
plate and one 14 X 34-in. plate, the thinner plate being on the inside for the reason given 
in Art. AG; 

= 2[(14 2) (14) (1.8753) + (14) (1.375) (10. weg = 4,404 in.* 

Total gross 5 at of inertia = 2,339 + 4,404 = 6,743 in.4 

Moment of inertia of four 7-in. holes dhiough 0.78 + 1.38 = 2.16 in. "of metal, neglect- 
ing the moment of inertia of the holes about their own gravity axis, 

= (4)(0.875) (2.16) (10.30)? = 803 in.* 
Net moment of inertia = 6.743 — 803 = 5,940 in.* 


Net section modulus = 5,940/11.375 = 522. 
This is sufficiently near the requirement, 524. 


Design C 


Shear and Web Buekting. —Same as for Design A. 
Bending.—In this case, only the holes on the tension side are to be deducted and the 
neutral axis is assumed to take up a position at the center of gravity of the resulting net area, 
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The eccentricity, ¢, or distance of the center of gravity of the net area from the center of 
gravity of the gross area may be readily found by the formula, 


where Q;, = statical moment of the holes deducted, taken about center of gravity of the 
gross section; 
An = net area of whole section. 
For this case assume that the section adopted and the gross area is as follows: 
Two 20-in., 65.4-lb. I’s = 38.16 sq. in. gross 
Four 14 X 5-in. plates = 35.00 sq. in. gross 


Total gross area = 73.16 sq. in. 
The statical moment of two holes about the neutral axis of the gross section 
Qn = (2) (0.875) (2.03) (10.24) = 36.4 cae 


Net area of whole section = 73.16 — (2) (0.875) (2.03) = 69.60 sq. in. 


Hence, eccentricity 
_ 36.4 


a 69.6 0.52 in. 
Moment of inertia, In, of net section about the neutral axis established above may be 
found from 
Tn = 1g + Age? — ayo? 
where 
I, = moment of inertia-of gross section about neutral axis of gross section. 
A, = gross area of section. 
area of holes deducted. 
Yo = distance of center of gravity of holes deducted from neutral axis of net section. 
I,, for the present case = 2,339 + 2[(142)(14) (1.25%) + (14) (1.25) (10.6252)] = 6,297 in.4 
Ay = 73.16 sq. in. 
€.—= 0:52 ins ; 
a (2) (0.875 X 2.08) = 3.55 sq. in. 
Yo = 10.24 + 0.52 = 10.76 in. 


a 
ll 


ll 


Hence, 
In = 6,297 + (73.16) (0.52)? — (8.55) (10.76)? = 5,906 in.* 

Net section modulus = 5,906/11.77 = 502 in.? 

As this is somewhat below the requirement, 524, the section will need to be increased. 
Assume that the outer plates are each increased 146 in. in thickness. The increased 
moment of inertia for the addition to the compression flange is approximately 

I = (144,)(10.73 + 0.03)2 = 101.1 in. 
The increase in moment of inertia for the added thickness to the tension flange is 
14 — (2)(0.875 
hig 1 — 2) (0.875) (11.77 -+ 0.03)? = 106.4 

Total increase in moment of inertia = 207.5. 

Total net moment of inertia of increased section = 5,906 + 207.5 = 6,113.5. Hence, 
net section modulus of increased section = 6,113.5/11.83 = 518, which is the nearest 
approach that can be made to the requirement, 524. The outer cover plates will there- 
fore each be 14 X 114g in. 

Design D 

Shear and Web Buckling —Same as for Design A. 

Bending.— Assume as section, 

Two 20-in., 65.4-lb. I’s 
Four 14 X 5-in. plates 

From Design C, the gross moment of inertia of this section about the gravity axis of the 
gross section = 6,297 in. 

Moment of inertia of two holes about the neutral axis of the gross section (assumed in 
this case as the neutral axis of the girder as built) is 
I, = (2) (0.875) (2.03) (10.24)2 = 373 in.4 
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Net moment of inertia of girder = 6,297 — 373 = 5,924 in.4 
Net section modulus = 5,924/11.25 = 526. This is adequate. 


Comparison of Designs 
In order to facilitate the comparison of the results reached by designing according to 


the-four alternative assumptions respecting the effect of rivet holes, the following table 
has been prepared: 


Max 
Dosen Holes Assumed position : ve \ ero. S ae AG 
deducted of neutral axis és a SES) A elticien- 
(in.4) (in.4) A cies 
(in.?) 
A None Center of gravity of gross 
BOCHLOM Wer oe. oes tations 5,853 526 69.66 | 7.55 1.00 
B Two from each| Center of gravity of gross 
flange SCCtON vey. saw cle eee 5,940 522 76.66 | 6.81 0.90 
C: Two from tension | Center of gravity of net area.| 6,114 518 74.91 | 6.92 0.92 
flange 
D Two from tension | Center of gravity of gross 
flange ALO Gs, aysiapewhove catershetetn asin eas 5,924 526 iSselG els 0.95 


In the next to the last column of the table is given the amount of section modulus 
developed for each square inch of gross area in accordance with the four basic assumptions 
of design. In the last column the relative efficiencies are given—that is, the relative 
amount of section modulus developed per sq. in. of gross area. From this column 
it is seen that there is a loss of about 10 per cent where all holes are deducted, but only 
from 5 to 8 per cent, depending on the assumption respecting the position of the neutral 
axis, when only the holes in the tension flange are deducted. 

: The figures given in the table show the possibility of saving time in the design of box 
girders by making the calculation of section modulus by one of the simpler assumptions, 
such as A or D, and then correcting the results in accordance with the actual assumption 
made respecting deductions and position of the neutral axis. For example, if the section 
modulus for a given section were found according to assumption A, reducing it by 8 per 
cent would give the section modulus for the same gross section according to assumption C. 
Tf the section modulus were found by assumption D, reducing it by 4 per cent would give 
the section modulus according to assumption C. It is best to base the calculation on 
assumption D, as the amount of correction is less than required if it is based on method A. © 

Illustrative Problem.—Find the theoretical and practical lengths of the cover plates 
for the box girder designed in the last problem, according to assumption B. : 

Although the outer cover plates are required for only a fraction of the girder length, ‘the 
inner cover plate on the compression flange must be carried full length to stay the flanges 
of the beams against buckling and to provide a satisfactory bearing for the applied load. 
While in theory the inner cover plate on the bottom flange may be cut off short of the end, 
it is customary to carry it full length also. This practice has the incidental advantage of 
keeping the neutral axis near the center of the beam webs. 

From Formula (1) of Art. 34, the length of the outer cover is given by the formula 


(? 
aN 


xz = the theoretical length of the cover plate. 


Zl = length of span. 
8)’ = section modulus required to be contributed to the girder by the two outer covers. 


total required net section modulus. 


where 
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Net section modulus of beams with two inner 14 X 5£-in. cover plates only is found by 
the methods already elucidated to be 328. 
Difference between total required section modulus S and the section modulus provided 
by two beams and the two inside flange plates is 
si’ = 524 — 328 = 196 
Hence, theoretical length of outer flange plates is 


196 
a1 = 23.33 \557 = 14.3 ft. 


To this length about 2 ft. would be added for the reasons given in Art. 13, so that the 
plates would be about 16 ft. long. 

Illustrative Problem.—Determine the rivet spacing in the cover plates of the girder of 
the last problem given the following data: Rivets, 34 in. diam.; permissible shearing and 
bearing stresses on shop rivets = 10,000 and 20,000 lb. per sq. in. respectively. 

The number of rivets required in each flange from the center of the bearing to the center 
line of the girder is the number necessary to transmit the total stress in the two plates 
from the beams into those plates. 

Since the fiber stress increases uniformly from the neutral axis out to the extreme fiber 
and the thickness of plates on each flange is 54 + 34 = 1.38 in., the average fiber stress 
in the flange plates will be 


fa = (16,000) (rss) = 15,000 Ib. per sa. in. 

Total stress in two plates at center of girder equals net area of plates multiplied by 

average stress per sq. in.—that is, 
P = [(14) — (2)(0.875)](1.38) (15,000) = 254,000 Ib. 
Least safe resistance of one rivet is single shearing value, ; 
r = (0.442) (10,000) = 4,420 lb. 
Number of rivets required from center of bearing to center line of girder 
254,000 
INE oe 57 

or, say, 29 in each gage line. 

Considering the outer one of the two cover plates alone—that is, the 34-in. plate—the 


average working stress in it is 
11.00 : 
fa’ = (16,000) Gigs = 15,450 Ib. per sq. in. 
Total stress borne by one 14 X 34-in. plate with two 7-in. holes out is 
P’ = [(14) — (2)(0.875)](0.75) (15,450) = 142,000 lb. 


Number of rivets required through outer cover plate from its end to center line of girder 
_ 142,000 


or 16 in each gage line. F 
The actual spacing should be arranged so as not to exceed 6 in. in either line and so that 


for a distance of about 2 ft. at each end of each plate the spacing is less than this, say 3 or 
4 in, 


PLATE GIRDERS 
By C. R. Youna 


38. General Characteristics——Whenever the situation calls for a beam or 
girder of greater flexural capacity than that of any single rolled beam or beam gir- 
der available, and the height conditions permit a girder of economic depth for 
bending, a single built-up beam, or plate girder, can be used to advantage. 
Although the pound price of such a girder is greater than for a multiple beam 
girder, or for a box girder utilizing rolled beams or channels for its primary ele- 
ments, the saving in metal due to the use of a more favorable de 


; th generall 
makes the plate girder cheaper for heavy loads. : : 4 
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Essentially, a plate girder is an I-beam built up of plates and angles, as shown 
in Fig. 34. Unlike the I-beam, which is of uniform section throughout its length, 
the plate girder may be varied in section should such prove desirable. It is, 
for example, easy to reduce the flange section at points where the smallness of the 
bending moment warrants it, and for very large girders to use a thinner web in 
the region of light shear than in those of heavy shear. 

Like the I-beam, the plate girder developed naturally from the I-shaped cast- 
iron beams and girders that preceded it. An indication of the possibilities of 

_long-span built-up girders was given in the successful completion of the great 
Britannia and Conway tubular bridges in Wales, the former containing two spans 
of 460 ft. each, built in 1850. These tubular spans were, in reality, nothing but 
very large box girders carrying the traffic through, rather than on top of them. 
The longest span ever built in single web plate girder construction was a through 
span of 170 ft. in the clear, built in 1864 over the Pilalee River on the Eastern 
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Fie. 34.—Typical plate girder. 


Bengal Railway. The two main girders were 13}¢ ft. deep and 22 ft. apart. 
The longest simple plate girder spans in America occur in the double-track bridge 
“of the Lehigh Valley Railroad over the Susquehanna River at Towanda, Pa., 
which contains 13 spans of 12914 ft., and one of 120 ft. 
Although plate girder spans of 130 ft. or over may thus be successfully built, 
it is usually more economical to employ a truss span for lengths over about 120 
ft. The pound price and the maintenance cost of plate girder bridges is relatively 
low, but_beyond the 120-ft. limit the saving of material in truss spans is likely to 
offset the advantages of plate girder construction. 
39. Composition of a Typical Girder. : 
39a. Web.—The primary element in the make-up of a plate 
girder is the web. This may be in one piece if the girder is not over about 30 
ft. in span, or it may be in several pieces for longer girders. For very long 
and very deep girders, web splices, such as shown in Fig. 34, may be as 
close together as 10 ft. due to the difficulties in getting web plates of sufficient 
width for the depth of the girder. 
39b. Flanges.—F lange angles are riveted to the upper and lower edges 
of the web so as to add to the flexural capacity of the web, and to these angles 
flange plates are riveted in turn. The most common type of flange is the T- 
‘flange, consisting of two angles arranged as a T, with or without attached plates, 
as in Fig. 35 (a) and (b). The bottom flange of the girder of Fig. 34 is of this type. 
Angles alone are used for comparatively light girders. 
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If more than about 50 per cent of the flange material occurs in the form of 
cover plates, it is customary, if a T-flange is being used, to connect flange plates 
directly to the web by placing them between the flange angles and the web and 
letting them extend past the inner edges of the flange angles. A flange of this" 
sort is shown in Fig. 35 (c). 

If it is desirable to maintain the top surface of the top flange as a plane—as, 
for example, in deck plate girder spans for railway work—a four-angle flange, 
arranged as shown in Fig. 35 (d) may be used to advantage. Although flange, or 
cover plates, are added to a T-flange on the backs of the outstanding legs, they 
are added to a four-angle flange in two vertical planes on the outer faces of the 
vertical legs. In either case, variation of the flange section is easily possible by 

cS ou cutting off the flange plates 

FE | (ae ety Th wherever desired. If it be 
@ Ail desired to build up a par- 
e @) @) ticularly heavy flange, four 

angles may be used and flange 

— ; plates may be added both in 

i | a horizontal and vertical planes, 

Te as shown in Fig. 35 (f). Some 

(f} % of the latter may be placed 
between the angles and the 
web, and thus be classed as 
directly-connected material. Where a considerable lateral moment is exerted 
on the flange—as for a crane runway girder—or for any reason especial lateral 
rigidity is required in the flange, a channel with flanges turned down, Fig. 
35 (g), is advantageously employed. 

If the total length of the girder is over about two car lengths, or about 65 ft., 
it is usually necessary to count on splices in the flange, as flange angles in single 
pieces of greater length than mentioned are not likely to be available in the 
average shop. These splices consist commonly of a short piece of angle of 


appropriate section riveted to the spliced flange angle, as described in Sec. 3, 
Art. 17. 


Fic. 35.—Typical flanges for plate girders. 


39c. Stiffeners.—If the unsupported depth of the web exceeds the 
limit mentioned in Art. 42, stiffeners are riveted vertically to the web at intervals 
equal roughly to the depth of the web. These consist usually of a pair of angles, 
one on each side of the web with one line of rivets serving the two. Where the 
top flange is of the four-angle type, as in Fig. 35 (d), (e), and (f) pairs of short 
angles must be used between the upper and lower angles of the tap flange to give 
support to the outstanding legs of the upper angles and to help transfer the con- 
centrated applied loads to the web. These short angles should be ground to fit 
at both top and bottom, but the main angles, except in the case of the end ones, 
need to be fitted tightly only at the top. At the ends of the girder two pairs of 
stiffener angles are employed to prevent the web from buckling and to serve ina 
measure as a column for the transfer of the end reaction to the support. Fillers 
are always inserted under these stiffener angles between the flange angles on each 
side of the web to keep the stiffener angles straight. Fillers may be used under 
intermediate stiffeners, but it is generally more economical, particularly for the 
deeper girders, to crimp the ends of the stiffener angles to fit over the flange angles. 
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39d. Bearings.—At each end of the girder is a sole or shoe plate 
resting on a bed plate or bed casting. If the span is over about 80 ft. a bolster, 
such as described in Arts. 56 and 59, is generally used between the shoe and the 
bed plates to overcome the tendency of the deflection to produce intensified 
pressures on the supports near the inner edge. Rollers may be used at the 
sliding end of the span, under the conditions described in Arts. 56 and 60. 

40. Stress Conditions to be Met.—Like an ordinary beam, a plate girdermust 
be secure against failure by flexure, flange buckling, shear or web crippling, and at 
the same time must not deflect to such an extent as to cause damage or unsightli- 
ness to any construction or interfere with the easy operation of moving structures. 
Asa plate girder may be built to conform closely to all the stress conditions, unlike 
a rolled beam which must be of some standard cross-section, greater economies of 
material are possible with the use of plate girders than by the utilization of rolled 
beams. 

41. Proportioning for Shear.—Although with a rolled I-beam, investigating 
for shearing stresses is necessary only for short, heavily-loaded spans, witha plate 
girder the design concerns the web quite as much as the flanges. In the latter 
case, the relation of web to flange area is subject to 
almost indefinite variation, while for beams there are 
a few fixed standard proportions, one of which must 
be adopted. 

The general formula giving the intensity of shear- 
ing stress at any point in a beam, 
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discussed in Art. 16, in connection with beams, ap- 
plies to plate girders, as does the common approximate 
“assumption that the shearing stress is borne entirely 

by the web and may be considered as uniformly dis- 
tributed over the web. It is, of course, true, as has 

been shown in the discussion of Art. 16, and in Table 6 

giving the relation of maximum to average shearing ey 
stress in beams, that the above assumptions are in 

error. For plate girders the error is about the same as 

for beams—that is, the maximum shearing stress at 

the neutral axis is ordinarily from 10 or 20 per cent () 
greater than that given by the method of average Fic. 36.—Effect of rivet 
stress. As in the case of beams, compensation for ne cen shearing strength 
the error involved is made by selecting a conservative : 

working stress, one which at the same time makes provision for the ordinary loss 
of section due to vertical lines of rivet holes. 

Although the effect on the shearing strength of a web plate produced by a 
vertical line of holes filled with rivets is not definitely known, some idea of the 
extreme limit of this effect may be gathered from considering the effect of a vertical 
‘line of open holes. Assume two plates each of thickness , the first (a) being 32¢ 
deep and the second () 64t deep, as shown in Fig. 36. Let there be holes of 
diameter 2¢ in each, spaced 8¢ apart, center to center. For convenience, let half 
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of one hole in each case be deducted at each of the extreme edges. In each case 
the loss of area and the loss of statical moment of half the area about the neutral 
axis is 25 per cent. For case (a) the loss of moment of inertia is 28.2 per cent, 
and for ease (0) it is 25.9 per cent. This shows that the reduction in moment of 
inertia of a plate due to punching holes at uniferm spacing is very nearly propor- 
tional to the reduction of area, being almost exactly so for the deeper plates. 
Since the true shearing stress 


and both the statical moment, Q, and the moment of inertia, J, may be taken as 
proportional to the net area of the plate, the shearing stress will be increased in 
the same ratio as the area is reduced. 

If the actual maximum shearing stress is therefore in excess of the average 
shearing stress on the gross area of the web by, say, 15 per cent on account of the 
error involved in assuming uniform distribution, and this in turn must be 
increased by as much as 25 per cent by reason of holes, the actual stress would be 
44 per cent in excess of the apparent stress. If a girder web is designed, there- 
fore, for an average stress on gross area of 10,000 lb. per sq. in., and allowance 
for the effect of lines of fairly closely-spaced holes must be made fully, the actual 
maximum stress would be over 14,000 lb. per sq. in. With a factor of safety of 
4, the safe shearing stress in structural steel is about 12,000 Ib. per sq. in., so that 
the 10,000 lb. on gross area would then be excessive. However, it is probably 
too severe to assume a line of vertical holes tightly filled with rivets as no better 
than a line of open holes for the resistance of shear. It is probably not necessary, 
therefore, to require webs to be designed for an average shearing stress of 10,000 
Ib. per sq. in. on net area, although there are cases when 10,000 lb. per sq. in. 
on gross area gives excessive results. 

42. Proportioning for Web Buckling.—As has been pointed out in the dis- 
cussion of web stresses in beams, Arts. 16, 17, and 18, the adequacy of a web is more 
frequently determined by its capacity to resist crippling or buckling than by its 
shearing value. The maximum crippling stress at a point arises from a combina- 
tion of the flexural and the shearing stress. The location of the point where the 
diagonal compression reaches its absolute maximum is of importance, as well as 
the actual value of this maximum. 

In order to show the nature and magnitude of the diagonal compressive 
stresses in typical plate girders, the stresses at various sections of two characteris- 
tic girders, Fig. 37, have been calculated in the two problems which follow. 
The intensity of the maximum stresses and their direction are computed by the 
appropriate formulas of Sec. 1, Art. 53. 


Im = Y6f + SVG f? + v? 


tan 26 = _ 28 


f 


The flexural stress at auy point on a cross-section has been computed by apply- 
ing to the section the ordinary flexure formula 
_My 
ae 
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where 
M = moment in inch-pounds 


= distance of fiber from neutral axis of girder 
I = gross moment of inertia of section. 


The shearing stress was calculated by the exact formula of Art. 16. 
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Fic. 37.—Diagonal compressive stresses at various sections on typical plate girders 


Illustrative Problem.—A 30-ft. plate girder consisting of one 36 X 546-in. web plate, 
four 6 X 4 X 3-in. flange angles, and two 13 X 3-in. cover plates, 20 ft. long, as shown 
in Fig. 37a, carries a total uniformly distributed load of 5,000 Ib. per lin. ft. Find 
‘the intensity and direction of the diagonal compressive stress at the points indicated in 
Fig. 37a at cross sections 1.17, 5, 10 and 15 ft. from one support, neglecting the local effect 
of the application of the superimposed load. 

The bending moments and shearing forces at the section considered are listed in 
Table 11. 

Gross moment of inertia of girder without cover plates = moment of inertia of web + 
moment of inertia of four flange angles or 


= (42) (0.3125) (36)? + 4[(4.9) + (3.61) (17.31)2] = 5,565 in.4 
Gross moment of inertia of girder with two cover plates, 
Iz = (5,565) + (2) (4.875) (18.438)? = 8,880 in.4 


Applying the flexure and shearing stress formulas to each of the four cross-sections, the 
bending and shearing stresses at the seven stipulated points are calculated. Combining 
them, theintensitiesand direction of the maximum resultant stresses at the selected points 
are then found. In Fig. 37a the intensity of the resultant compressive stress at the seven 
points on each of the four cross sections is plotted horizontally to the right of the section, 
and curves drawn through the extremities of the lines so plotted. By scaling off the hori- 
zontal distance from the section plane to the appropriate curve at the level of the point 
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considered, the intensity of the maximum diagonal compression at the point may be found. 
The direction of the maximum compressive stress is indicated for the chosen points on each 
cross-section by arrows to the left of the section. 

Figures for the actual intensity of the diagonal compressive stress are given in Table 11 
in the case of each of the cross-sections for the extreme compressive fiber and for the fiber 
of the web immediately below the inner edge of the flange angles. 


TasBLE 11.—CoMPARISON oF MaxIMuM CoMPRESSIVE STRESSES AT SELECTED PoINntTs 
on Various Cross-SectTions oF TyPiIcaL GIRDERS 


Maxi- 
Moment Flexural | Shearing] mum 
Sec- BS Moment] Shear of stress stress com- 
tion JOE M Vv inertia | Point on cross-section f D pressive 
Bos Pett ee issih.) I (Ib. per | (Ib. per | stress 
(ft.) (in.4) sq. in. | sq. in.) | (lb. per 
sq. in.) 
Girder with uniform load, Fig. 37 (a) 
1 1.167 84,000] 69,200} 5,565 | Extreme compressive 
AUD EY Mos evs onto sensei ve BaeWi iy cma: 3,320 
Web at inside edge of 
Hanger si ase vn cide eles © 2,590 5,720 7,15u 
2 5.8 312,500} 50,000) 5,565 Extreme fiber......... WAS PAU | noon 12,320 
Inside edge of flange...| 9,625 4,140 | 11,150 
3 10.0 500,000} 25,000} 8,880 Extreme fiber......... 12,580, 6 ss. 12,580 
Inside edge of flange...| 9,620 2,100 | 10,060 
4 15.0 562,500)......- 8,880 Extreme fiber......... PASSO 4 che ce 14,150 
Inside edge of flange...| 10,830 | ..... 10,830 
Girder with two symmetrical concentrated. loads, Fig. 37 (0) 
1 1.167 | 131,000)112,500| 5,565 Extreme fiber.........| 4,300 | ..... 4,300 
Inside edge of flange...| 3,360 9,300 | 11,130 
2 5.0 562,500/112,500| 8,880 Extreme fiber......... TATOO” wAlaars 14,150 
Inside edge of flange...] 10,830 9,460 | 16,310 
3 10.0 562/500) eves ee 8,880 Extreme fiber......... V4 1507) actors 14,150 
4 15.0 562,000) ones 8,880 Extreme fiber......... £4 ESO sects 14,150 


Illustrative Problem.—A 30-ft. girder made up as for the last problem, but with cover 
plates 27 ft. 8 in. long, carries a 112,500-lb. load at each of two points 5 ft. from the sup- 
ports. The dead weight of the girder is assumed to be included in these loads. Find the 
intensity and direction of the maximum compressive stresses at the same sections and 
points as those selected for the last problem. 

The moments and shears for the sections considered are listed in Table 11. On the 
assumption that the weight of the girder is included in the two concentrated loads, the 
moment increases uniformly from zero at the supports to a maximum at the points of 
loading and in loads. The shear being assumed as zero for this section, the maximum 
atresses are all purely flexural. Diagrams similar to those plotted in Fig. 37 (a) are shown 
in Fig. 37 (6). The intensities of maximum compressive stress for the two points of par- 
ticular interest on each cross-section are listed in Table 11. For simplicity, the maximum 
shear and maximum moment are both assumed to occur at the center of the concentrated 


load. 
42a. Variation in Web Compression.—Study of the results obtained 
in the last two illustrative problems shows: 
1. That the diagonal compressive stress tends to become measurably 
constant throughout the clear depth of the web as the shear becomes relatively 
large and the moment relatively small. 
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2. That the direction of the maximum diagonal stresses tends to become 
approximately at 45 deg. with the neutral axis throughout the clear depth of the 
web, wherever the shear is relatively large and the moment relatively small. - 

3. That near the ends of a girder and at points where the shear and moment 
are both large, the diagonal compressive stress in the web immediately inside the 
inner edge of the flange angles may be considerably in excess of the flexural stress 
at the extreme fiber. Such occurs at sections 1 and 2 for both girders considered. 

42). Thickness Ratio of Web.—Although some provision against 
- failure of a girder web by buckling is involved in proportioning for shear accord- 
ing to the usual range of permissible shearing stresses, further limitations must 
often be made. 

To keep the slenderness ratio of a vertical strip of web plate within reasonable 
bounds, it is sometimes specified that the thickness of the web shall not be less 
than }{¢0 of the unsupported depth between flange angles or side plates. This, 
for example, is the requirement in Schneider’s ‘‘General Specifications for the 
Structural Work of Buildings.’ The rule adopted in the 1920 specification of the 
American Railway Engineering Association is that the thickness of the web 
plate shall not be less than 449-/h, where h is the unsupported distance between 
flange angles. Other specifications commonly fix the minimum thickness of webs 
as 3¢ in. for girders of railway bridges and 54¢ in. for highway bridge and building 
girders. Occasionally a 14-in. web is used for building work, but the percentage 
loss through corrosion is so large and the possible damage in fabrication, trans- 
portation and erection so great that such thin webs are not to be recommended. 
In most cases a uniform thickness is used throughout the length of the girder, 
although for very heavy girders an increase of thickness in regions of large shear 
and diagonal compression is adopted. : 

A further restriction of the clear length of web plate that may buckle without 
hindrance is imposed by the requirement of intermediate stiffeners under certain 
conditions. If the thickness of web plate is less than 149 or 9 the unsupported 
distance between flanges, stiffeners are commonly specified. These, if spaced 
sufficiently close together, as explained in Art. 52, break up, or limit the length of 
diagonal belts of web, along which compressive or buckling stresses may reach a 
high intensity in regions of large shear, or large shear and large moment combined. 

42c. Limiting Buckling Stresses.—Although the limiting thickness 
ratio of a web may be observed and stiffeners used, dangerous buckling stresses 
may nevertheless arise in the webs at a section of heavy shear, unless the 
stiffeners are closely spaced. To provide for these, the shearing stress at the 
section should be computed and compared with the safe shearing stress based. on 
web buckling. 


Illustrative Problem.—Express an opinion concerning the safety against crippling of the 
web of the girder of the last problem under an end shear of 112,500 lb. Safe web crippling 
stress by adapted A.R.E.A. stiffener formula (Art. 17). 


h 
p = 12,000 — 425 


Average existing shearing stress 


112,500 


% = (36) (0.3125) = 10,040 lb. per sq. in. 
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This being considerably less than the existing average shearing stress on the cross-section, 
uhe web would need to be thickened or stiffeners used, spaced a distance apart in the clear 
about one-half the clear depth of the web, so that the longest unsupported strip of web 
making an angle of 45 deg. with the neutral axis would be one-half that assumed in the 
above formula for working stress. 


42d. Proportioning for Diagonal Tension.—As has been pointed out 
in Art. 17, there exist at points below the neutral axis of a simply supported 
beam, diagonal tensile stresses of the same magnitude as those existing at cor- 
responding points above the neutral axis, acting in a direction at right angles to 
the maximum compressive stress existing at the point on the tension side being 
considered. If the upper half of each diagram of Fig. 37 were turned down about 
the neutral axis as a hinge it would correctly represent the intensity of the maxi- 
mum tensile stresses below the neutral axis. 

In spite of the existence of these high diagonal tensile stresses, however, it is 
usually unnecessary to investigate them, since if the web can safely resist the 
shearing stresses in it, it can safely resist any tensile stresses arising from the 
combination of flexure and shear. This is because the safe strength of steel is a 
third more in tension than in columnar compression. The only exception to this 
condition is for the web fibers immediately inside the inner edge of the flange 
angles in girders with very thin webs. There, as has been already pointed out 
in this article, the maximum diagonal stresses may exceed the maximum flexural 
stress at the extreme fiber. In such cases, the web may need to be reinforced 
along this line of weakness by longitudinal plates placed under the flange angles 
and extending inside them, or by using angles with wider vertical legs. 

Indirectly, some advantage accrues to the compression half of the beam 
through large diagonal tensile stresses, whether brought about by the combina- 
tion of ordinary flexural and shear stresses, or by the application of a concentrated 
load to the tension side. ‘The greater the diagonal tension in the web, the better 
is the web restrained against buckling. Inadequate webs are thus often kept 
from failure in buckling by the existence of excessive tensile stresses. 

The effect of concentrated loads on the web immediately below or above them 
is to increase the maximum diagonal compressive stress already existing. If the 
load is applied above the neutral axis, the diagonal compressive stress of the 
web below is increased; if it is applied below the neutral axis, the diagonal tensile 
stress is increased. On the assumption that the shearing stress is uniformly 
distributed over the web, it may be shown that the intensity of the vertical stress 
on horizontal sections arising from the concentrated load decreases uniformly 
with the vertical distance of the horizontal section from the point of loading. 
If this vertical stress at any selected point be g, the maximum diagonal stress, 
fm, at this point may be shown to be 


fm =30f+ q) +lir— gt +0 


where f and v are the flexural and shearing stresses at the point.1_ The angle 6 
which this total maximum stress makes with the vertical is such that 

2 . 
ite? 


1 See Sec. 1. Art. 53. es 


tan 20 = 
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Adoption of a given web thickness for a girder is influenced by other factors 
than the capacity to resist shear and crippling without exceeding certain pre- 
scribed stresses. If in order to obtain the required area, a thin web be made 
very deep, the extra width may entail a higher pound cost for the web material. 
In addition, there is considerable risk of damage to thin webs in fabrication, 
transportation, and erection and the percentage loss through corrosion is higher 
than for thicker webs. Wherever an effort is made to utilize a very thin web, 
it may necessitate stiffeners so closely spaced as to increase the cost of the whole 
girder materially. 

' 43. Moment of Resistance, Exact Method.—By reason of the rigid attach- 
ment of the flanges to the web, a plate girder is essentially a built-up beam and its 
moment of resistance, or capacity to resist bending moment, should properly 
be computed from the common flexure formula, f = M/S, or M = Sf. To 
apply this formula accurately, it is necessary to compute the moment of inertia 
of the actual section, if such is not available in tables. However, because of the 
innumerable combinations of plates and shapes worked into plate girder sections, 
the properties of the particular section in hand are often not listed, and hence the 
value of J must be specially determined for the case under consideration. 

In allowing for rivet holes on the tension side of the girder, the same differ- 
ences of practice exist as have been mentioned in connection with the design of 
beams containing rivet holes. ‘Some designers proportion by the moment of 
inertia of the gross section, as is recommended by the American Bridge Co. in 
specifications for steel structures. Some proportion for the gross section on the 
compression side and net section on the tension side and others for the net section 
on both sides. Some assume the neutral axis to be at the center of gravity of the 
gross section and others assume it as at the center of gravity of the net section. 

As has been pointed out in the discussion of the moment of resistance of the 
net section of beams, it is reasonable to assume the gross section as operative 
on the compression side but only the net section on the tension side. While the 
neutral axis is shifted upward a small distance by the holes on the tension side, it 
is more convenient to assume it as at the center of gravity of the gross section and 
then apply a correction to the net moment of inertia or section modulus to com- 
pensate for the erroneous assumption respecting the position of the neutral axis. 
Since the position of the neutral axis must be somewhere between the gravity 
axes of the gross section and that of the net section, this correction cannot be 
large. : 
Computation of the moment of resistance of a plate girder section is simple, 
once the correct section modulus has been found. The determination of this 
quantity is tedious if the net section is considered, since the holes in the web as 
well as those in the flange must be considered. The necessary operations can 
best be explained by an example. 


Illustrative Problem.—A plate girder section consists of a 36 X 3£-in. web plate, 
four 6 X6 X 3-in. angles spaced 3614 in. back to back, and four 14 x 34-in. cover 
plates, as shown in Fig. 38 (6). Holes for /-in. rivets (counted as 1 in. diameter) 
occur in the flanges and web, as shown, those on the compression side not being 
counted. Compute the section modulus: (1) Of the gross section; (2) of the section with 
the holes on the tension side only deducted, assuming that the neutral axis is at the center 
of gravity of the net section; (3) of the net section as above, assuming the neutral axis as at 


the center of gravity of the gross section. 
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1. Section Modulus of the Gross Section—This is found by dividing the moment of 
inertia, I, of the gross section by the distance, c, from the center of gravity of the gross 
section to the extreme fiber of the outer cover ae The method has been already illus- 
trated in the problems on box girders. 

Gross I of section: 


Web, (}¥ 2) (0.375) (36) * = 1,458 
4 angles, 4(Io + Ayo?) = 4[(15.4) + (4.36) (16.61)?] = 4,882 
2 prs. plates, Io being negligible = (2) (14) (0.75) (18.625)? = 7,290 

Total J = 13,630 


Section modulus of gross area, 
S = 13,630/19.0 = 717.5 
2 plates /448 > 
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Fic. 38.—Comparison of the section moduli of typical plate girder sections. 


2. Section Modulus of Net Section, Neutral Axis at tts Gravity Axis —The distance, e, 
of the gravity axis of the unsymmetrical net section above the center of gravity of the 
gross section may be found by the formula 


Qh 
ame 
where 
Q, = statical moment of holes about neutral axis of gross section. 
A, = net area of girder section. 


From Fig. 38 (6), Q, is seen to be 
0.375(0 + 3.5 + 7 + 10.5) + (1.125)(15.75) + (2)(1.125) (18.488) = 67.1 
Net area of section = gross area — area of holes on or below gravity axis of gross section = 
51.94 — 4.88 = 47.06 sq. in. Hence 
e = 67.1/47.06 = 1.425 in. 

The moment of inertia of the unsymmetrical net section about its gravity axis may be 

found readily from the formula 
Ui SE Se aC IG 
where 
= moment of inertia of gross section about its own gravity axis. 
area of gross section. 
distance of gravity axis of net section above gravity axis of gross section 
I,’ = moment of inertia of holes about gravity axis of net section. 

The latter will, following Fig. 38b, be 
0 375(1.4252 + 4.9252 + 8.4252 + 11.0252) 4 (1.125)(17.175)2 + (2) (1.125) (19.863)2 = 


1,313 


eo PN 
ll 


Hence 
In = (13,630) + (51.94) (1.425)? — 1,313 = 12,423 
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Section modulus of net section, 
Sn = 12.423/20,425 = 608 Snr/S = 0.848 


3. Section Modulus of Net Section, Neutral Azis at Gravity Axis of Gross Section.—Net 
moment of inertia of unsymmetrical net section, 


1 = 1 — 1, 
where IJ, = moment of inertia of holes about gravity, axis of gross section. 
The latter is 


0.375(02 + 3.52 + 72 + 10.52) + 1.125(15.75)?2 + (2) (1.125) (18.438)2 = 1,108 
Hence 


I,’ = 18,630 — 1,108 = 12,522, 
and 
S,’ = 12,522/19.0 = 659. Sn / Se 0L02 
Comparing S, and S,’ it is seen that S,/Sn' = 0.923. That is, the section modulus 
obtained by assuming the neutral axis to be at the center of gravity of the net section is 
92.3 per cent of that obtained assuming the neutral axis as fixed at the neutral axis of the 
gross section. However, as pointed out in the discussion of beams, Art. 7, the neutral axis 
probably does not shift to the extreme position-of the center of gravity of the net section 
and consequently if the convenient assumption of fixed neutral axis be made the result in 
the present instance need be reduced by not over 5 per cent. 


Computations similar to those in the last problem have been made for the 
three other girders shown in Figs. 38a, c, and d and the results obtained 
are set forth in Table 12. An examination of this table shows that, for the four 
typical girders analyzed, the loss of section modulus under the most serious 
assumption—namely, that the neutral axis is at the center of gravity of the 
unsymmetrical net section—ranges from 12.7 to 17.4 per cent, being greater for 
sections with heavy flanges than for those with light ones. The loss under the 
simpler assumption of fixed axis ranges from 6.5 to 8.3 per cent, being, as before, 
greater for sections with heavy flanges than for sections with light ones. The 
ratio of section modulus determined under the first assumption to that deter- 
mined under the second one varies from 0.90 to 0.934, being lowest for girders 
- with heavy flanges. Since the true position of the neutral axis is somewhere 
_between the two positions assumed, a reduction factor of K = 0.95 applied to 
S,’ will give sufficiently close results for even girders with heavy flanges. 


TasLE 12 —MomeEnts oF INERTIA AND SEcTION Moputi or TyPicaL PLATE GIRDERS 


Unsymmetrical net section 


a » Average 
Girder Gross section reduction 
Neutral axis at gravity | Neutral axis at gravity 8 factor “K”’ 
axis of net area axis of gross area 7 recommended 
4 to be applied 
to Sn’ to 
: Sn’ give Sn’ 
otis aber s 1 a) Fe ne a Kags Wasa es 


1 38a 5,810 318 5,395 278 | 0.873 5,430 298 | 0.935] 0.934 0.95 
2 38b | 13,630 718 | 12,423 608 | 0.848 | 12,522 659 | 0.920} 0.923 0.95 
3 38c | 19,170 634 | 17,455 538 | 0.848 | 17,615 583 | 0.919) 0.924 0.95 
4 38d | 40,910] 1,319 | 36,347] 1,086 | 0.824 | 37,401] 1,207 | 0.917) 0.900 0.95 


eS A ee ee ee eee eee ae 

44. Moment of Resistance, Approximate Method.—To obviate the somewhat 

laborious computation of moment of inertia involved in employing the accurate 
17 


258 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 2-44 


method for determining moment of resistance, it is customary to employ an 
approximate method giving sufficiently precise results for all but the shallower 
girders. This method is based on the concept of the girder as a truss. Virtual 
chord areas are determined from the area of the girder section and the disposition 
Iplate 96% of the material therein. Know- 
aH, ing these chord areas and the 
St distances between their centers 
of gravity, it is easy to compute 
the moment of resistance, which 
is merely the product of the 
total permissible stress in one 
chord and the distance between 
chord centers. 

Consider the flexure formula 
M = fl/c, as applied to any 
girder section, such as that shown 
in Fig. 39. The moment of in- 
ertia of the whole section is made 
up of the moment of inertia of 
the flanges plus the moment of 
inertia of the web—that is, I = 
I;+I,. Let A,’ be the net area 
of one flange proper—that is, the 
_-angles and flange plates riveted 
to the web at one edge as flange 
material; d the distante between 
centers of gravity of flanges, or 
the effective depth; ¢ the thick- 
ness of the web plate; and h the 
Fic. 39.— Moment of resistance of girder by ap- depth of this plate. Then, 

proximate method. as 
d 
T=2A; iC y+ +i 
In this expression the moment of inertia of the two flange areas A,’ about their 
own gravity axes parallel to the neutral axis of the whole girder have been 
neioted since it is relatively unimportant when compared with the term 
2 

24/ (5) 

Where cover plates are employed, as in Fig. 39, the center of gravity of the 
flange is not far from the edge of the web plate—that is, h = d, approximately. 


Cl GNGE XE” 


Web plate GO%F 


axls--y 


wouny. 


Effective depth a’ 


2&6 EE: 


If at the same time the distance c, be replaced by S or in effect the prescribed 


stress f be assumed to act at the center of gravity of the flange, the expression 
for moment of resistance of the entire section becomes, 


ve i 2A, ) ae Hate | 


2 
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or simplifying, 
M = fd(Ay' + HAW), (1) 
where A,’ = td = approximate area of the web. 

Formula (1) is an expression for the moment of resistance of a virtual truss, 
of which the area of one chord or flange is A,’ + 16 A,’. It is evident, therefore, 
that the web contributes to the moment of resistance an amount equal to that 
which would be produced by concentrating approximately one-sixth of its area at 
the center of gravity of each of the flanges. This amount is commonly known as 
the web equivalent. i 

In applying Formula (1), care must be taken to give proper recognition to 
the presence of rivet holes. A,’, the area of one flange, must be the net, not the 
gross area, for while it is customary to make no deduction for holes in the compres- 
sion flange if properly filled with well-driven rivets, the full deduction for a tension 
member must be made for the tension flange. The actual number of rivets to 
be deducted in a given case will depend on the number of rows of rivets in the 
vertical and horizontal legs of the flange angles and the pitch of the rivets. The 
method of computing the deduction will be in accordance with the provisions of 
the specification. It may be that outlined in Art. 65. 

If there be vertical lines of holes in the web, as at a stiffener or a web splice, 
the area of web, A.’, should be taken as the net area through the rivet holes. 
For such girders, it is convenient to make an average approximation of the 
relation of net to gross web area, and base the formula on gross web area. If it 
be assumed that 7-in. rivets or 1-in. holes are spaced on an average 4 in. verti- 
cally apart in the stiffeners, the net area of the web is 34 the gross area, and hence 
1é of the net area equals of the gross area. Formula (1) applied to girders 
with vertical lines of holes in the web then becomes 

; M = fd (As + 4A.) (2) 
where A, = gross area of the web. Some designers permit only 1{o or {2 of the 
gross area of the web to be counted as web equivalent, but as no deduction really 
needs to be made for the compression half, 4 is not excessive. 

Formerly, it was common practice to disregard altogether the value of the web 
in contributing to the moment of resistance and require all of the flange area to be 
area in excess of the web. Under such a specification, Formula (2) would become 


M = fdA/ (3), 


The obvious severity of this requirement has led to its abandonment in nearly 
all specifications. 

In computing the moment of resistance of a girder, it is common practice 
to assume the effective depth of plate girders with two T-flanges carrying cover 
plates as the depth of the web. No appreciable error is involved in such an 
assumption as will be shown in examples, but the rule does not apply with suffi- 
cient accuracy to girders with four-angle flanges or with T-flanges without cover 
plates. In these cases the center of gravity of the flange may be several inches 
inside the edge of the web plate, and its position must therefore be specially 
calculated. 

Since neither the areas of the two flanges nor the permissible stresses in them 
are necessarily equal, the moment of resistance with respect to the two flanges 
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will, in general, be unequal. The strength of the girder will, of course, be 
governed by the lesser of the two. 


Illustrative Problem.—Compute by the approximate method the moment of resistance 
of the plate girder section shown in Fig. 39, and made up of one web plate 60 X 34 in., 
four 6 X 314 X }4-in. angles, and two 13 X 3g-in. cover plates. Assume the web 
equivalent as 14, the permissible flexural stress as 16,000 lb. per sa. in., and rivets 7 in. 
diameter. Net section of tension flange will be computed by the exact method of Art. 65, 
the rivet spacing being as shown. 

From Fig. 39, it is evident that the dangerous section is S-S, cutting the holes through 
the cover plates and the horizontal legs of the flange angles, and located 3 in. from the 
centers of the holes through the vertical legs of the flange angles. Since the distance 
between gage lines of the developed flange angle is 5 in. the deduction for one angle is 
found from Fig. 55 to be 1 + 0.6 = 1.6 holes, and, for two angles, 3.2holes. For the cover 
plate it is 2 holes. 

Net area of two angles is (2)(4.50) — (3.2)(1.0)(0.5) = 7.4 sq. in.; net area of one cover 
plate is (13) (0.375) — (2)(1.0) (0.375) = 4.13 sq. in. 

Total net area of one flange proper = 7.4 + 4.13 = 11.53 sq. in. 

Web equivalent = (3¢)(60)(0.3875) = 2.81 sq. in. 

Assuming d = depth of web plate = 60 in., 


M = (16,000) (60) (11.53 + 2.81) = 13,760,000 in.-lb. 


Let it be required to find the moment of resistance using the exact value for the effective 
depth—that is, the computed distance between the centers of gravity of the flanges. 
Making the computation on the basis of gross flange area, the section that predominates, 
it is found that the center of gravity of the flange is 0.47 in. inside the back of the flange 
angles and that the true effective depth is 59.55 in. The moment of resistance using this 
value = M = (16,000) (59.55) (11.53 + 2.81) = 13,680,000 in.-lb., or 0.75 per cent less 
than by using the approximate value of d. In girders with a pair of flange plates on each 
flange, there is very little error involved in assuming the effective depth as equal to the 
depth of the web plate. 

Illustrative Problem.—Find the moment of resistance of the girder in the last problem, 
assuming that the cover plates are omitted. 

As there are holes in only one leg of the flange angles, the deduction from each angle 
will be one hole. 

Net area of one flange = (2)(4.50) — (2)(1)(0.5) = 8.00 sq. in. The web equivalent 
is, as before, 2.81 sq. in. 

Since there are no cover plates, it is best not to assume the effective depth as the depth 
of the web plate. The distance of the center of gravity of each flange being 0.83 in. from 
the backs of the flange angles, the effective depth is 60.5 — (2)(0.83) = 58.84 in. 

The moment of resistance, ) 


M = (16,000) (58.84) (8.00 + 2.81) = 10,170,000 in.-lb. 


If the effective depth had been assumed as the depth of the web, or 60 in., the error 
would have been 1.97 per cent on the unsafe side. It is thus evident that if the outstanding 
legs of the flange angles are considerably greater in length than the vertical legs, there is 
no serious error involved in assuming the effective depth as the depth of the web plate, 
even though there are no cover plates. 

Illustrative Problem.—lIf in the last problem the flanges consist of two6 X 6 X 16-in. 
angles without cover plates, the flange rivets having a staggered pitch of 6 in., as shown in 
Fig. 40, find the moment of resistance. 

From Fig. 55 it is seen that the rivet hole deduction from one angle is 1 +0 = 1 hole 
and 2 holes for the two angles. The net flange area is therefore (2) (5.75) — (2)(1)(0.5) g 
10.50 sq. in. 

The distance of the center of gravity of a flange being 1.68 in. from the backs of the 
angles, the effective depth is therefore 60.5 — (2) (1.68) = 57.14 in. 

The moment of resistance is, therefore, 


M = (16,000) (57.14) (10.50 + 2.81) = 12,160,000 in.-lb. 
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Had the effective depth been assumed as 60 in., the result would have been 5 per cent in 
error. With equal-legged flange angles and no cover plates, it is, therefore, necessary to 
compute the effective depth. 

Illustrative Problem.—If the section of a plate girder be as shown in Fig. 41—that is 
with a 60 X 7{6-in. web plate, bottom flange of two 6 X 6 X 114¢-in. angles and ime 
14 x 1-in. cover plates, and the top flange of four 6 X 4 X 34-in. angles, and four 7 X 
4-in. plates, with flange riveting as shown—find the amount of resistance, assuming the 
web equivalent as 1g. Permissible flange stress on tension flange = 16,000 lb. per sq. in. 
net area, and on compression flange 15,000 lb. per sq. in. gross area. Rivets 7 in. 

: Applying the method of calculating exact deductions from tension flanges, explained 
in Art. 65 to the riveting arrangement shown in Fig. 41, it is evident that the deduction 
should be two holes from each angle and two from each cover plate. 
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Fie. 40.—Effect of omission Fie. 41.—Moment of resistance of unsymmetrical girder 
of cover plates on effective section. 
depth. 


Net area of two 6 X 6 X 1)4¢6-in. angles = (2)(7.78) — (4)(1)(0.688) = 12.81 sq. in. 
Net area of two 14 X -in. cover plates = (2)(14)(0.5) — (4)(1)(0.5) = 12.00 sq. in. 
Web equivalent = (14) (60) (0.4375) = 3.28 sq. in. 

Total net flange area = 12.81 + 12.00 + 3.28 = 28.09 sq. in. 

The center of gravity of the compression flange is seen by inspection to be 43¢ in. down 
from the backs of the outer angles, and if the center of gravity of the tension flange be 
assumed as at the edge of the web, the effective depth is then 60.5 — (4.375 + 0.25) = 
55.88 in. 

Moment of resistance of girder with respect to tension flange is 


M = fd (4 pe as *) = (16,000) (55.88) (28.09) = 25,100,000 in.-lb. 


Gross area of compression flange is made up as follows: 
4 angles, 6 X 4 X 3g = (4)(3.61) = 14.44 sq. in. 
4 plates, 7X = (4)(7)(0.5) = 14.00 sq. in. 
14 web = (14) (60) (0.4375) SS PASEO tia, 


Total gross area = 31.72 sq. in. 

Moment of resistance with respect to compression flange is 

M = (15,000) (55.88) (31.72) = 26,600,000 in.-Ib. 

The girder is therefore, stronger in the compression flange than in the tension flange, 
but the make-up of the flanges is in accordance with the principle that the gross area of the 
compression flange should be as nearly as possible equal to the gross area of the tension 
fiange (see Art. 46). 
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45. Comparison of Exact and Approximate Methods.—Before using the 
approximate or truss-chord method of calculating the moment of resistance, 
designers should be aware of the degree of accuracy attainable by it. Although 
for the ordinary cases of plate girders with T-flanges it is sufficiently exact, for 
very shallow girders it cannot safely be used, particularly if these girders have 
heavy or 4-angle flanges. The assumptions of uniform stress over the flanges 
and that the effective depth equals the depth of the web plate are too much in 
error. In such cases the method of the moment of inertia should be employed 
instead. 

Two characteristic examples will make this point clear. 

Illustrative Problem.—Find the moment of resistance of the plate girder shown in Fig. 
38b by the approximate method and compare it with the moment of resistance for this 


girder already found by the moment of inertia method. Assume permissible bending 
stress on both flanges = 16,000 lb. per sq. in. Gross area of one flange is: 


Two angles, 6 X 6 X 34 in. = (2)(4.36) = 8.72 sq. in. 


Two plates, (2) (14) (0.375) = 10.50 sq. in. 
lg of web = (3%) (86) (0.375) = 1.69 sq. in. 


Total gross area = 20.91 sq. in. 


Net area of one flange with the rivet pitch assumed = gross area less 2 holes out of 
each angle and 2 holes out of each cover plate = 20.91 — (4)(1)(0.375) — (4)(1)(0.375) = 
17.91 sq. in. 

Assuming the effective depth as equal to the depth of the web, as is commonly done 
the moment of resistance is 

M = (16,000) (36) (17.91) = 10,320,000 in.-lb. 

Referring to Table 12, it is seen that the probable net section modulus of this girder, 
considering the effect of the holes on the position of the neutral axis is (0.95) (659) = 626 
\ The moment of resistance would, therefore, be 

M = S,"f = (626)(16,000) = 10,025,000 in.-Ib. 

The approximate method in this case gives a result in error on the safe side by 3 per cent. 

Illustrative Problem.—Calculate the moment of resistance of the unsymmetrical girder 
shown in Fig. 41 by the exact method and compare it with the moment of resistance already 
found by the approximate method. 

Taking stat.cal moments of gross areas about the center line of the web, the center of 
gravity of the gross section is found to be 1.64 in. below the center line of the web. 

Moment of inertia of gross section with respect to its gravity axis is found to be 52,827. 

Moment of inertia of holes about gravity axis of gross section = 4,572. 

Net moment of inertia = 48,255, and section modulus = 48,255/31.89 = 1,515. 
Multiplying this by the recommended correction factor (Table 12) , adjusted net section 
modulus = 1,440. 

Moment of resistance of net section by the exact method = (1,440)(16,000) = 23,000,- 
000 in.-lb. 

Least moment of resistance found by the approximate method (last problem under Art. 
44), = 25,100,000 in.-lb. 

Hence the approximate method gives in this case a result 9 per cent too great. 

From. the first problem it is evident that the approximate method gives 
reasonably accurate results for girders of moderate depth with T-flanges. Had 
the girder been much shallower with the same flange material, or if it had had _ 
much heavier flanges with the same depth, the error would have been more 
serious, justifying the use of the exact method of the moment of inertia. 

From the second problem, it is seen that with a top flange of 4 angles, even 
where the girder is of moderate depth, the approximate method cannot be relied 


* 
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upon. Had the flanges been heavier, or the girder shallower, the error involved 
in the use of the approximate method would have been greater. 

46. Composition of Flanges.—In making up a flange section, such as any 
of those shown in Fig. 35, it is necessary to decide upon the proportion of the 
added flange material that must be directly connected to the web. Many speci- 
fications require that not over one-half of the total flange section must be in the 
form of plates not directly connected to the web, and this rule is very commonly 
observed. However, the 1920 A.R.E.A. specifications merely require that flange 
angles shall form as large a part of the area of the flange as practicable. If a 
very large amount of material in the form of cover plates were attached to 
relatively light flange angles, the latter might not be able to transmit safely to 
the plates the stress they should bear. For flanges of such large section that 
approximately half the area cannot be provided by the number and size of angles 
adopted, flange plates are added between the angles and the web, as shown in Fig. 
35c and f. They are then directly connected material. 

For a T-flange in which unequal-legged angles are used and there is no danger of 
concentrated loads such as ties, it is best to have the long legs outstanding, since 
this throws the center of gravity of the flange farther out than if the short legs 
were outstanding, and hence increases both the vertical and lateral flexural 
efficiency. Unequal-legged angles so placed are more efficient than equal-legged 
ones, but the latter are often required to accommodate the necessary flange rivets. 

Four-angle flanges, such as shown in Fig. 35d, e and f, should be as 
shallow as possible, in order to throw the center of gravity well out, and if the 
angles are of unequal areas the inner pair of the two should be the smaller, since 
they are less effective than the other pair. Unequal-legged angles with the long 
legs outstanding are more efficient than equal-legged angles. 

It has long been the custom to specify that if the flange plates on a flange are 
of unequal thickness, the thinnest plate should be on the outside. There does not 
appear to be any good reason for this rule. On the contrary, with a given rivet 
spacing there is less likelihood of a thick plate separating from the remainder of 
the flange than there is for a thin plate to do so. Besides, if one plate of the top 
flange must be carried the full length of the girder, it is more economical to 
employ the thinnest one for this purpose. The width of flange plates should be 
so fixed that they do not extend more than 6 in. outside the outer line of rivets 
nor more than 8 times the thickness of the thinnest plate on the flange. 

Since no deduction need be made for rivet holes in the compression flange, the _- 
gross area of this flange might theoretically be made less than the gross area of 
the tension flange, even though the working stress on the former may be less than 
on the latter, due to allowance for buckling. However, as it is desirable to keep 
the neutral axis as nearly as possible in the center of the web, and its position 
depends largely on gross areas, it is frequently specified that the gross area of the 
compression flange shall be the same as the gross area of the tension flange. 

For the purpose of determining the flange area required to resist a given 
moment by the approximate method, Formula (2) of Art. 44 may be written 


A. M 
Agee gent (2) 
or fie ee (2) 
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From Formula (1) the total flange area required (including web equivalent) 
is found, while from Formula (2) the area of the angles and flange plates only is 


determined. 
If no part of the web is counted as flange material, Formula (1) or (2) becomes 


A,’ = i (3) 


While this latter method of proportioning is too severe, it is useful in making rough 
preliminary approximations of the size of the flanges required. 

In proportioning by the exact or moment of inertia method it is useful to make 
a preliminary calculation of section by the approximate method and then test it 
by the exact method. If the stresses are too large or too small, the section must 
then be revised. Proportioning by the exact method is much more laborious 
than by the approximate one. 


Illustrative Problem.— Determine by the approximate method the required composition 
\f the two flanges of a girder for which the maximum bending moment is 3,000,000 ft.-lb., 
£ the web is 72 X 14 in. and the upper flange is to be of the 4-angle type, with vertical 
flange plates if necessary. Permissible flexural stress = 16,000 lb. per sq. in. on tension 
flange and 15,000 lb. per sq. in. on compression flange. Web equivalent, ly. Rivets 
7% in. dia. 

Assume the top flange angles as 6 X 6 in. the upper pair being set }4 in. out from the 
edge of the web and the pairs 1214 in. back to back. Assume also that the two angles of 
the bottom flange are set out 34 in. from the edge of the web plate. The effective depth 
may therefore be taken with sufficient accuracy as 72.5 — (6.25 + 0.25) = 66 in. 

Required net area in angles and flange plates of bottom flange, from Formula (2) 


M _ Aw _ (3,000,000) (12) (72) (0.5) 


PA a fd 8 ~  (16,000)(66) ~ 8 29.6 sq. in. 
Required gross area in angles and flange plates of top flange, 
Wee (3,000,000) (12) _ (72) (0.5) eagle aati. 


(15,000) (66) 8 


For the bottom flange, the riveting arrangement will be assumed as such that the two 
holes should be taken out of each angle and two out of each flange plate. The flange may © 
then be made up as follows: 


Two angles, 6 X 6 X 1346 in., less four l-in. holes = 14.93 sq. in. net 
Two plates, 14 X 5 in., less four 1-in. holes = 15.00 sq. in. net 


29 .93 sq. in. net 
The total gross area of the bottom flange is 35.68 sq. in. 
The top flange will be made up as below, the small excess of area over stress require- 
ments being provided to make the gross areas of the two flanges nearly equal. 


Four angles, 6 X 6 X 3¢ in. = 17.44 sq. in. 
Four plates, 10 X 3¢ in. = 15.00 sq. in. 
32.44 sq. in. 


47. Moment of Resistance of Girders with Sloping Flanges.—Variation of 
the depth of a girder to suit the shear and moment requirements from point to 
point is sometimes carried out in girders for travelling cranes, turntables, bridge 
floor beams and viaduct girders. This is done by sloping one or both flanges, 
as shown in Fig. 42, or sometimes in the case of the lower flange by curving it 
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upward from the center towards the ends where it becomes horizontal. Such a 
girder is termed a “‘fish-bellied” girder. 

To obtain the total stress in either flange of a girder with sloping flanges, it is 
only necessary to divide the moment at the section by the perpendicular distance 
to the center of gravity of the flange concerned from the intersection of the section 
plane with the neutral line of the other flange, reducing the result to allow for 
such portion of the moment as may be taken by the web. 

Thus, in the case shown in Fig. 42a, the compressive stress in the top flange 

C=K-: a 
where 
M = moment at the section. 
d = effective depth at the section, measured vertically. 

Net area of angles and plates for one flange 

Total net area of one flange, ineluding web equivalent 


(c) 


Fie. 42.—Shear and flange stresses in girders with sloping flanges. 


The tension in the bottom flange is 


Nae Gee 


d cos a 


where 
a = angle of slope of bottom flange with horizontal. 


In the case of the girder shown in either Fig. 42 b or c, with the top as well 
as the bottom flange inclined, the total stresses in the top and bottom flanges 


respectively are: 


M 
C= KG cos b 

M 
is Ka COs a 


where b = angle of slope of top flange with horizontal. 

Where the flanges of a girder are inclined, they absorb some of the shear at 
the cross section, in the same manner as do the chords in curved chord trusses. 
The web shear is then less than it would be if the flanges were horizontal. 

For the girder of Fig. 42a, if V be the total shear at the section, the shear 
that must be absorbed by the web 

Vo.=V—Tfsina 


=y-K = 
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In the case of Fig. 426 
V.=V—Csinbd—Tsina 


= Y= ie (tan a + tan b) 


For the girder of Fig. 42c, it is 
Vo =V+Csin bd — T sina 


= Vv —K” (tan a — tan) 


In dealing with fish-bellied girders, the flange at the section being investigated 
may be assumed to have the slope of the tangent to the curve at the section. 

48. Flange Buckling.—To compensate for the columnar or buckling action 
of compression flanges of plate girders not supported continuously in a lateral 
direction, a reduction in the normal working stress should be made for them. 
In the discussion of flange buckling for beams, Art. 15, reference was made, for 
purpose of comparison, to the method of providing for flange buckling in plate 
girders. The last six formulas of Table 5, p. 196, are applicable to such a situa- 


tion. Reduction is required for all values of : in the case of the A.R.E.A., 


C.E.S.A. and the writer’s formulas, although such is not required for values of 


l 
is under 10 for any of the others. 


Reduction of the working stress on the compression flange tends to bring the 
gross area of this flange somewhat nearer the gross area of the tension flange. It 
serves to offset in part the neglect to rivet holes in compression material. 

Application of reduction formulas is carried out as in the problem under 
Art. 15. 

49. Length of Flange Plates.—As in the case of the box girder, the flange area 
of a plate girder may be readily varied to suit the moment requirement by termi- 
nating the flange plates where they are not needed to supplement the angles. 
The length of flange plates, whether they be placed in vertical planes or hori- 
zontally on the backs of the flange angles, may be determined by either analytical 
or graphical means. If the moment be computed at sections not over 5 ft. apart, 
the sections being taken at all points of concentrated loading, the flange area 
requirements at these points may be compared with the area of the flange, counting 
various numbers of plates, and the point of cut-off of the plates may then be found. 

49a. Graphical Method.—Such comparison, except in the simple 
case where the loading is, or may be considered as uniform, is best made graph- 
ically, particularly if the loading is unsymmetrical. The simplest procedure is to 
plot a diagram of required flange areas at the different points where moments are 
determined, rather than to plot a moment diagram as is sometimes done. It is 
unnecessary for typical plate girders to plot a diagram of required section modulus 
as was done for reinforced beams (Art. 13). When the approximate method of 
calculating moment of resistance is used, it is sufficiently accurate to work with a 
diagram of required areas. If the diagram be constructed by plotting required 
flange areas vertically and lengths horizontally, as in Fig. 43, and the assigned 
constituent areas be plotted on the same diagram, the length for which each is 
required may be readily scaled off. The points where each of the cover plates 
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should end theoretically are found by noting the points where the inner horizontal 
bounding line representing the area cuts the curve. This method may be 
applied whether the flange plates are in vertical planes over the vertical legs of 
the ene angles or are in horizontal planes on the outstanding legs of the flange 
angles. 

It is customary to extend each plate far enough past the point where it might 
theoretically end to accommodate two transverse rows of rivets so that the plates 
may be capable of bearing stress at the points where they are first needed. 

For deck plate girders in bridge work, the inner cover plate of the top flange, 
if it be a T-flange, is extended to the full length of the girder so as to protect the 
flange from corrosion and separation of the angles. 


bs} 
~ per Ff 


2 plates [Ax BAGG" 


VA 2" Flange plate ae 
IN 


Fig. 43.—Length of plate girder flange plates by graphical method. 


‘To keep the neutral axis at the same level throughout the girder and preserve 
the assumed distribution of stress, corresponding plates on the top and bottom 
flanges should, as far as possible, be cut off at the same points. 


Illustrative Problem.—Consider a 50-ft. girder loaded with a uniform load of 1,000 lb. 
per lin. ft., which includes the weight of the girder, and a system of concentrated loads, 
as shown in Fig. 43. Find the points of theoretical and practical cut-off, if the section ol 
each flange at the point of maximum moment is made up as follows: 


Lé of web = (44)(60) (0.375) = 2.82 sq. in. 

2angles,6 X 6 X }¢in., net = 9.50 sq. in. | 

2 plates, 14 X 3g in., net = 9.00 sq. in. 
2132 sah ims 


Assume the permissible flange stress = 16,000 lb. per sq. in-, and effective depth = 60 in. 

The moments and required flange areas at points of concentrated loading and certain 
intermediate points are as shown in the accompanying table. : 

On Fig. 43, the required flange areas and the part areas assigned are shown plotted 
vertically. _The points of theoretical cut-off are shown dotted, but the plates are extended 
somewhat more than a foot at each end past these points. The total lengths required and 
the position of the left hand end of each plate with respect to the 70,000-lb. load are shown 
on the diagram. ; 
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Distance of point Uniform load Moment from Combined Required 
from left support moment concentrated moment flange area 
(ft.) (ft.-Ib.) loading (ft.-lb.) (ft.-Ib.) (in.) 
5 112,500 565,000 677 , 500 8.5 
10 200, 000 830,000 1,030,000 12.9 
15 262,500 1,095,000 1,357,500 16.9 
20 300, 000 1,360,000 1,660,000 20.8 
25 312,500 1,275,000 1,587 , 500 19.8 
29 304, 500 1,207 ,000 1,511,500 18.9 
33 280,500 1,139,000 1,194,500 aff 
37 240,500 871,000 1,111,500 13.9 
41 184,500 603 , 000 787,500 9.8 
45 112,500 335,000 447,550 5.6 


49b. Analytical Methods.—Where the loading is uniformly dis- 
tributed, or is such that it produces practically the same moment curve and flange 
area curve (a parabola), the theoretical lengths of the flange plates may be readily 


‘ : : l 
determined by analytical means. In Fig. 44, let 3 be the half span of the girder, 


ioe 3” flange plate 


--Farabola 


Flange ls t web equivalent 


Fie. 44.—Analytical determination of length of flange plates. 


and A, the maximum ordinate, be the total flange area required at the center 
A parabolic curve BD, with vertical axis and vertex at D, will then correctly 


represent the flange area requirement at all points of the half span. Let a 
v2 
9 ’ ete., be the half lengths of the flange plates, the areas of which are 1, G2, ete., 
numbered from the outside. The area a is to be taken as the area required to 
be contributed by the outside plate. 
For similar reasons to those set forth in Art. 13, the lengths of the first or 
outer flange may be written 
= Ait 
Ty Ne 
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For the second and the nth plate the lengths are 


aii aaa ope Ga 


To the theoretical lengths thus found there should be added about a foot at 
each end to ensure action of the plates where first needed. 

The above simple method is based on the assumption that the net areas 
of component parts of the flanges are the same at points of cut-off as at the 
point of maximum moment. A more precise solution may be devised in the 
same form as that for the length of reinforcing plates for beams (Art. 18). 


Illustrative Problem.—If the total net area of one flange of a 50-ft. plate girder sub- 
jected to uniform loading be 18.67 sq. in., and of this 4.22 sq. in. is provided by each of 
two flange plates, find the theoretical and practical length of the two plates. 


4.22 
18.67 
Adding a total of 2.25 ft., the practical length becomes 26 ft. 
8.44 


Theoretical length of second cover = x2 = 50 18.67 — 33.6 ft. 


Theoretical length of first cover = x1 = 50 \/ = 23.75 it. 


Practical length = 36 ft. 


50. Economic Depth.—It may be shown by means of the calculus that for a 
girder to withstand a given bending moment, there is a depth which will give the 
minimum weight of material. This depth may be conveniently called the least- 
weight depth. In determining it, however, certain assumptions with respect 
particularly to the size and spacing of stiffeners have to be made which have an 
important influence on the result. If they are not realized in a given case—and 
such is possible, as there are very great differences in practice respecting stiffeners— 
~ the resulting depth may be materially in error. 

As a result of such studies it may be shown that the least-weight depth varies 
from as much as 14 to {2 of the span, the former figure being for short, very 
heavily-loaded spans and the latter for long, slightly-loaded spans. For girders 
of from 40 to 80-ft. span with modern railway loading, the least-weight depth is 
not far from }¢ of the span. 

Practical considerations often make it desirable to adopt a shallower depth 
than that giving the least weight. For example, for girders used in grade sepa- 
ration work where the upper grade must be kept as low as possible and the 
lower one as high as possible, it is economically wise to use the shallowest prac- 
ticable girders. In long span girders the depth of web indicated by least weight 
calculations may entail extra cost per pound for wide plates and especial risk 
of damage in fabrication, shipment, and erection. In such cases, it is best to 
reduce the least weight to give what may be called the true economic depth. 

Fortunately, little addition to the weight of a girder is caused by considerable 
changes in the depth. Thus, it may be shown that for a change of as much as 
25 per cent, the increase in weight is only about 3 per cent. The advantages to 
be gained in other respects, and larger economies which may be effected, result 
in the true economic depth of plate girders being usually 15 or 20 per cent less 
than the least-weight depth. 
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Such depth ratios as have been given may be regarded without material error 
as referring to the depth of the web plate. 

51. Flange Riveting.—In order that the flanges of a plate girder may act as 
an integral part of the whole girder, they must be attached to the web by sufficient 
rivets to transfer to them from the web the stress that they should properly bear. 
In this connection it is helpful to conceive of the web as the primary part of the 
girder and the flanges as edge reinforcement of the web. Up to the limit of 
the capacity of the flange rivets, therefore, the shortening and lengthening of the 
edges of the web will bring about a stress transference to the angles and plates 
of the flanges. 

The rate of transference of stress to the flange, or the rate of increase of stress 
therein, on which flange rivet spacing depends, is directly proportional to the rate 
of increase of moment, as will be seen from the formula F = M/d, in which 
F = f(A,’ + 6A.) = the total flange stress, M = 
the moment, and d = the effective depth (which 
may be assumed constant). But the rate of increase 
of moment, horizontal distances being denoted by 
x, is dM/dz, which may be shown as equal to V, 
the total vertical shear. Rivet spacing formulas 
may therefore be based upon the vertical shear at 
the section, a quantity that is more readily deter- 
mined than the moment. 

51a. Unloaded Flange, Web Takes No 
Moment.—Consider the section of the plate girder 
<a shown in Fig. 45. Let the distance between the 
Boe rivet lines in the two flanges be h’ and the total 
Fig. 45.—Pitch of flange rivets vertical shear at the section be V. Theincrementin 
when web takes no moment. moment per lin. in. being dM/dxz = V, the growth 
in total flange stress per lin. in. willbe 7’ = V/h’, assuming the transference of stress 
to be at the rivet lines and assuming that no part of the flange stress is taken 
by the web. If the safe resistance of one flange rivet be r lb., then the number of 
r 


inches that may be served by one rivet = = » or the pitch p = us (1) 


Illustrative Problem.—Find the rivet spacing for the bottom (unloaded) flange of the 
girder shown in Fig. 39, assuming that the web takes no share of the moment. Vertical 
shear at the section = 100,000 lb.; rivets, 7 in. dia.; safe shearing and bearing stresses on 


rivets = 10,000 and 20,000 lb. per sq. in. respectively. Distance between gage lines of 
flanges = 56.5 in. 


Least safe resistance of 4-in. rivet is in bearing on the 34-in. web = (0.88) (0.38) (20,000) 
=6,560 lb. 


Theoretical pitch, p = (6,560) (56.5) /100,000 = 3.72 in. 


516. Unloaded Flange, Web Takes Moment.—TIf the web is assumed 
to take its proper share of the bending moment, the increment in flange stress 
per lin. in. will be less than if the web takes no moment, in the proportion of 
the respective effective flange areas. If, therefore, K = (net area of flange 
angles and covers of one flange) + (net area of flange angles and covers of 
one flange + web equivalent), the actual increment of flange stress per lin. in. 
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going to the angles and covers will be i= K Ae The rivet pitch then becomes 


xe 
KV 
fe nh! 
Ore. 
rh’ 
Py o 


The value of K defined above applies to rivets in the tension flange: For the 
compression flange, gross areas may be used in finding K, but no material error 
results from using the same value for both flanges. The value obtained by using 
net areas is somewhat smaller than that found by using gross areas. 


Illustrative Problem.—Find the rivet spacing for the unloaded flange of the girder of 
the last problem if one-eighth of the gross area of the web is considered as effective flange 
area. Assume the rivet spacing for purposes of computing net section as 4 in., the rivets 
through the outstanding legs of the flange angles staggering exactly with those in the ver- 
tical legs, similar to those in Fig. 39 

With a stagger of 2 in. and a distance between gage lines of 5 in. for a developed flange 
angle, the deduction for one angle is 1 + 0.85 = 1.85 holes, and for two angles it is 3.70 
holes. The net area of two angles is (2)(4.5) — (8.7)(1)(0.5) = 7:15 sq.in. For one cover 
plate it is, as previously found, 4.13 sq. in. The web equivalent is 2.81 sq. in. 


© eae ree 
~ 7.15 + 4.13 + 2.81 
_ (6,560) (56.5) _ f 

# = '5)(100,000) — 


K = 0.8 


5ic. Loaded Flange, Web Takes No Moment.—Where the imposed 
_ load on a girder is applied directly to one or other of the flanges, as in deck plate 

girder bridges and also in occasional through plate girder spans with ties bearing 
on the outstanding legs of the flange angles, the flange rivets have a dual function 
to perform. Not only must they transmit to the flange angles and covers the 
same increments of flange stress as in the unloaded flange, but they must be able 
‘to carry the directly applied load into the web for proper distribution. The 
stress per lin. in. on rivets, therefore, is a resultant stress, compounded of the 
horizontal increment of flange stress 7’ and the vertical load per lin. in. w, 
or R=~V/i2+w*%. The rivet pitch then becomes r/R = r/V/ i’? + w?, or 


since t’ = V/h’ 
: 


) VO (3) 


Illustrative Exan.ple-—Consider the top flange of the girder of Fig. 39 as supporting a 
directly applied load of 7,200 Ib. per lin. ft. and the web as taking no share of the moment, 
Other data will be as for the last two problems. Find the rivet spacing. 

Increment of flange stress per lin. in. = V/h’ = 100,000/56.5 = 1,770 lb. 

Directly applied vertical load on flange rivets per lin. in. = 7,200/12 = 600 lb. 

Resultant stress on rivets per lin. in. of girder = Rk = a/ (1,770)2 + (600)? = 1,870 


Ib. 
Pitch, p = 6,560/1,870 = 3.51 in. 
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51d. Loaded Flange, Web Takes Moment.—lIf it be assumed that 
the web resists its appropriate share of the bending moment, the increment of 
: V 
flange stress per lin. in. will bet = Ki’ = K- i! and Formula (3) becomes 


r 


DO epee ae 4 
Gye : 
h 
This is the general form of the rivet spacing formula, reducing to Formula (1) 


when K = 1 and w = 0, to Formula (2) when w = 0, and to Formula (3) when 
K=1, 


Illustrative Problem.—Adding to the data of the last problem the stipulation that one- 
eighth of the gross area of the web is to be assumed as effective flange area, find the spacing. 
For deduction purposes assume the pitch as 4 in., the stagger being similar to that shown 
in Fig. 39. Assume K = 0.80, the same values as used for the tension flange. 


2 
iS OE) + (600)? = 1,540 lb. 
56.5 
The pitch is, therefore, 
a Seg eed = 4,26 in. 


5le. Multiple Rows of Flange Rivets.—Formulas (1), (2), (3) and 
(4) apply directly to flanges containing one row of rivets, or to those containing 
two rows if they be staggered, as in Fig. 46a. In the latter case the distance 
h’ is to be measured to the center 
of gravity of the rivet lines, as also 
when the flange contains two rows 
of rivets opposite each other, as in 
Fig. 460. When the pitch is to be 
computed for rivets arranged as in 
Fig. 466, it should be remembered 
() that the rivets are in pairs and 
hence the general Formula (4) 
becomes 


2r 


Cone ® 


In this case the directly applied load w is sometimes considered as taken up 
entirely by the upper pair of angles, since the load bears directly on them and the 
short stiffeners between the angles transfer load only at distances of several 
feet apart. 


’ 


(a) 


--/ 


| 
| 
\ 
<t 
SS 
| 
I 


Fic. 46.—Pitch for multiple rows of flange rivets. 


Illustrative Problem.—Find the pitch of the rivets in the top (loaded) flange of the girder 
shown in Fig. 41 if the total shear at the section is 80,000 lb. and a uniformly distributed 
load of 6,000 lb. per lin. ft. is applied to the top flange. Rivets, 7¢-in. dia. ; safe shearing 
and bearing stresses on rivets = 10,000 and 20,000 lb. per sq. in. respectively. Web 
equivalent = 1¢. Consider vertical load as transmitted to both pairs of angles. 

: oe resistance of one rivet in bearing on 74 ¢-in. web = (0.875) (0.4375) (20,000) = 
; : 


Ratio K for the compression flange from the problem under Art. 44 relating to this 
girder = 28.44/31.72 = 0.89. 


Sec. 2-51f] DESIGN OF STEEL AND CAST-IRON MEMBERS 273 


Distance h’ from Fig. 41 = 52.5 in. 


w = 6,000/12 = 500 Ib. per lin. in. 
Hence required pitch J per lin. in 


ae (2) (7,660) 
(0.89) (80,000) 72 —= = 10.6 in. 
leeeeere eel + (500)? 


As the minimum permissible pitch in the line of stress is 6 in. for this case, the theoretical 
spacing would need to be reduced to the latter figure. 


51f. Rivet Pitch in Flange Plates.—Since the function of the rivets 
connecting the flange plates to the other material of the flange is to transmit to 
them the part of the increment of flange stress per lin. in. which they should 
bear, a formula similar to (2) willapply. The part of the total increment of flange 
stress going to the flange plates or to any one plate will be some fraction K’ 
of the whole increment, or 


The rivet value employed will in general be the single shearing value r’ and 
not the bearing value r._ If the rivets in any plate or group of plates are in pairs, 
as is usual, the pitch will be 

a 
P= Ky (6) 


here K’ _ Net area of plate (or plates) considered on one flange 
wnere ~~ Total net area of one flange including web equivalent 


Illustrative Problem.—Find the theoretical required pitch of rivets in the cover plates 
of the girder shown in Fig. 39 at a section where the shear is 100,000 lb., if 7<-in. rivets are 
used and the safe shearing and bearing stresses on rivets are 10,000 and 20,000 lb. per sq. 
in., respectively. Web equivalent = 1. 

Least value of rivet is single shearing value = (0.601)(10,000) = 6,010 lb. 

h’ from Fig. 39 = 56.5 in. 
Net area of one cover plate _ 4.13 
a Total net flange area including web equivalent 13.94 


counting four holes out of the flange angles and two out of the 


cover plate. 
Hence, 


0.30, 


_ (2) (6,010) (56.5) 

~ (0.30) (100,000) : 

This would need to be reduced to not over 6 in. for practical 
reasons. 


= 22.7 in. 


51g. Rivet Spacing in Sloping Flanges.— Where 
a flange is inclined to the horizontal, as shown in Fig. 42, 
Formulas (1) and (2), Arts. 51a and 51b must be modified 
to take into account the fact that the incrememt of flange 
stress per lin. in. is not the total shear at the section 
divided by the vertical distance between rivet lines in the 
flanges, for part of the shear is resisted by the inclined Fic. 47.— Rivet 
flanges. The amount of this increment for typical cases Habs in sloping 
will be found. 

Consider a vertical strip of web of width dz and height h’ between flange rivet 
lines at the section considered, as shown in Fig. 47. Let the shear actually 
absorbed by the web be V.,and let the total compressive and tensile flange stresses 

18 
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to the left of the strip be C and T respectively, and to the right of the strip C’ 
and T’. Then if 7 be the actual increment in the top flange stress per lin. in., 
C! —'C =4, de See.b: 
Taking moments about A, 
idx sec b. h’ cos b = Vy dx 


or 
Ve 


ee 
Hence the pitch measured along the top flange is 
rh’ 
baie 
or substituting the value of V., from Art. 47, 
rh’ 


V— Ku (tan a + tan b) 


a 


(7) 


Proceeding in the same manner for the bottom flange the same formula may be 
shown to apply, indicating that for the case considered the pitch measured along 
the flanges is the same for top and bottom flanges. 
51h. Practical Considerations in Rivet Spacing.—To simplify both 
office and shop work, it is desirable to use one spacing of rivets for a section of 
flange several feet in length. Accordingly, the theoretical pitch is computed for 
several points in the half span, usually at the center of the panels marked off by 
stiffeners, and a spacing to the nearest lower practicable fraction of an inch is 
adopted for the entire panel, putting any odd spaces near the stiffeners. If one 
flange is loaded, it may be desirable to make the spacing in the unloaded flange 
correspond with it so that the flange angles may be kept alike. 

In no case must the adopted spacing depart from the usual minimum of 3 
diameters of the rivet or the maximum of 16 times the thickness of the outside 
material, or6in. The restriction on the minimum side often necessitates increas- 
ing the thickness of the web to keep the rivets at the end of the girder from being 
too close. 

Where the girder is shallow and has heavy flanges, the approximate method 
of determining spacing outlined above cannot safely be applied. The horizontal 
shear method explained and illustrated for box girders in Art. 37 must then be 
employed. 

52. Intermediate Web Stiffeners.—One way of strengthening the web of a 
plate girder or of making, what otherwise might be too thin, a web available for 
a given girder is as has been pointed out in Art. 17, to restrain it from buckling, in 
some measure at least by means of stiffeners. These consist usually of pairs 
of vertical angles, one on each side of the web, riveted firmly thereto at intervals 
of approximately the depth of the web. Stiffeners in place in a typical girder are 
shown in Fig. 34. 

In addition to their service of stiffening the web, intermediate stiffeners may 
help to transmit concentrated loads to the web and distribute them over it. For 
example, the stiffeners in a deck plate girder, or any girder loaded along the 
top flange, help to carry the applied load down into the web and relieve the top 
flange rivets of much of the vertical component of their stress (see Art.51). They 
also to some extent lessen the deflection of the inner outstanding legs of the top 
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flange angles in deck railway girders carrying ties. If definite concentrated loads 
are applied to the top flange over stiffeners, or are applied to them anywhere 
within their length, they must be treated as concentrated load stiffeners, as 
described in Art. 53. 

Formerly, stiffeners were sometimes placed in a diagonal direction pointing 
downward towards the near support at an angle of 45 deg. with the neutral axis. 
The idea was virtually to construct columns in the line of maximum stress at 
a number of points. However, between the columns so constructed little support 
would be given the web, and so, for reasons of greater efficiency as well as simplic- 
ity, vertical stiffeners were 
employed. These as shown, 
in Fig. 48 restrict the 
length of a laterally unsup- 
ported strip of web to the 
length of the diagonal of the 
rectangle bounded by con- 
secutive stiffeners and by 
the flanges. Moreover, 
there is but one narrow 
strip of this length in each 
rectangle. All other strips 
are intercepted by stiffen- 
ers and prevented from 
buckling over their full 
length. 

Whether stiffeners are to be used or not is usually determined by the applica- 
tion of the rule, stated in Art. 42, that the clear or unsupported distance between 
the flange angles must not exceed 50 or 60 times the thickness of the web. Assum- 


Fig. 48.—Spacing of indeterminate web stiffeners. 


ing the latter ratio, the slenderness ratio 2 of a 45-deg. strip of web might thus be 


as high as 295. Such is permissible under the circumstances, however, since the 
strip receives important support from the adjacent material. 

Even though a strict application of the above rule might not indicate the 
necessity of stiffeners, it is often considered desirable by designers to insert them 
to stiffen the web in fabrication, transportation, and erection. 

The spacing of stiffeners has an important influence on the buckling stability .- 
of the web. Since at the sections where web crippling is an important factor— 
that is, where the shear is large—the direction of the maximum diagonal compres- 
sive stresses makes an angle of about 45 deg. with the neutral axis throughout - 
the unsupported depth of the web (Art. 42), the critical diagonal strips are those 
inclined at 45 deg. Along steeper ones, as AD, or along flatter ones as AC, Fig. 
48, the intensity of the diagonal compressive stress is reduced. To determine, 
therefore, the spacing of stiffeners that will permit the employment of a certain 
thickness of web in a girder, it is necessary to find how long a 45-deg. strip of web, 
Fig. 48, may be without support in order that the safe buckling strength of the 
strip may not be exceeded. 

Let AB be a strip of web 1 in. wide and ¢ in. thick inclined at 45 deg. to the 
flanges or to the stiffeners, and let h’ be the clear distance between stiffeners. 
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This strip may be regarded as a modified column of length 1 = +/2-h’and radius 
t ; : 
of gyration at right angles to the web of V12 It is more favorably situated than 


a column, in that tensile stresses in the web at right angles to its length prevent 
it from buckling in the plane of the web, and the presence of the adjacent material 
hinders its buckling at right angles to the plane of the web. Reduction of the 
normal safe stress should, therefore, be at a much less rate than for ordinary 


columns. If the A.R.E.A. column formula 


= 15,000 — 50 ; 


be applied to this situation, it is probable, considering available experimental 


evidence, that the reducing term should be somewhere between 20 " and 30 2 


“, t 
Assuming the average value, and making it 1 = 4/2.h' andr = 12’ the formula 


becomes very nearly 


’ 


p = 15,000 — 120% (1) 


If now the diagonal compressive stress at the section in question, which at 
critical sections very nearly equals the average shearing stress be represented by 
v, then for complete realization of the buckling strength of the web 

/ 
v= p = 15,000 — 120% 

If the existing stress, v, is greater than 7p, the section is unsafe, and the stiffeners 
require to be closer together, or the web should be thickened. 

The necessary spacing of stiffeners to permit the use of a given web may be 
found by re-arranging the last eee or 

/ 
h =a (15,000 — ») (2) 

If a more conservative reduction of the A.R.E.A. column formula be adopted 


: l 
—that is, 30 ae have very nearly 


p = 15,000 — 150% (8) 
and for the safe clear spacing of eee 
, 
h = 150 " (15,000 — v) (4) 


These latter formulas are seen to be in accord with the recommended con- 
servative formula for the buckling strength of beam webs derived in Art. 17 
/ 


Lene oe 
and plotted in Fig. 11, p. 206. If ; 3S over 60, they would give results that 


are too severe. Adopting Formula (7) of Art. 17 for values of - over 60, they 
would become respectively 
: 
p = 10,200 — 70" (5) 
G 
and 


re ee 
h' = 70 (10,200 — v) (6) 
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The provisions of the A.R.E.A. (1920) Specification covering the spacing of 
intermediate stiffeners contain the following: 


The webs of plate girders shall be stiffened by angles at intervals not greater than the 
distance given by the formula 


t 
d = 75 (12,000 — ») 


where 
d = distance between rivet lines of stiffeners in inches. 
t = thickness of web in inches. 
v = web shear at point considered, in lb. per sq. in. 


od 


This formula gives spacings in excess of those given by either Formulas (2), 
(4) or (6). The spacing is, of course, between rivet lines, but this accounts for 
only a small part of the difference. Actual tests of built-up girders with stiffeners 
show surprisingly large diagonal compressive strength, as will be seen from the 
three plotted points for such girdersin Fig. 11, p.206. Thespacing formula of the 
A.R.E.A. specification appears to conform very well with these tests, although 
it does not conform closely to the tests of I-beams. More conservative formulas 
would, therefore, appear to be required in the investigation of I-beam webs. 

In the determining of safe stiffener spacing by any of the formulas above, if 
the quantity h’ should come out equal to or greater than h, the clear depth 
between flanges, the inference is that stiffeners are not required. If they were 
spaced in the clear at distances apart greater than the clear depth of the web, 
they would uncover diagonal strips of considerable width along which buckling 
could take place. : 

In recent years the practice has developed of spacing stiffeners practically 
uniformly from end to end of girders, thus disregarding the effect of intensity of 
diagonal compressive stresses on the situation. - Where such practice is followed, 
the spacing is generally about equal to the depth of the web. If, however, such 
a spacing is adequate at points of maximum shear and diagonal compression it is 
more than adequate in regions of low diagonal compression. Of course, if the 
shearing stress is low at the section, or if the ratio of unsupported depth of the 
web to its thickness is low, the practice cannot be said to be objectionable. For 
example, the specifications of the Department of Railways and Canals, Canada, 
provide that for girders under 4 ft. in depth, stiffeners may be spaced 4 ft. apart. 
Such a rule should not be applied if the shearing stresses are over about 50 per 
cent of the maximum permissible shearing stress. ms 

The effort to utilize a comparatively thin web for high diagonal compressive 
stresses by very close stiffener spacing is likely to prove inadvisable. Where the 
necessary stiffener spacing works out to be less than half the depth of the web, 
it is more economical to use a thicker web. 

Most specifications prescribe an arbitrary maximum permissible spacing for 
stiffeners. For the A.R.E.A. specifications, the limit, center to center, is 6 ft. 
or the depth of the web. The specifications of the Canadian Engineering Stand~ 
ards Association fix it at the depth of the web, or 7ft. These rules should not be 
interpreted to mean that such spacings may be adopted without question for the 
whole girder. The spacing should be regarded as dependent upon the actual 
web stresses and in the typical girder these require a gradually diminishing 


spacing near the ends. 
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Although calculation of the web stresses may indicate a low shearing stress, 
stiffeners must nevertheless be used if the ratio of unsupported depth to thickness 
is over the limit set down in the specification, say 50 or 60. An arbitrary rule 
such as this is open to question, but it is of the same kind as the one fixing the 
upper limit of the slenderness ratio for columns. 

Proportioning of Stiffeners Experimental investigation has shown that under 
working conditions the deformation of an unstiffened web or of ordinary inter- 
mediate stiffeners along vertical lines is small. The function of stiffeners not 
carrying concentrated loads is, therefore, merely to stay the web laterally. 
They are to be regarded as vertical beams rather than columns. For this 
reason, the outstanding legs should be relatively wide, but the legs next to the 
web may be as narrow as the riveting will permit. ‘ 

No recognized method for the scientific proportioning of intermediate stiffeners 
exists. A useful empirical rule given in the A.R.E.A. specifications is that the 
outstanding leg of each angle shall not be less than 2 in. plus }4 of the depth of 
the girder, nor more than 16 times its thickness. The thickness for railway 
girders is usually 3¢ in., while for highway bridges and building girders it is 
usually 54. in. 

The following sizes for intermediate stiffeners of railway girders are fixed in 
the specifications of the Department of Railways and Canals, Canada: 


DzptH oF WEB Size or StiFFENER ANGLES 
(FEET) (IncHzs) 

3 ft. and under 3X 2% Xx % 

4 : 3X3xX ¥% 

5 344 X 34 XxX &% 

6 4X 3% xX % 

7 5x Be Be 


While so far as duty is concerned, intermediate stiffeners not carrying con- 
centrated loads may be crimped over the flange angles, opinion differs consider- 
ably as to the economic advantages of crimping. For stiffeners shorter than 8 ft., 
it is doubtful if the saving in filler material will offset the cost of crimping, unless 
the fillers be very thick. For depths greater than 3 ft., most shops crimp the 
stiffeners. 

In case forces are applied to the flange of a girder acting towards the neutral 
axis, the stiffeners should be carefully fitted to the flange to which the loads are 
applied. It is not theoretically necessary that the other end should he fitted 
to the flange, but it is found easier to make a tight fit at two ends than at one. 
If a tight fit is specified at one end, therefore, the fabricating shop would probably 
fit stiffeners tight at both ends. 

Unless known concentrated loads are to. be provided for, the rivet spacing 
eee is a matter of judgment. The maximum spacing permitted is usually 

in. 
; Illustrative Problem.—Recommend a size for the intermediate stiffeners of a building 
girder 54 in. deep. 

Based on the A.R.E.A. rule, the outstanding leg should be not less than 

2+ 544) =3.8 in. 


For building work the stiffeners would probably be two 4 X 3 xX Ye-i i 
the 4-in. legs outstanding. aaa ae 
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53. Concentrated Load Stiffeners.—If at any point a concentrated load is 
applied to a girder flange or web, reinforcement of the web is usually required. 
Should the load be applied on the tension side of the neutral axis, the stresses 
due to the concentration will augment the existing diagonal tensile stresses in the 
web and it may be necessary to add distributing plates or angles to carry the 
load up into the web. 

It is more usual, however, for concentrated loads to be applied to the compres- 
sion side of the girder and very commonly to the top flange. If these would 
raise the existing diagonal compressive stresses in the web above the limit of 
safety, distributing angles or stiffeners, such as described for beams in Art. 18, 
must be introduced. The principles of design of these stiffeners, as given in 
Art. 18, apply when they are used for plate girders. 

A very common occurrence of the concentrated load stiffener is at the end or 
reaction stiffeners for a girder. These consist usually of two or three pairs of 
vertical angles tightly fitted in between the outstanding legs of the flange angles 
and arranged in one or other of the ways shown in Fig. 49. 


(a) (b) ie A) 


Fig. 49.—Typical arrangements of end stiffeners. 


Arrangement (a) is very commonly adopted when the girder reaction is 
transmitted to the masonry through a shoe plate and a bed plate only. Type 
(b) is preferred by some designers for the same situation on the ground that the 
load is not applied to the edges of the shoe plate, as in (a), but is fairly well placed 
on the four quarters of the plate. If the girder rests on a bolster or rocker, 
arrangements (c) or (d) should be used, the former for light reactions and the 
latter for heavy ones. 

End stiffeners have a dual function to perform: (1) They serve as vertical 
beams to stay the web against buckling under diagonal compression; and (2) 
they receive the concentrated load of the end reaction and distribute it to the web. 
In the latter role they act in some degree as columns, but since their loading 
varies gradually from a maximum at one end to zero at the other, they are com-.- 
monly assumed to have a length as columns of only one-half the depth of the 
girder. In order that they may be well adapted to carry loads as columns, they 
should not be crimped, but should be kept straight by the use of fillers between 
them and the web. . 

Since the lower edge of the web cannot be counted upon as bearing on the 
shoe plate, and since the rivets passing through the flange angles and the web 
are already stressed to their safe limit for flange purposes, and also since the bear- 
ing of the ends of the fillers on the inner edges of the flange angles is uncertain, it 
is customary to assume that the entire end reaction is carried into the web by the 
stiffener angles. This load they receive in end bearing on the outstanding legs 
of the flange angles. No bearing value can be credited to the legs of the stiffeners 
in contact with the vertical legs of the flange angles by reason of the grinding or 
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-bevelling necessary to clear the flange angle fillets, as shown in Fig. 50. If the 
outstanding legs of the stiffener angles should extend beyond the rounded corners 
of the flange angles, the projection cannot be counted, so the bearing length is 
restricted to b, shown in Fig. 50. Close fitting of the lower ends of the stiffener 
angles to the bottom flange angles is imperative for all girders and in the case of 
deck girders to the top flange angles as well. While theoretically it is unnecessary 
to have a close fit to the upper flange angles in through girders, it is found that the 
fitting at the bottom is facilitated if they are fitted tightly at both ends. 

To give large bearing area as well as to increase the lateral stiffness of stiffeners, 
the outstanding legs are usually specified to be as wide as the flange angles will 
permit. The legs in contact with the fillers may be as narrow as riveting will 
allow, for although these legs have value in the column it is small as compared 
with the outstanding legs and as has been seen, their bearing value is zero. 

By reason of the deflection of a girder resting on ordinary shoe and bed plate 
bearings, the stiffeners nearest the face of the 
support probably receive much more load 
than those farther back. Practice varies 
with respect to the assumed distribution of | 
load amongst the pairs of angles, but if | 
there are two pairs at the extreme inner and 
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Fie. 50.—Bearing of end stiffener angles. Fie. 51.—Design of end stiffeners. 


fair to assume that the inner pair receives about twice as much load as the outer 
pair. If the pairs are placed closer together, or in somewhat from the edges of 
the bearing, the inequality of loading would be somewhat lessened. 

Rivets connecting the stiffeners to the web plate must be sufficient in number 
to transmit safely to the web the maximum stress calculated to be borne by each 
pair. As has been pointed out, the flange rivets should not be counted. — If loose 
fillers are used, the number of rivets required, figured in bearing on the web 
would, under most specifications, need to be increased by 50 per cent. 


Illustrative Problem.—The total end reaction of a plate girder is 120,000 lb., the end 
section consisting of a 48 X 3g-in. web and four 6 X 4 X 5-in. angles, as shown in Fig. 
51. Determine the size and arrangement of the end stiffeners. Permissible stresses in 


‘ z 1 
compression and bearing = 15,000 — 50 A and 16,000 lb. per sq. in., respectively. Rivets 


387 . . . : 
74 in. diameter. Safe shearing and bearing stresses on rivets 12,000 and 24,000 lb. per 
sq. in., respectively. Rivets through loose fillers to be increased 25 per cent. 

Load on inner pair of stiffener angles is approximately (34) (120,000) = 80,000 lb. 


Sec. 2-54] DESIGN OF STEEL AND CAST-IRON MEMBERS 281 


Outstanding legs must extend at least to rounded corners of flange angles, which will 
require 5-in. legs. Length of bearing, b, for each angle is approximately 4.5 in. 
Required total bearing area for two angles = 80,000/16,000 = 5.0 sq. in. 


Required thickness of each stiffener angle t = = 0.55 in., say 96 in. 


5.0 
(2) (4.5) 
Assuming 3-in. legs next the web, the angles would be 5 X 3 X %6 in. 
Radius of gyration of two such angles about axis in plane of web 


pew 2100.4) + (4.18) (2.582)] 


8.36 = 3.02 in. 
Assuming effective length of stiffener column of 48/2 = 24 in., 
‘ 24 
p = 15,000 — (50) (. = 14,600 lb. 


Required area for column action = 80,000/14,600 = 5.48 sq. in. 

Area provided = (2)(4.18) = 8.36 sq. in. and hence section is adequate. 

Least value of one rivet is in bearing on 3¢-in. web = (0.75) (0.375) (24,000) = 6,750 Ib 

Number of connecting rivets required = 80,000/6,750 = 12. 

If loose fillers be employed, this must be 12 + 25 per cent = 15, exclusive of those in 
the flange angles. : 

This number cannot be driven without adopting practically the minimum permissible 
spacing and so it is best to use tight fillers These will be 13 in. wide and extend under 
both angles on each side of the web. The rivets driven in the fillers may be counted as 
effective for the stiffeners, since they increase the bearing area of the rivets through the 
stiffener angles. The same riveting arrangement will be adopted for the outer pair of 
angles as for the inner pair, as shown in Fig. 51. For the stress borne by the inner angles 
there are 8 rivets in the angles themselves plus one-half of those in the line along the center 
of the fillers, or 12 in all. 


54. Girders Under Lateral Flexure.—A part from the accidental lateral flexure 
to which girders are subjected, due to vibration, swaying of trains, wind, or flange 
buckling, there are sometimes definite lateral loads to be provided for in design. 
In the case of crane runway girders, for example, the end thrust of the crane due 
to sudden stopping of the loaded trolley on the crane bridge or due to lifting heavy 
loads by inclined pull is often definitely fixed in specifications. In Schneider’s 
“General Specifications for the Structural Work of Buildings,” it is required that 
the top flanges of crane girders shall withstand, in addition to the vertical load, a 
lateral loading based upon one-fifth the lifting capacity of the crane equally 
divided amongst the four wheels. 

In proportioning the top flanges of such girders a section is first assumed which 
appears suitable for the combination of vertical and lateral moment. The stress 
due to vertical moment may then be found at the extreme fibers by the approxi- 
mate Formula (2) of Art. 44 (using the subscript v to indicate quantities having 
to do with vertical moment), 


M, 
fo Ca Ae 
ears) 
or preferably by the exact flexure formula 
Mc 
i i. 0 


The stress due to lateral moment is then found by the flexure formula 


eM. 
| aos 
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the subscript / indicating quantities pertaining to lateral moment and c’ being 
the half width of the flange. . 
If f. + fr exceeds the permissible working stress, the section must be increased. 
55. Torsion on Plate Girders.—If girders are curved horizontally or are of 
such slope in plan that vertical loads do not come on the line joining the supports, 
a condition of torsion on the cross-section is produced. The comments on the 
design of beams for torsion in Art. 23 will apply to built-up girders. 


BEARING PLATES AND BASES FOR BEAMS AND GIRDERS 
By C. R. Youne 


56. Types and Uses.—In order to transmit its loads to the masonry, a beam 
or girder must in general have bearing plates or bases placed under itsends. The 
bearing strength of the masonry is so much less than that of a steel beam flange 
that the flange must in effect be enlarged to prevent the masonry from being 
crushed. 

The simplest bearing is the flat, rectangular plate, Fig. 52a or b, extended 
out on either side of the beam or girder flange, and of a length parallel to the beam 


(6) (c) 


Fig. 52.—Simple fixed bearings for beams and girders. 


equal to the bearing on the support. When the plate is of cast iron, it is possible 
to taper it out towards the ends and so vary the section in accordance with the 
bending requirements. 

When the reaction becomes heavy, a much deeper bearing must be employed 
in order to transmit loading to a large area without exceeding the safe bending 
stresses or the allowable upward deflection. Ribbed bases of cast iron or cast 
steel, such as shown in Fig. 52c, can be made to distribute heavy loads over 
large areas. They are also incidentally useful to raise the end of the girder to a 
greater height above the masonry, thus permitting the more ready attachment of 
bracing and serving to keep the masonry at the fixed end of a long span girder at 
the same elevation as at the roller end. Cast steel is preferable to cast iron for 
such pedestals on account of its greater reliability, but it costs more. 

If the span is longer than about 60 to 80 ft., it is desirable to use hinged bolsters 
so as to prevent the high intensification of stress near the inner edge of the bearing 
due to the deflection of the girder. Some engineers make this limit as low as 50 
ft. These bolsters may be of cast steel, as shown in Fig. 530, or may be built 
up of plates and angles, as in Fig. 53c and d. They consist of an upper and 
a lower part connected by a pin, pivot, or disc. 

For all spans over 25 or 30 ft. it is necessary to provide for changes of length 
due to expansion and contraction. One end of a beam or girder must, therefore, 
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be allowed to slide freely. At the fixed end of a girder the base or bolsters de- 
scribed above are placed directly on the masonry, with perhaps a sheet of lead 
between, and are bolted or anchored down with usually two anchors, one on each 
side of the girder, so as to prevent movement. 

At the sliding end it is necessary to place a bed plate or bed casting on the 
masonry to provide a smooth surface on which the adjustment may take place. 
For girders up to about 60- or 80-ft. span, adjustment is allowed to take place 
merely by the upper or sole or shoe plate sliding on the lower plate, as in Fig. 53a. 
If bolsters are used, rollers must be interposed between the sole plate of the 
bolster and the bed plate at the sliding end. These consist of a group, or “nest” 
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Fig. 53.—Sliding and hinged bearings. 


of either round or segmental rollers held against shifting endwise by planed grooves 
in the shoe and bed plates or a ridge on them engaging a turned recess in the 
rollers, and kept at the proper distance apart by spacing bars attached to the ends, 
as shown in Fig. 53d. Segmental rollers are flattened on their vertical sides 
so as to take advantage of the higher strength of large rollers without having to 
provide an unduly large shoe or bed plate. Sometimes they are concaved on 
the sides, thus making a greater rotation possible for the same clear spacing. To 
prevent segmental rollers from tipping over, it is frequently required that at 
least one of them be geared to the upper and lower plates. With close spacing 
and substantial side bars this danger is minimized. 
57. Design of Simple Bearing Plates.—In proportioning a bearing plate, Fig. 
52a or 6, the required area is first found by dividing the maximum reaction 
by the allowable pressure on masonry of the class employed. if there is_no 
specification for this, an average value may be found in any of the civil engineering 
handbooks. The dimensions are then fixed so as to utilize readily-obtained 
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plates, one of them being equal to the bearing on the support. Recommended 
bearings and sizes of plates for building work are found in all of the steel handbooks. 

To determine the thickness required, consider a strip of plate at right angles - 
to the beam or girder, Fig. 52a or b. It is in effect a cantilever of span 1 
subjected to an upward loading. This is commonly assumed as uniformly dis- 
’ tributed, although the pressure at the outer edge is much less than near the beam 
flange. Let p be the uniformly distributed upward pressure in pounds per square 
inch, f the allowable flexural stress on steel plates, and ¢ the thickness required. 
Then 


f= 17321 Ne (1) 


The strength of the combined flange and bearing plate in bending should also 
be investigated. They form a cantilever beam of span l’ and thickness @’, Fig. 
52a or b. It is not always safe to assume this cantilever as a single beam of depth 
t’, since there may be insufficient connection between the flange and the bearing 
plate to resist the horizontal shear accompanying beam action for the whole 
depth. The moment of resistance of each should in such a case be found and the 
two added. 

Tables may be prepared of the allowable projections of bearing plates based | 
on Formula (1). They will vary in accordance with the allowable pressure and 
flexural stress assumed, but are usually from 3 to 5 times the thickness. 

58. Design of Ribbed Bases.—The load applied to a ribbed base, such as 
shown in Fig. 52c, must be transmitted to the masonry by means of the ribs 
acting as short columns or prisms. These ribs should be so placed as to receive 
the load from the beam or girder in the most direct manner possible. One rib 
should be directly under the web and, when cast pedestals are used for plate 
girders, transverse ribs should be directly under the outstanding legs of the end 
stiffener angles. The rib under the pair of stiffeners nearest the edge of the 
support is much more highly stressed than the others by reason of the deflection 
of the girder. Some designers assume that the whole reaction is applied over 
this rib. If it be proportioned for the whole load and the other ribs made of the 
same thickness, the base will be amply strong. While it is desirable to have three 
ribs running longitudinally, as shown in Fig. 52c, only two need be run trans- 
versely if there be but two pairs of stiffener angles. With three pairs of angles 
there should be three ribs. The top plate of the pedestal must be fixed largely by 
judgment and experience, but should not be less than 14 in. The bottom plate 
is designed by assuming it as a cantilever projecting past the most heavily- 
loaded rib. The moment of the uniformly varying pressure on the projection 
taken about the edge of the rib is then found and the projection, including both 
base plate and extension of ribs, is figured in the same manner as a cast iron lintel 
section (Art. 30). The ribs should not be thinner than 1 in. for important work 
and the bottom plate not thinner than 1% in. 

To equalize the pressure on the masonry, it is desirable to make the top plate of 
the casting as narrow as possible in a direction parallel to the length of the girder. 
59. Design of Bolsters.—The design of the upper and lower parts of bolsters 
involves the same principles, although, by reason of its bearing on masonry, the 
lower part is usually the larger. Considering Fig. 530 or c, it is seen that the 
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ribs which transfer the load from the girder to the pin, and from the pin to 
the lower part of the bolster, must be of sufficient thickness to carry their loads 
without exceeding the safe bearing pressure on the ribs or on the pin. To deter- 
mine their thickness, the size of pin must, therefore, be assumed first. If the 
rib thicknesses are satisfactorily fixed and the moment or shear on the pin is 
excessive, the pin size will need to be increased, which may make it possible to 
use thinner ribs. The bottom plate of the lower part of the bolster must be 
investigated as a beam continuous under the ribs and cantilevered past them. 
The upward pressure may be assumed as uniformly distributed over the lower 
parts of the bolsters. 

Care must be taken not to make the ribs so thin as to render them likely to 
buckle laterally. To safeguard against this it may be necessary to introduce 
transverse diaphragms between them. 

As both the upper and lower parts of the bolster are in effect beams resting 
on a single central support, they should be figured in bending at the vertical 
section through the pin hole. Due to the lateral deformation of the pin under 
pressure, causing it to bear against the right and left faces of the hole, no 
deduction need be made for the hole. 

60. Design of Expansion Bearings.—If sliding is provided for merely by 
allowing a sole or shoe plate to slide on a bed plate, as in Fig. 53a, the shoe plate 
is designed in the same manner as’an ordinary simple bearing plate (Art. 57) and 
the bed plate is made about the same thickness. Each of these plates should 
either be planed or straightened to ensure true contact. They are rarely less 
than 7 in. thick. 

Round holes for anchors are provided in both sole and bed plates at the fixed 
end, but slotted holes must be provided in the sole plate at the sliding end. 
These must be elongated about }¢ in. for each 10 ft. of span. 

Where the span is in excess of from 60 to 80 ft., rollers must be provided. 
Since round rollers take up a great deal of room for their pressure value, seg- 
mental ones are now very commonly used. Large rollers also tend to overcome 
the frictional difficulties incident to the use of small rollers. This is evident 
from the formula for the permissible pressure on cast steel rollers which in pounds 
per lineal inch is usually placed at 600 times the diameter in inches. Railway 
bridge specifications now frequently require that rollers be not less than 6 in. in 
diameter. The bearing length provided must be clear of all recesses engaging 
ribs on the shoe or bed plates. 

To make the masonry of the same height at the two ends and at the same time 
keep the bolsters alike, a cast or built-up bed equal to the height of the rollers 
and the bed plate at the expansion end should be placed under the bolster at 
the fixed end, as shown in Fig. 53c and d. In the case illustrated, this bed is 
made up of a cellular casting resting on a steel plate. ae 

To give true bearing on the masonry, beds are sometimes set }4 to 1 in. high 
and grouted underneath. Another method is to place a sheet of lead 14 in. 
thick under the bed, as shown in Fig. 53c and d. 

61. Anchors:.—Beams and girders are prevented from shifting horizontally 
on their supports by means of anchors. For ordinary rolled beams resting on 
loose bearing plates, a round rod is frequently used, preferably bent so as to 
engage the masonry beyond the end of the beam. Sometimes two angles are 
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bolted to the end of the beam, the outstanding legs securing the beam to the 
masonry. Rod anchors are usually 34 in. in diameter, projecting about 9 in. on 
either side of the web. Angle anchors should have a 6-in. outstanding leg and 
be 3 or %, in. thick. Such anchors are illustrated in the Carnegie Pocket 
Companion. 

If beams or girders rest on sole plates riveted thereto, anchor bolts are inserted 
vertically in the masonry through holes left in it for this purpose or specially 
drilled after the erection of the steel, care being taken to so locate the holes that 
this can be done. Usually two anchors, one on each side of the beam or girder, 
are employed. For building work, they should not be smaller than 34 in. 
diameter, while for railway bridge work the minimum should be 1}4 in. They 
should extend at least 12 in. into the masonry and be well grouted or otherwise 
secured thereto. To this end, split bolts with wedges in the ends, or hacked 
bolts, are sometimes used. 

Holes for anchor bolts should be or 3¢ in. larger than the bolts, to provide 
for errors in placing the bolts or for easier drilling of the holes. 


STEEL TENSION MEMBERS 
By C. R. Youne 


62. Forms and Uses.—Steel tension members vary in form with the magni- 
tude and character of the stress carried by them, with the character and situation 
of the structure of which they form a part, and with the methods of construction 
adopted. 

Round or square rods, single or multiple, made adjustable by end nuts, turn- 
buckles or sleeve nuts, Fig. 54a, 6 and c, are used in many cases where loads 
are light and cheapness is desired. In pin-connected bridges they are employed 
as counters, and sometimes, though inadvisedly, as laterals in both riveted and 
pin-connected bridges; in buildings they serve for lateral and sway bracing, for 
hangers and for tie rods in arch floors; in towers they are frequently used for 
bracing. The end connections are made by forging the bar into a simple or a 
forked loop, Fig. 546 and c, or, perhaps, by attaching a clevis thereto, as 
shown in Fig. 54d. 

Hye bars, which consist essentially of rectangular bars of metal with a head, 
Fig. 54e, forged at each end, through which a pin hole is bored, have an exten- 
sive use as tension members, usually in multiples of two bars. While formerly 
used for bridge and roof trusses of almost all spans, their use is now confined very 
largely to the longer spans, where there is little likelihood of objectionable rattling 
or vibration. For such situations they afford a reliable, easily transported and 
readily erected tension member. In places where reversal of stress is possible, 
or where attachment of rivited work is necessary, eye bars are replaced by built- 
up tension members, as for the end panels of the bottom chord and for the hip 
hangers of railway bridge trusses. 

Adjustible eye-bars are frequently used as counters in bridge trusses. The 
adjustment is made possible by inserting in the body of the bar at a conveniently 
accessible point, a turnbuckle or a sleeve nut, Fig. 54f. 

Flats, or narrow plates, Fig. 54g, are little used, as they are flexible, easily 
become bent in transportation and erection and do not hold their length or 
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straightness well against drifting or reaming. They are sometimes used as 
hangers, but apart from such use are seldom employed in America. 

Single angles, Fig. 54h, are extensively used as light tension members in 
trusses and as lateral and sway bracing. 

Double angles, arranged as in Fig. 54¢ or 7, are used as truss tension mem- 
bers of medium capacity. 

F orms consisting of four angles arranged in H-shape and connected together 
by a single plane of latticing or tie plates, Fig. 54k, or by a web plate, are very 
economical and are advantageously used as bottom chords, tension diagonals, 
and hip hangers of riveted trusses. 


NM 


seal ] L yea y 


th) 


Fig. 54.—Typical steel tension members. 


Two channels with flanges turned in, as in Fig. 541, and connected together 
by latticing or tie plates, are well adapted for bottom chords of through spans, 
and for tension diagonals and hip hangers of both deck and through trusses. If 
the two channels are arranged with their flanges turned out, as in Fig. 54m, 
the section is well adapted for the bottom chords of deck spans. 

Built channels, with flanges turned in, as in Fig. 54n, or with flanges turned 
. out, as in Fig. 540, and with or without added side plates, are the commonest 
- forms for riveted tension members in both riveted and pin-connected trusses of 
both moderate and long span. 

63. Theory of Design of Tension Members.—Assuming a uniform distri- 
bution of stress over that portion of the cross-section that may be considered 
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as effective, it follows that the effective area required in a member for the resis- 
tance of a given force is given by the formula 


where A = effective area of section required in square inches. 
P = force, or total stress, to be resisted, in pounds. 
p = permissible stress in pounds per square inch. 


If it should happen that the force to be resisted by the tension member is 
applied at some other point than the center of gravity of the net section, the 
member must be designed for a combination of direct and bending stress. The 
principles governing the design of such members have been thoroughly explained 
in Sec. 1. If the load is applied on a principal axis of the cross-section, then, 
neglecting the effect of the deflection arising from the eccentric application of the 
load, the maximum resultant stress at the most highly stressed fiber, distant ¢ 
from the neutral axis, is given by the formula 

h=gty () 
where e = the eccentricity, and J = moment of inertia of section about an axis 
normal to the plane of bending. 

Let p be the permissible stress on the most highly stressed fiber, and r the 
radius of gyration of the section in the plane of bending. Then the total required 


area 
TPS MUO 
A == + 2 
pues (2) 
Should the resultant axial load be applied eccentrically and not on a principal 
axis of the cross-section, the maximum resultant stress! on the most highly stressed 
fiber, as established by Professor C. Batho, is 


LAP | Pens = 0y tana) é 
i Sete J —I, tana (3) 


where x; and y1 are co-ordinates of the most highly stressed fiber, the origin being 
at the center of gravity. 

Lp = «x-co-ordinate of point of application of load P. 

a = angle which neutral axis makes with x-axis, found by equating f; to zero. 

J = product of inertia of section. 

I, = moment of inertia of section about x-axis. 

The necessary effective area can be found by a trial and error application of 
Formula (8). 

64. Choice of Section.—Members should be composed, in so far as possible, 
of sections symmetrically placed and should be of forms such as to obviate large 
eccentricity in the end connections. In order to secure the maximum efficiency 
of the material employed, the form chosen should permit the direct connection at 
the joints of as large a proportion of the area as possible. Thus, in the case of 
single—or double—angle tension members, connected by one leg only, unequal- 
legged angles should be employed and the longer legs connected to the gusset 
plate. Even though both legs are connected to the gusset, it is preferable to use 
unequal-legged angles with the longer leg in contact with the gusset, for the 

1See Transactions Canadian Society of Civil Engineers, Vol. 26, 1912, p. 249. 
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reason that the avoidance of dependence upon rivets where possible requires 
that the amount of stress delivered through attached details—such as alug and its 
two sets of rivets—should be reduced toa minimum. There is, too, the further 
advantage that the use of a relatively narrow outstanding leg effects a saving in 
the material of the lugs. 

For members of structures subject to vibration, rigid or stiff forms should be 
used. Open sections are in all cases preferable to closed ones. Limiting sections 
and thicknesses prescribed by the governing specifications must be observed. 
_ 65. Net Section —The net section of a tension member at any right section 
is the gross area of the member less all rivet holes, pin holes or cuts, or fractions 
thereof, that diminish the resistance of the member at that section. It is deter- 
mined in accordance with the form of the member. As explained in Art. 68, when 
the stress is assumed as uniformly distributed, sometimes only a fraction of the net 
section is effective. In such cases it is this effective portion that must be considered 
in designing. 

For rods, the net section is the section at the root of the thread, unless the rod 
is upset, when it is the section in the body of the rod. 

In the case of eye bars the net section is the net area of the body, since con- 
siderable excess area is always provided in the eye. For adjustable eye bars it 
is also the area in the body. 

For riveted or built tension members the net section depends on the types of 
body and end details adopted, and the arrangement and size of the rivets. De- 
tails involving the minimum practicable number of rivet holes on, or within 
certain critical distances of, any right section through the body of the members are 
desirable since they give the maximum net section. Other arrangements should 
be avoided if possible. Obviously the larger the rivet, the greater the loss of 
section. It is almost universal practice in calculating net areas to consider the 
- diameter of the rivet hole as }¢ in. greater than the diameter of the rivet before 
driving. 

The number of rivet holes that must be deducted from the gross area of a 
right section, to give the net section, depends upon the number of gage lines and 
the stagger of the rivets. Obviously, the net area adopted should be such that 
nowhere on any diagonal or zig-zag section should the maximum stress due to 
the combination of normal and shearing stresses exceed that on a right section. 
This result will be attained if the number of rivet holes N deducted from the gross 


right section be taken as the maximum number given on any zig-zag section - 


by the formula 
N=1l+ataetat.... ; (1) 


where x = a fraction of a rivet hole 
ee ee 
hg + Va? + 48%) 


g = the gage, i.e. the distance between any two holes measured at right 
angles to the axis of the member. 

s = stagger of these holes. ; 

h = diameter of rivet hole as considered for deduction purposes = 


diameter of rivet + 4 in. 


19 
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This formula is to be applied to alternative sections, the successive terms 
representing the deductions for successive holes considered in a chain across the 
member. The particular group of rivets to be considered is that which will 
give the greatest total deduction, whether the rivets lie on adjacent gage lines 
or not. 

To obviate the large amount of work required in solving Formula (1), the 
diagrams of Fig. 55 have been prepared. These give the theoretically correct 
deductions for any assured ratio of stagger to gage. The curves have been drawn 
for 5£-, 34- and 7-in. rivets, for staggers up to 9 in., and for gages up to 15 in. 

66. Proportioning of Rod Members.—If a tension member consisting of one 
or more rods or bars of uniform section is threaded for end connections or for 
insertion of a turnbuckle or sleeve nut, its strength will depend on the net area 
at the root of the thread. If, however, the rod is upset before threading, the 
rods may be weaker through the body than at the root of the thread. Good prac- 
tice requires that this be the case and hence the standard upsets for both round 
and square rods tabulated in the steel handbooks provide for an area at the 
root of thread usually between 20 and 30 per cent greater than through the body 
of the bar. If, then, standard upsets are. to be employed, the designer need 
concern himself only as to the area to be provided in the body of the member. 

It is not always economical to use upset ends. If the rods are short and of 
small area, the actual saving of material effected by upsetting may be more than 
offset by the labor cost of making the upsets. For example, tie rods for floors 
and sag rods for roofs are not upset. 

-Loops at ends are so proportioned as not to constitute a source of weakness 
to the member. If standard loops are to be provided, no attention need be given 
to the looped ends in design. 

For adjustable rod members, the stress may, in most cases, be assumed as 
uniformly distributed. The different rods, if there are more than one, may be 
given equal tension by adjustment, and care should be taken to see that in service 
they are equally stressed. Only regular inspection can ensure this. If the rod 
is not at right angles to the pin to which it connects, the load will be applied at 
one edge and allowance would then need to be made for flexural stress in addition 
to the tensile stress. 


Illustrative Problem.—A round rod tension member of soft steel with ends threaded 
but not upset, is to carry safely a load of 22,000 lb. If the permissible stress in tension is 
15,000 lb. per sq. in., determine the necessary size of rod. 

Required net area = 22,000/15,000 = 1.47 sq. in. 

From Carnegie or Cambria, it is found that one 134-in. round rod with area of 1.52 sq. 
in. at root of thread, or two 1}4-in. round rods with combined area of 1.78 sq. in. at root of 
thread would do. One rod would be cheaper, if practicable for the situation. 

Illustrative Problem.—A tension member is to consist of one or two round or square 
soft steel rods upset and threaded at the ends. Determine the required size. Load and 
permissible stress as in last problem. 

Required net area = 1.47 sq. in. 

Area of one 13£-in. round rod upset = 1.49 sq. in. in body of bar and 1.74 sq. in. at 
root of thread. 

Area of one 114-in. square rod upset = 1.56 sq. in. in body of bar, or 2.05 sq. in. at 
root of thread. 

The round rod is the more economical. 

Two 1-in. round rods, or two 7-in. square rods, would also be sufficient. 
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67. Proportioning of Eye Bar Members.—For pin connected structures, the 
eye bar, Fig. 54e affords a very convenient unit from which to build up a 
tension member. The heads are now so well standardized that the designer 
need have no fear of the bar failing therein. Examination of the tables of 
proportions of heads in Carnegie or Cambria shows that the area through the 
eye is ordinarily from 35 to 40 per cent in excess of that through the body of the 
bar. The A.R.E.A. specifications require the excess to be 37}4 per cent. 

Experience has shown that there should be a certain minimum thickness for 
each width of bar, for reasons of manufacture and since very thin bars tend to 

fail by buckling in the head. This varies from 14 in. for bars, 2 in. wide, to 134 
in. for bars 16 in. wide. On the other hand, the thinner bars simplify packing 
at joints and reduce pin moments. It is commonly specified that the thickness 
of the bars shall not be less than 1% the width. 

The size of head to be employed will, of course, depend on the necessary size 
of pin. Ordinarily, it is about 244 times the width of the bar. In selecting a 
bar, care should be taken to ensure that the head is not too large to fit into any 
built-up member, such as a top chord, to which it may be required to connect. 
Bars should be selected with the size of pin in mind. It is now often required 
that the pin be not over 7% the width of the widest bar attached. 

Ample basis for fixing safe working stresses on eye bars exists in the many full- 
sized tests that have been made. Their ultimate strength is on the average less 
than for small specimens of the same material, usually about 85 to 90 per cent as 
great, due to the less perfect working received by the thick metal of the bar and 
to the annealing of the heads after forging. However, since the eye bar member 
is subjected to low secondary stress in the structure, and also since the probable 
percentage loss by corrosion is small and the resilience is large, the permissible 
working stress may be quite as great as for riveted members. 

In building up eye bar tension members, the constituent bars should be 
packed symmetrically about the plane of the truss with the inclination of any bar 
thereto as small as possible and in no case greater than 4g in. per foot. By keep- 
ing the inclination or ‘‘cradling” down, the flexural stresses are thereby minim- 
ized. Bars should be secured against lateral shifting and so arranged that 


adjacent bars in the same panel will not be in contact with each other lest 
there be corrosion between them. 


Illustrative Problem.—A tension member of a truss carrying a load of 285,000 lb. is to 
consist of two or four medium steel, non-adjustable eye bars connecting at each end to a 
pin estimated to be 414 in. diameter. The thickness of the bars is not to be less than one- 
eighth the width, nor less than 1 in., and the width of the bars not over eight-sevenths of 
the diameter of the pins. Permissible tensile stress, p = 16,000 lb. per sq. in. Heads of 
American Bridge Co. standard. 

Required area in body of bars = 285,000/16,000 = 17.82 sq. in. 

Maximum permissible width of bars = (4.5)(84) = 5.1, say 5 in. 
for 5-in. bars = 1 in. 

Two bars, 5 X 11346 in. with a total area of 18.13 Sq. in. would be sufficient. If four 
bars be used, they must each be 5 X 1 in. because of the rule respecting minimum thick- 


ness. This would give a considerable excess of area, although the use of the thinner bars 
is desirable for other reasons. 


Minimum thickness 


68. Proportioning of Riveted Tension Members.—Design of the simplest form 
of riveted tension member, the narrow plate, or flat, is vitally related to the 
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arrangement of rivets in the end connections. To develop the highest possible 
efficiency the rivets should be arranged in a triangular group, as shown in Fig. 
54g, with the apex of the triangle formed by a single rivet, pointing towards the 
center of the member. With such a connection it is necessary to reduce the gross 
_ section by only one hole in proportioning for the full calculated stress, since at 
the second line o rivet holes the stress in the member is less than the full stress 
in the body by the amount of the stress taken out by the first rivet. 

Practical objections to the arrangement of connections as shown in Fig. 54g 
usually result in a less efficient arrangement. The proper deduction to be made, 
however, can easily be determined by following the methods of Art. 65. 

Although a flat as a tension member is deficient in lateral rigidity and may for 
that reason contribute to the vibration of a structure, the rigidity of the end 
connections as compared with those of the pin type is an advantageous feature. 


2 Ue 


(a) (b) 


Fie. 56.—Effect of end connections on efficiency of flat plate tension members, 


One inherent defect of a single flat as a tension member is that by reason of the 
end connections being made to a gusset in the form of a lap joint, as shown in Fig. 
56a there is an eccentricity of one-half the thickness of the plate, assuming, as 
appears justifiable in the light of experiment, that the load is applied at the plane 
of contact of the member with the gusset. If there be two flats side by side 
forming a single-member, and possibly stitch riveted together, with the end con- 
nections in the form of a butt joint, Fig. 56), the effect of eccentricity is not 
wholly overcome, for each component part of such a tension member tends to 
bend in its own way, due to the eccentric application of the part of the applied 
load that goes to it. The bending is somewhat restrained, however, by the body 
details. : 

With the single angle, or more complicated forms of tension members built up - 
of angles or other shapes and plates, it is desirable to have as large a portion as 
possible of the cross-section directly connected to the end gussets. By so doing, 
the length of the end connections and size of gusset plates is thereby reduced and 
often a more equable distribution of stress over the cross-section is brought about, 
thus improving the efficiency of the member. If possible, single angles should 
have unequal legs and, if only one leg is connected, it should be the longer one. 

In most riveted tension members there is an unavoidable eccentric application 
of the load, by reason of the fact that the component parts lack perfect symmetry in 
themselves or are connected to the gussets in the manner of a lap joint. Typical 
cases of this kind are shown in Fig. 57. aa 

The load is applied to a single angle tension member, Fig. 57a, along the 
line of connecting rivets, and slightly inside the gusset. If G@ is the center of 
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gravity of the angle, there is consequently an eccentricity KG = e. ‘The true 
maximum stress resulting from this combination of direct and bending stress 
can only be calculated by employing the theory of unsymmetrical bending, as 
explained in Art. 22. 
The main component parts of the members shown in Fig. 57b and c will © 
receive their loads eccentrically. Each one should, therefore, properly be designed 
for a combination of direct and bending stress, unsymmetrical bending being 
considered for the case of Fig. 57b. The presence of connecting stitch rivets, 
tie plates, or battens does not entirely prevent this bending, but, according to 
Professor C. Batho! each component part tends to bend in its own way. 


(a) (b) (c) 


Fig. 57.—Eccentric application of load on tension members. 


The relation of the maximum to the mean stress is dependent on the amount 
of initial eccentricity and the restraining effect of the end connections. By 
utilizing heavy, wide gusset plates, the deflection of the member due to eccentri- 
city is lessened, which in turn tends to equalization of stress over the cross-section. 
While the effect of the restraint in a direction normal to the plate is small, it is 
important in the plane of the plate. The average decrease of the ratio of maxi- 
mum to mean stress for single angles due to the stiffness of the end plate in its 
own plane, was found by Prof. Batho to be about 35 per cent at the highest load 
applied. It, therefore, appears most desirable, in order to improve the efficiency 
of members connected unsymmetrically, to fix the direction of the ends as far 
as possible. 

The effort to equalize the stress in an angle member by connecting it by both 
legs is shown by the tests of Prof. Batho to bring comparatively little advantage. 
In the most favorable cases it decreased the ratio of maximum to mean stress at 
working loads by about 4 per cent. The earlier tests by Prof. F. P. McKibben? 
showed an improvement in efficiency of under 15 per cent in the most favorable 
case and in most cases under 10 percent. For single angles connected by one leg, 
the efficiency ranged from 75 to 83 per cent, while for single angles connected by 
both legs, it ranged from 86 to 96 per cent. The practice of permitting only the 
connected leg to be counted for angles connected by only one leg, while allowing 
both legs to be counted if lug angles are used, is thus seen to be unduly favorable 
to the use of lug angles. 

Experimental investigation shows that a considerable change may be made 
in the position of the line of pull of the gussets with respect to the gravity line of 
the angles connected, without greatly affecting the stress distribution over the 


1 Transactions Canadian Society of Civil Engineers, vol. 26, Part I, 1912. 
2 Engineering News, July 5, 1906, and Aug. 22, 1907. 


Sec. 2-68] DESIGN OF STEEL AND CAST-IRON MEMBERS 295 


angles or the efficiency of the member. From Prof. McKibben’s tests, it appears 
that changing the line of pull from the gage line of a single angle connected by 
only one leg to the projection of the gravity line, improved the efficiency only 
5.5 per cent in the most favorable series of tests. In another series it was improved 
by only 2 per cent. No great sacrifice in efficiency is thus brought about by 
placing the gage line of an angle member on the skeleton line of a truss. 

Double angle members, such as shown in Fig. 57), have the merit of some- 
what hindering each other from bending perpendicularly to the gusset plate, with 
the result that the ratio of maximum to minimum stress over the cross-section is 
thereby reduced. In Prof. McKibben’s tests, no particular advantage appeared 
to attach to this form of member, but Prof. Batho found them to give better 
results than single angle members. 

In the practical design of tension members composed of either single or double 
angles, it is desirable to proportion on the assumption that the stress is uniformly 
distributed over the cross-section. Allowance can be made for the loss of 
efficiency arising from eccentricity by reducing the net area by a percentage to 
give the true effective area. This percentage will vary with the amount of eccen- 
tricity and the ratio of the legs of the angle, and will depend on whether lug angles 
are used or not. : 

Although the tests cited indicate that only from 75 to 83 per cent of the net 
area of representative angles connected by one leg is effective, the adopted effi- 
ciency in design should be higher than this. Built tension members with an 
average efficiency of 87 per cent are regarded as 100 per cent effective, and 
consequently for consistency, single and double angles should be considered as 
having an efficiency about 15 per cent higher than that shown by actual test. 
To be on the safe side, however, it would seem desirable to limit this excess to 
10 per cent. The percentage efficiency of single and double angles connected by 
one leg only has been found to be expressed fairly well by the formula 


p = 100-30: % (1) 


where p = percentage of net area effective. 


s = length of outstanding leg of angle in inches. 

g = gage in inches of angle if one gage line only is used, or two-thirds of 
the sum of the gages if two gage lines are used. 

c = length of connected leg in inches. 


Efficiencies of angles connected by both legs may with safety be taken as 5 per 
cent higher than those given for angles connected by only one leg. 

These effective percentages are to be applied to the net sectional area as 
determined by the principles of Art. 65. The reduced net area then becomes 


the true effective area. 


Illustrative Problem.—Let it be required to find the effective percentage of the net sec- 
tion of a 314 X 214-in. angle connected by the 3}4-in. leg, with rivets on a 2-in. gage. 
p = 100 — 30sg/c? = 100 — (30) (2.5) (2) /(3.5)? = 87.8 per cent. 
Find the effective percentage of the net sectional area ofa6 X 4-in. angle, connected by 
the 6-in. leg, with two lines of rivets driven on gages of 214 and 214 in. 
p = 100 — (30) (4) (0.67) (2.25 + 2.25) /(6)2 = 90 per cent. 
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Although no records of tests of single channels in tension are available, it is 
probable that single channels connected by their webs only, would, because of 
the relatively high ratio of eccentricity to corresponding section modulus as 
compared with angles of the same area, show un efficiency somewhat less than 
that of single or double angles. The relative areas of the flanges and the web, — 
or the weight of a channel for a given depth, should materially affect the efficiency. 
It is probable that for single channels the effective area is about equal to the net 
area of the web plus 70 per cent of the net area of the flanges. 

Due to eccentricities and imperfections of material and workmanship, built 
up tension members will not develop under test the same strength in pounds per 
square inch of net area as would be given by a small specimen. Tests reported 
by J. E. Greiner! on (1) members of H-shape made up of four angles 
connected by latticing, battens, and solid web plates, and (2) on members 
composed of two built up channels connected by latticing and battens, showed 
that the efficiency ranged from 80.4 to 96 per cent. Some of the lower figures 
were for specimens with a highly eccentric pin-plate connection to the outstanding 
legs of the angles of the member. The lowest were, strangely enough, for box- 
shaped members with both legs of the four main angles connected to the end pin 
plates. This lack of strength was probably due to the fact that the pin plates | 
did not extend to the near ends of the end batten plates. 

In fixing working stresses, the efficiency likely to be attained should be 
borne in mind. In view of the fact that for tests 
on eye bars, the average efficiency is over 90 per 
cent, the working stresses on built up tension mem- 
bers may safely be as great as on eye bars. 

Body Details—When a tension member is built 
up of an assemblage of rolled sections, it is desirable 
to connect them together at certain intervals de- 
pending on the character of the member. 

If angles or channels are used without web 
plates, the connection may be in the form of stitch 
rivets, Fig. 58a, or latticing, Fig. 586, or battens, 
Fig. 58c, or d. Stitch rivets are used where the 
two connected parts are sufficiently close together 
to make it practicable to insert washers between 
them through which the rivets may be driven. 
Latticing, formerly much used for the larger ten- 
sion members, is now chiefly employed for com- 


- pression members, or for members subject to 
tel be eoderdeuniee faa reversal of stress. Battens are found to be cheaper 
Ana aeinare hers and practically as satisfactory as latticing for 


. tension members. If web plates are used, the con- 
aa of angles or channels thereto is made by lines of rivets spaced as described 
elow. : 

Body details such as shown in Fig. 58 serve several purposes. They lessen 
the transverse vibration by so connecting the parts that they will act practically 
as one unit with a width or depth equal to the overall lateral dimension. This 

1 Transactions American Society of Civil Engineers, vol. 38, 1897. : 


Sec. 2-68] DESIGN OF STEEL AND CAST-IRON MEMBERS 297 


reduces general vibration in the structure and minimizes the likelihood of loosen- 
ing of the rivets in the end connections. Web or batten plates near the end of the 
member, Fig. 58d, serve to lessen the effect of the eccentric application of load 
by restraining the end of the member against bending. Solid webs or closely 
spaced battens or latticing help to equalize the stress over the cross-section by 
transferring stress from a heavily loaded to a lightly loaded part. 

Where stitch rivets are used, they are spaced from 2 to 4 ft. apart in angle 
members and, where they connect shapes to web plates or various plates together, 
they are spaced in the line of stress a distance not over 16 times the thickness of 
the thinnest outside metal, nor over 6 in. 

Latticing, if used, is designed and arranged in the same manner as for com- 
pression members. 

Battens are spaced center to center about 3 or 4 ft. apart. 

The thickness of battens for tension members may be determined by the rule 
applied to single lattice bars—that is, not less than 14 of the distance between the 
rivet lines. In no case should it be less than the minimum prescribed by the 
specification for secondary material. For light members the length of the batten 
plates parallel to the axis of the member need not be greater than is required to 
accommodate two rivets in each line. At the ends of members, in order to con- 
tribute to the restraint of the individual parts of the member and lessen bending 
due to eccentricity, the battens should be as long as the member is wide and be 
placed inside the end gusset plates. 


Illustrative Problem.—In the following problems, let the permissible stress in tension 
be 16,000 lb. per sq. in. of effective area, and the rivets 7% in. dia. with holes 1 in. dia. 

(a) Find the size of a double flat plate tension member to carry 47,000 lb., if a line of 
stitch rivets runs along its axis and if provision must be made for two rivets opposite each 
other at the inner edge of the end connections. 

Required net area = 47,000/16,000 = 2.94 sq. in. - : 

Net section will be at the end connection, and if w = width of plates and ¢ the thickness 
of each plate, it = (w — 2)2t. 

Hence (w — 2)2 = 2.94 sq. in., from which assuming w = 6 in., ¢ required = 0.368 in. 

Two 6 X 3¢-in. plates will be used. 

(b) A single angle with one leg only connected is to carry a load of 28,000 lb. Find the 
required size. 

Effective area required = 28,000/16,000 = 1.75 sq. in. 

Assume a 314 X 3 X 3¢-in. angle connected by the 314-in. leg on a 2-in. gage. 

Net section = 2.30 — (1)(0.88) = 1.92 sq. in. 

Effective percentage of net section from Formula (1) is 
(3) (2) 
(3.5)? 


and effective area of angle = (0.854)(1.92) = 1.64 sq. in. 

The angle is not large enough. A 3}4 X 3 X V46-in angle gives an efective area of 
1.89 sq. in., and hence would be satisfactory. 

(c) Find the required size of angle for problem (b) if both legs were connected and the 
stagger of the inner rivets were 2 in. f , 

Assuming a 314 X 8-in. angle with gages of 2 and 134 in., respectively, in the 372-and 
3-in. legs, the distances of the rivet lines apart, or g, assuming a thickness of 7/6 in., is 
3.31 in. The deduction, from Fig. 55,is 1 + 0.7 = 1.7 holes, and the net area = 2.65 — 
(1.7) (1) (0.44) = 1.90 sq. in. 

Assuming the efficiency as 5 per cent greater than for an angle connected by one leg, or 
say 90 per cent, the effective area = (0.90) (1.90) = 1.71 sq.in. This is slightly below the 
requirement but would in most cases be accepted. 


p = 100 — (30) = 85.4 per cent 
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(d) A truss member carrying 235,000 lb. is to be of H-shape, consisting of two pairs of 
angles 1214 n. back to back with connecting battens, as shown in Fig. 59. Determine the 
size, assuming the rivet arrangement as shown. Assume the full net area as effective, 
because of the restraining effect of the end battens. 

Required effective area of member = 235,000/16,000 = 14.7 sq. in. 

Assume four 6 X 4 X -in. angles. Considering one angle developed as in Fig. 59a, . 
it is found by consulting Fig. 55 that the least net section is S-S, the deduction from each 
angle being 2 holes. 

Net section = (4)(4.75) — (8)(1)(14) = 15.0 sq. in. which is adequate. 

(e) A truss member carrying 370,000 lb. is to be made up of two channels, 12 in. deep, 
with flanges turned out, reinforced by two 11-in. plates on the backs of the channels, as 
shown in Fig. 60. Battens connect the flanges 
of the channels, the end batten being outside 
the gussets. Determine the necessary section if 
only 70 per cent of the net area of the channel 
flanges is considered effective. 

Required effective area = 370,000/16,000 = 
23-2) sq. in. 


\e121n O12. charmels 
2 plates xt" 


Fie. 59.— Design of four-angle tension Fie. 60.—Design of a double channel tension 
member. member. 


Assume two 12-in., 30-lb. channels and two 11 X 14-in. plates with the riveting at 
the inner edge of the connection as shown. 

Critical section in S — S, cutting four web holes and four flange holes. 

Gross area of section = (2)(8.79) + (2)(11)(0.5) = 28.58 sq. in. 

Area of 4 holes through webs of channels and plates (section S-S) = (4)(1)(0.51 + 
0.50) = 4.04 sq. in. 


Gross area of flanges of channels = total area — area of webs = (2) (8.79) — (2)(12)(0.51) . 
= 5.34 sq. in. 

Net area of flanges, the grip being 44 in., = 5.34 — (4)(1)(0.5) = 3.34 sq. in. 

Reduction of flange area = (0.30) (8.34) = 1.00 sq. in. 

Effective area of member = 28.58 — (4.04 + 1.00) = 23.54 sq. in. which is adequate. 


69. Tension Members Subject to Cross Bending.—It frequently happens 
that tension members are subjected to transverse as well as to axial loading. 
This produces a combination of direct and bending stress for which the member 
must be designed. The problem is essentially the same as for a tension member 
subjected to eccentric axial loading and consequently a moment of eccentricity. 

Common cases of cross bending in bending members are a tension member 
subjected to its own weight or to a directly applied load. The bottom chords of 
roof trusses in mill buildings are frequently loaded with trolleys, piping, wires 
etc. Another case is a tension chord subjected to the thrust of a cross ea of i 
lateral system. : 


If the effect of the deflection in augmenting the moment is neglected the 
maximum fiber stress is 


h Rei es (1) 
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If the deflection be considered, assuming the ends free to turn, the maximum 
stress becomes 


hth = 5 # = (2) 

where f: = uniformly distributed stress due to axial load P. 

fe = flexural stress on extreme fiber. 

P = axial load. 
area of member. 
bending moment. 
= distance from neutral axis to most highly stressed fiber. 
= length of member. 
I = moment of inertia in direction of bending. 
E = modulus of elasticity. 


ee 
ll 


Illustrative Problem.—The bottom chord of a truss is 15 ft. long between panel points 
and consists of two4 X 4 X 54¢-in. angles with 
the vertical legs back to back and separated by 
a space of 3g in. Washers and stitch rivets are 
inserted 2ft.apart. The axialload is 40,000 lb. 
If a wind strut carries a load of 3,000 lb. into 
the chord at right angles to it and 114 ft. from 
one end, as shown in Fig. 61, find the maximum 
resulting stress, neglecting the effect of the 
deflection. Rivets, 34-in. dia. 

As the angles are fairly closely stitch riveted, 
it will be assumed that they act as a single 
section against transverse loading. 

Net area of member = (2) (2.40) — (2) (0.875) 
(0.38125) = 4.25 sq. in. 

Uniformly distributed stress 

fy = 401000 
peed, 

Wind reaction at end of chord nearest the strut connection = (3,000) (13.5)/15 = 2,700 
Ib. 

Wind moment at strut connection = (2,700) (1.5)(12) = 48,600 in.-lb. 

Gross moment of inertia of chord about a vertical axis, 

I; = 2 [3:7 + (2.40) (.31)7] = 15.6 

Moment of inertia of 2 holes in outstanding legs assuming a 214-in. gage, approximately, 
= (2) (0.875) (0.3125) (2.69)? = 3.9. 

Net moment of inertia = 15.6 — 3.9 = 11.7. 

Extreme fiber stress due to wind moment 

_ (48,600) (4.19) 
Dee STL A) 

Total extreme fiber stress, fi + f2 = 9,400 + 17,400 = 26,800 lb. per sq. in., an exces- 
sive stress even considering the usual increase permitted for a combination of dead load, 
live load and wind stresses. 


Hi Fria. 61.—Tension member subjected to 
= 9,400 lb. per sq. in. bending. 


= 17,400 lb. per sq. in. 


CAST-IRON COLUMNS 
By H. 8S. Rocrrs 


70. Use of Cast-iron Columns.—Cast-iron columns are suitable only for 
small buildings of non-fireproof construction. They offer somewhat greater 
resistance to fire than unprotected steel columns and occupy a minimum of space 
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in the building, but cast iron is by no means as reliable as steel and the bolted 
connections of cast-iron columns allow more or less lateral movement which is 
serious in high buildings. 

Columns of this material should not be used with fabricated steel in skeleton 
construction or under conditions which produce flexural stresses of any magni- 
tude, other than those due to concentrically-loaded column action. The 
unreliability of cast-iron columns is due to the variation in quality of the 
material, defects likely to occur in casting, and the difficulty of thorough 
inspection. 

71. Properties of Cast-iron.—Cast-iron has a very high unit compressive 
strength—usually considered to be about 80,000 lb. per sq.in. This material, 
however, is not strong in shear or tension, the average ultimate shearing stress 
being 18,000 lb. per sq. in., and the average ultimate tensile stress 15,000 lb. 
per sq.in. The ultimate intensity of stress which can be developed in a piece of 
cast-iron varies with its fineness of grain, and depends largely upon its thickness 
and the rate of cooling, as well as its composition. The high compressive stresses 
make it a very desirable material to use in compression, but because of the some- 
what treacherous nature of cast-iron, the high compressive stresses found are often 
misleading. Also, the low shearing and tensile values preclude its use under any 
condition other than that of direct compression. It does not rust as quickly as — 
steel and resists fire somewhat better, but may, however, be subjected to serious 
strains because of sudden cooling with water from a fire stream. It is very hard 
and brittle, and fractures suddenly without warning. No riveted connections 
should be made to cast-iron. All connections of girders to columns, or column 
to column, must therefore be made by bolts which impair the rigidity of a struc- 
ture by the allowance for clearance. 

72. Manufacture of Cast-iron Columns.—Cast-iron columns may be cast in 
sand molds either upon the side or on end. In either case a baked core molded 
to the dimensions of the inside of the column must be made of sand, flour, and 
water, and supported within the sand mold. There are practical conditions 
surrounding every part of the work which will determine the quality of the 
column produced. Many pronounced defects found in columns are due to the 
method of pouring used in their manufacture. 

If the column is cast on its side, the core will be buoyed up within the mold 
because of the great difference in density between it and the molten metal. 
Provision must, therefore, be made to prevent the core from rising toward the 
top side of the mold, or from being sprung from line so that the mid-portion of 
the top side of the casting will be thinner than the desired thickness. This defect 
produced by “‘floating cores” is one which is frequently found in cast-iron columns. 
The molten metal rising in the mold carries dirt and air above, in which will 
form ‘‘honeycomb” and ‘“‘blowholes”’ along the top side of the column, unless 
provision is made by vents for the escape of the air. This provision can be made 
by forcing a wire rod through the mold at intervals. When these difficulties 
have been overcome, there are still others which may arise due to unequal cooling 
produced by the manner or speed of pouring, by the condition of part of the 
mold, or by the unequal radiation in the molds. The last may be due to an 
unequal uncovering of the mold. Unequal cooling may produce stresses which 
will crack the column before any load is placed upon it. 
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The end method of casting avoids some of these difficulties if the molten 
metal is introduced at the bottom of the mold. The dirt, sand, and air that 
‘collect will thus be borne to the top of the mold so that they can be removed, 
but the pressure produced by the head of molten metal will often be greater tian 
: the mold can withstand, if the column is of any considerable length. The defects 
found in columns cast on end will not, however, be so numerous as those found 
in columns cast on the side. These defects can he eliminated to some extent by 
careful foundry work. If not eliminated, they should be caught at the time of 
inspection. 

73. Inspection of Cast-iron Columns.—Cast-iron columns may have defects 
either in the surface, or within the metal, or may have insufficient strength due to 
variation in the section of the metal due to displacement of the core. Defects 
in the surface can be found by a careful examination of the column. Defects 
within the metal can be discovered by a careful tapping of the column with a 
hammer, as the honeycomb or sand spots will sound dead. In hollow square or 
round columns, variation in thickness of the metal can be determined by drilling 
two or three 14-in. holes through the column. If this variation is more than 
44-in., the column should be rejected. The H-section affords easy access to the 
surface for inspection and painting, and opportunity to measure the section. 
Columns with brackets should be carefully inspected at these details, especially 
if the column has been poured on its side through the bracket. 

74. Tests of Cast-iron Columns.—The Department of Buildings of New York 
City made a series of tests upon cast-iron columns some years ago at the works 
of the Phoenix Bridge Co. Nine columns were tested to destruction and a tenth 
to the capacity of the testing machine. Six of the ten columns had a diameter of 
15 in., a length of 15 ft. 10 in., and a thickness of shell of 1 in.; two had a diameter 
of 8 in., a ratio of L/d equal to 20, and a shell thickness of 1 in.; two had a 
diameter of 6 in., a ratio of L/d equal to 20, and a shell thickness of 1 in. 

The columns broke at loads varying from 22,700 lb. per sq. in. to over 40,400 
Ib. per sq. in., the latter being the intensity of stress in one of the 15-in. columns 
which withstood the total capacity of the machine. The other five 15-in. 
columns all exhibited foundry dirt, honeycomb, cinderpockets, or blowholes. 

75. Cast-iron Column Formulas.—The following are some of the formulas 
for cast-iron columns used by different authorities: 


Nie waVionkee tila p lis weatekectetieieiensts ree cues ste fa) aile P/A = 9,000 — 401/r 
10,000 
Cambria Steel Handbook (Round Columns)........ P/A = a we 
1 + 30042 
10,000 
Cambria Steel Handbook (Rectangular Columns)... P/A = woe 
: a 1,067w2 
Ghicavore uildingwl awe ca ceriersre sree site clarion iene P/A = 10,000 — 601/r 
Boston isin 8 Veh onemnecs hoe oc Op eonmpaneb soon P/A =11, 300 — 301/r 
Wiatertowa Arsenal estes i noe nase iene eran P/A = 34, 7000 — 882 /r 


In these formulas r is the radius of gyration, d is the outside diameter, and w is 
the least lateral dimension. The formulas are all for flat ends, and all but one 
are for working loads. The Watertown Arsenal Tests formula, which is for ulti- 
mate loads, is quoted by J. B. Johnson, who says it fits very well the results 
obtained on certain tests made on full sized cast-iron columns. 
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In order to compare the above column formulas, the allowable unit load has 
been calculated for a column 15 ft. long, outside diameter 10 in., and inside 
diameter 8in. ‘These dimensions give a radius of gyration of 3.2 and a slenderness 
ratio of 56.2. The results are as follows: 


FoRMULA P/A 
Now, Vorks Building Gai oars ine epi) oknciicien-lereiorelg t-te eleis 6,750 
Cambria Steeliiand book erscrs erate celeie eiete eee etedeee tated 9,620 
Chicago Buildin gia wars sci tereve eetercre siolial hel shots) Vek sten-t 6,630 
Bostomy Buildin pase ce wees) ies shel ete) tere eroerel Vol shades 9,615 
Watertown Arsenal Tests..........:-sseece rs eeceereene 7,250 


A factor of safety of 4 was used with the Watertown Arsenal Tests formula. 

The results indicate that the Cambria Steel Handbook and the Boston Build- , 
ing Law formulas give results which are probably somewhat too high. Any one 
of the other three formulas would be a safer one to use in design. 

76. Design of Cast-iron Columns.'—The sections of cast-iron columns in 
general use are shown in Fig. 62. The hollow cylindrical section gives the best 
distribution of metal in a column, but the connection details do not work as 
nicely as those for the hollow square section, which is almost as efficient in dis- 

tribution of material. The hollow square section, on 

> 7 % the other hand, has disadvantages which are not found 

©: ay 1g in the hollow cylindrical section. The corners of the 

square section are very liable to crack, due to the cool- 

Fs. Cae ane col- ing of the column; but this can be obviated by an outside 

eee eae curved corner and an inside fillet. The H-section, though 

not affording a distribution of material as efficient as the hollow cylindrical 

or hollow square column, has the advantages of being open to inspection, of 

being cast without a core, and of being easily built into a brick wall. It meets 
the greatest favor as a wall column. 

In all the formulas given in the preceding article it will be noted that the area, 
A, and the radius of gyration, r, both appear in the formula. Therefore, for the 
ordinary column, in a design problem, the designer is confronted with two 
unknowns, neither of which can usually be expressed in terms of the other. For this 
reason it is necessary to design columns by trial and error methods. The pro- 
cedure involves choosing a size of column which is assumed to be satisfactory, 
and then calculating the load which it can carry. If the column is too small or 
too large, then the dimensions must be increased or decreased, respectively, and 
a second trial calculation must be made. 

The following specifications should be observed in the design of the shafts of 
cast-iron columns: 

The minimum thickness of the shell should not be less than 34 in.; the maxi- 
mum thickness should not be greater than 134 to 2 in. 

The maximum diameter should not be greater than 16 in.; the pee diam- 
eter should not be less than 5 or 6 in. 

The slenderness ratio, L/r, should not exceed 70; the unsupported jeitxth of 
the column should not exoned 20 times the least diameter. 

All corners should be fillete4 with a radius of 4 to 3 in. 


2By J. B. Komuerrs. 
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No inside offset nor any sudden change in the thickness of shaft should be 
made. 


Illustrative Problem.—A hollow, round cast-iron column is 16 ft. long, flat ended, and 
is to carry safely a load of 200,000 lb. The New York Building Law formula isto be used. 
One rough method of making a first guess as to the size required is to assume that the 
column is a short compression member with J/r equal to zero. According to the formula 


this ee that the unit load could be 9,000 lb. per sq. in. The area required on this 
200, 


9,000 
will be chosen for a first trial. Assuming an outside diameter of 10 in., (10? — d,?) = 30, 


basis is = 22. sq. in. This is known to be too small, so that an area of 30 sq. in 


d: = 7.85 in., and an inside diameter of 8 in. will be used. For the diameters of 10 and 8, 
the radius of gyration is 3.2 in. and the area is 28.3 sq. in. From the formula the load 


P = 28.3[9,000— 2909) 02)) _ 187,000 1b. 


which is a little too small. If the thickness of the column is increased to 13¢ in., the inside 
diameter will be 7.75 in., the radius of gyration will be 3.16 in. and the area will be 31.4 
sq.in. Substituting in the formula, 

(40) (16) (12) 


P = 31.4[9,000 — ear 


] = 206,000 Ib. 


which is satisfactory. 
The handbooks published by the steel companies contain tables of safe loads for various 
sized columns, so that the work of computation may be. considerably reduced by using these 


tables. 


77. Column Caps and Bases.—Hollow cylindrical and square cast-iron col- 
umns are generally fastened together by a simple flanged base and cap as shown 
in Fig. 63a and 63b. The flanges should not be thinner than the shaft of the 


column and should be at least 3 in. 


wide; which width will be sufficient 
Fig. 63.—Cast-iron column details. 


ASS 
ZASSSSESSSSS 


PZZZZZA 


for hexagonal nuts on 34-in. bolts. 
‘These flanges should be faced at 
right angles to the axis of the col- 
umn. The bolt holes in the flanges @ 
should be drilled to a templet so 


that the columns can be fitted 
together in proper alignment and 


LILILIELL: 


the flanges should be spot-faced at = 
bolt holes so that they will give a 
square firm bearing to bolts and 
nuts. If the ends of cast-iron col- 
umns must be left rough, sheets of 
lead or copper should be placed between flanges of columns bolted together, so 
that an even bearing will be obtained by the soft metal taking up the inequalities 
of the surface. Inno case should shims be used to wedge up one side of a column. 

If it is desired to give any architectural pretentions to the caps or bases of 
cast-iron columns, the design of such should be made so as not to weaken the 
shaft section of the column by change of dimensions or offsets that will throw 
transverse stresses into the column. Ornamental caps or bases of large size 
should be cast separate from the column. 

78. Bracket Connections.—The usual forms for the connections of beams and 
girders of cast-iron columns are shown in Fig. 63c, d, and e and in the table 
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of ‘Manufacturers’ Standard Cast-iron Column Connections.” The beam rests 
upon the bracket shelf and is bolted to the lug on the column through the web. 
The holes in the web of the beam for bolting to the lugs should be drilled in the 
field in order to match the cored holes of the lug. 

Connections should be designed with a bracket directly below the web of a 
single girder or below each web of a box girder so that no transverse bending 
strains will be thrown into the bracket shelf. The bracket shelf should be given 
a slope of { in. to the foot away from the column so that the load cannot be 
applied at the end of the shelf. A bracket will bear only about one-half as great 
a load applied eccentrically at the edge of the shelf as one distributed over the 
shelf. A bracket shelf may fail in one of three ways, (1) by shearing through 
shelf and bracket next to the column, (2) by transverse bending, or (3) by tearing 
out a section of the column as shown in Fig. 63f. 


MANUFACTURERS’ STANDARD CAST-IRON CoLUMN CONNECTIONS 
Dimensions in Inches 


Depth Thickness 
of beam a Z “3 of lugs 
Holes 
‘ ts cored for 
‘0 5 5 6 1014 14% 14 2 14 2 1 SH on, lane 
18 mee 6 wOxs | 136 4345 1) cov a aazeti te 1 se 
15 4 334 | 54 | 9346 1 1% 2 1} 1% 1 
2 3 3 416 | 73% 14 14 2 1} 1} 1 
Depth Z 
esses Wee Uae ae enti | oo Reo eh 1 aa << oe 
Holes 
10 334 | 34% 4 1 1 Z cored for 
: 2 A 2 1344 134 1 3-in- b 
A 7 1 1 2 14 1% 1 4-in. bolts 
8 24 | 3 : 4 7 1 1 2 1% | 1% 34 
7 24 | 2% 4 7 1 1 2 1% 134 34 
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Tests by the Building Department of New York City have shown that 
brackets will not fail by shear or transverse bending on columns of more than 6-in. 
diameter if designed according to standard practice. Of 22 brackets tested, 
those on 8- or 15-in. columns failed by tearing holes in the body of the column, and 
4 on 6-in. columns failed by shearing or transverse stress. 

_The design of bracket shelves by any rigorous analytical method is impossible. 
Some of the factors which complicate it are the rate of cooling, variations in the 
thickness of metal, and imperfections. The design should, however, be checked 
against failure due to shear or transverse bending. 


STEEL COLUMNS 
By J. B. Kommerrs 


79. Steel Column Formulas.—A diagram of the allowed unit stresses for 
structural-steel columns as given by the principal column formulas which have 
received sanction among engineers is shown in Fig. 64, given by C. E. Fowler, 
Eng. News-Rec., Feb. 13, 1919. The formulas graphically represented are as 
follows: 


PATTIE. ES Sater oa oie ates cs aycics ei Amy Bridge. Cor. cnet. te ick 19,000 — 100L/r 

ASU Asta fcissicees? surta om Alls Avy Funes ABSA. jcc s ieee Tene 16,000 — 70L/r 

NGI hal Sdn i eee Ree Am. Ry. Eng. Assn. proposed....... 13,000 — 0.25(L/r)2 
VDHN A Oe oe ie care ee eee ng: Insts Canadas. cece. ee cue 12,000 — 0.3(L/r)2 

1255 ORS Bib ewe rele e Ree eicanie Howlers: Spec: el 893ine ome cist lente 12,500 — 413gL/r 

Hel OL ORCI RA’) stress cen © Howlers Spee? 1919o acne 4 ees 15,000 — 60L/r 

Bak DLO) (C1) ere atreiss Fowler’s Spec.,1919...... ..1 .-38e 20,000 — 80L/r 
McK-l>-..-.4.. ..-..-." Fowler, mod: by MekKibber...5.... 12,500 — 50L/r 

ING ey sc (ORD sett tcccniste New York Bldg. Code (Old)........ 15,200 — 58L/r 

peter tse ENS et cuore c cchieesral iis Boston*Bldg: Code... .-..c70...-.> 16 ,000/1 + L?/20,000r2 
Cee ents err eee COraon\ Mormiulas ch @iisid Aces ue 12,500/1 + L?/36,000r2 
ey tetaetcg et Sonik praeee bila del pbhis)sracisie ile cles 2.4 sche ate bie 0 16 ,250/1 + Z?/11,000r2 


The limitations of the formulas as to maximum unit stresses and maximum 
values of L/r are shown by the diagram. All of the formulas liein a diagonal zone, 
the upper limit of which is 18,000 — 60L/r and the lower limit of which is 12,000 
— 60L/r with the exception of Fowler’s 1919 (Cl.B.). The average of the zone 
would be 15,000 — 60L/r which is the formula that has been adopted in a 1919 
edition of ‘General Specifications for Steel Roofs and Buildings” by C. E. 
Fowler. The A.R.E.A. formula, 16,000 — 70L/r, with a maximum stress of 
14,000 Ib. per sq. in. and maximum limit of L/r at 120 has received very wide 
sanction in building codes, being found in the codes of New York, Detroit, 
Chicago, St. Louis, and Seattle. 

80. Forms of Cross-section..—For economy, the radius of gyration of the 
section should be as large as possible. This makes it desirable to place as much 
of the material as possible es far from the axis of the column as is consistent with 
good design. The hollow cylinder is theoretically the most economical form of 
column cross-section, for in this form all of the material is at a maximum distance 


from the axis. 


1 By Cuype T. Morazis. 
20 
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Steel pipe columns are frequently used for light loads where the loads are 
quiescent and there is no probability of a lateral component to the forces acting 
on the column. The caps and bases of these are usually cast-iron and the use of 
this form of column has the same limitations as that of cast-iron columns. 

Figure 65 shows the more common forms of cross-section for steel columns 
and struts. 

Struts of 2 angles (Fig. 65a) are commonly used for light lateral bracing. The 
section is unsymmetrical and for this reason is undesirable for main compression 


members. Columns composed of 2 mm 
channels laced (Fig. 65g, h, and k) T | 
_or 2 pairs of angles laced (Fig. 656) ’ @ () fe a) 
are not as rigid in the plane of the 2angks Aangles / plate & 3 plates & 
laced 4 angles 4angles 


lacing as those in which the parts 


are connected by plates. Care = 
should be used in proportioning the | | | [ A 4 
lacing in such columns. Types 7 =—- 


2 fs 
and I are forms which are com- aehhinem ior, 2b bber Zchornet 
with AC 


monly used for top chords and end 


posts of bridges. The lattice on Bs 
the lower side permits access for 


cleaning and painting. The Beth- ‘#) a 
Ichom Hesection (Fig, 65¢ and jis ,209e/,, Sle, Pulicharee Bt, 
aform much used in building work. 

Type e without cover plates is very W _ 
economical on account of the small 

amount of fabrication necessary. (m) _ () (o) (p) 
Type f is much more expensive as) witen coer itp ene 


it is necessary to drill the holes in , mr ee | 
- the heavy flanges of the H-section HH H hx | ; 

for riveting on the cover plates. 
These flanges are too thick to NEL Pio ie of es 
punch. Z-bar columns (Fig. 65g ©“ "ors = column es hia 

, Fie. 65s 

and r) are seldom used in modern 
structures. The Grey column (Fig. 65s) and the 4-angle column (Fig. 65¢) are 
frequently used in combined steel and concrete columns. 

81. Design of Cross-section—The method of designing si¢el columns is 
quite similar to that used for cast-iron columns. Here also the radius of gyration” 
and the area both appear in the formulas, and it is usually not possible to express 
one in terms of the other. This means that a column size must be chosen and tried 
out to determine whether it is satisfactory. 

The nature and size of the work will determine whether a single structural 
shape may be used as a column, or whether several parts must be riveted together 
to obtain sufficient area. The method used in design will be illustrated by work- 
ing a problem using an I-beam, and a second problem using a section built up of 
two channels and two plates. 

Illustrative Problem.—A steel column is 8 ft. long, flat ended, and is to carry safely a 
load of 100,000 lb. The American Railway Engineering formula, P/A = 16.000 — 701/r 
is to be used. 
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If the column were a short compression member with slenderness ratio zero, it could 


; : 100,000 : 
carry a unit load of 16,000 lb. persq.in. On this basis an area of 16,000 ~ 6.25 sq. in. 


would be required. This is known to be too small. Therefore, a size will be chosen from 
the tables of standard I-beams giving a larger area. A 9-in. 30-lb. I-beam has an area 
of 8.82 sq. in. and a least radius of gyration of 0.85. Substituting in the formula 

(70) (8) (12) 


P = 8.82[16,000 — as) = 71,400 lb. 


which means that the I-beam is too small. To carry 100,000 lb. the area of the above col- 
umn would have to be increased about 40 per cent, therefore the next choice will be a 12-in. 
40-lb. I-beam with an area of 11.76 sa. in. and a least radius of gyration of 0.90. Substi- 
tuting in the formula 

P = 11.76[16,000 — MO e2) 


rae ] = 100,000 Ib. 


which is satisfactory. : 

In designing columns it is good practice to calculate the slenderness ratio after choosing 
a size for a tentative design, in order to determine whether the column is a long column or 
not. In the above problem, if the column had been 15 ft. long the slenderness ratio for 
the first tentative design would have been 212. This means that the column is a long col- 
umn and that therefore the straight line formula cannot be used. In such a case Rankine’s 
or Euler’s formula may be employed. 

Illustrative Problem.—A steel plate and channel column is to be designed to carry a 
load of 300,000 lb. The column has flat ends and is 20ft.long. The Milwaukee Building 
Law formula P/A = 17,100 — 571/r is to be used. 

The standard plate and channel columns, taken from the steel handbooks, will be used, 
because the work of computation is greatly simplified when the area and least radius of 
gyration can be found in the handbook tables. For //r = 0, a unit load of 17,100 lb. per 
sq. in. could be carried, so that on this basis an area of 00 = 17.6 sq. in. will be 
required. Since this is known to be small, the first choice will be a column of 19.93 
sq. in. area, made up of two plates 9g- X 9-in. and two 7-in. channels, each weighing 14.75 
lb. per ft. For this column the least radius of gyration is 2.53 in. Substituting in the 
formula, 

(57) (20) (12) 


P = 19.93 [ 17,100 = 3.53 


| = 233,000 lb. 


which means that the column is too small. To carry 300,000 lb. the above column area 
should be increased about 30 per cent. Therefore, the next choice will be a column made 
up of two plates 94- X 10-in. and two 8-in. channels, each weighing 21.25 lb. perft. The 
area in this case is 25 and the least radius of gyration is 2.80. Substituting in the formula 


P a5 [17,100 = | = 305,000 Ib. 


which is satisfactory. 


82. Eccentrically Loaded Columns.—When a column carrying direct loading 
is also subjected to bending moment due to the column load, or any part of it; 
being applied away from the axis of the column, the resulting fiber stresses may be 
determined by the formulas given in the chapter on Bending and Direct Stress in 
Sec. 1. The fiber stress may also be determined from the equation in Sec. 1, 
Art. 80, p. 182, which may be written in the form 


Teeny oh 
f=at (1) 
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Values of K for pin-ended columns are given in Fig. 66. For columns with fixed 
ends use one-half the column length in determining values of J/r for use in Fig. 
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Fira. 66.—Use for eccentrically loaded columns with pin ends. For columns with fixed 


. ae l 
ends use 14/ in determining —- 
5 


66. In all cases the radius of gyration should be taken about an axis normal 
to the plane of bending. Note that this value of r may not 
give the greatest value of //r which should be used in the col- 


umn formula. 


Illustrative Problem.—Figure 67 shows a building column to 
which floor beams are connected unsymmetrically, causing an 
eccentric load on the column. Determine the fiber stress in the col- 
umn section. Solve by means of eq. (1), and also by means of the 
formulas given in the chapter on Bending and Direct Stress in Sec. 1. 

If the beams are riveted to the column in addition to resting on 
shelf angles, it is safe to assume that the load is applied at the face of 
the column. The deflection of the shelf angles would probably be 
sufficient to bring the center of pressure very near to the face of the 
column in any case. 

The total load, P = 90,000 + 32,000 + 32,000 + 40,000 = 
194,000 lb. 

The bending moment, M = (40,000)(5%g) = 235,000 in.-lb. 

Solution by eq. (1): 
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Seek: P _ 194,000 _ 
For the given conditions : = or = 88. From Fig. 66 with © = 38 and Ait Tone = 
10,210, we find K = 0.935. Then from eq. Guy 
194,000 , (235,000) (5.875) 
f=—T9_ T @.935) (499.0) 


= 10,210 + 2,960 = 13,170 lb. per sq. in. 
Solution by eg. (5), p. 139: 


_ 194,000 a (235,000) (5.875) 
ie 19 499 
10,210 + 2,760 = 12,970 lb. per sq. in. 


ll 


Solution by eq. (14), p. 148: ; 
Since the ends of the column are probably partially fixed, use C = Yo. 


235,000 : 
M = (194,000) (16)2(12)? = 246,000 in.-lb. 
™ (40) (80,000,000) (499) 
Then 
K's 7 = 194,000 , (246,000) (5.875) 
ae 499 


= 10,210 + 2,890 = 13,100 lb. per sq. in. 
Since the results given by these three solutions are practically identical, we conclude 
that the second solution is preferable because it is more simple than the others. 


83. Column Details.—No element of a column should be left in a condition 
which will make it possible for this element to fail locally. A column made up of | 
several parts must be so designed that no element can fail as a column between 
the rivets attaching it to the adjacent column parts. It is evident from Fig. 64 
that if the slenderness ratio for any element is made less than about 40 to 50, this 
possibility of failure will be provided against. Specifications cover this matter by 
prescribing rules for the pitch of rivets for lacing, the pitch of rivets for attaching 
plates, the thickness of side plates and cover plates, and the maximum pitch of 
rivets which attach plates to other shapes. 

84, Shear in Column.—Because a column fails partly by direct stress and 
partly by bending, it is necessary to make provision for the shear which is produced 
in a column because of the bending. In a column made up of two channels 
latticed together it is necessary to design the details so that the column may act 
as a unit.. These details must be designed so that the column will have the 
necessary stiffness as well as the necessary strength. 

It may be well to recall that when two wooden beams, each 4 X 4 in. in cross- 
section, are placed one on top of the other to form a beam, the strength is propor- 


3 
tional to the section modulus of two 4- X 4-in. beams, or eee! = 21.3. If, 


however, instead of separate beams a solid beam 4 X 8 in. is used, then the 


, 2 4) (8)? 
strength is proportional to oer = 42.7. In the second case the beam is twice 


as strong as the two separate beams because of the horizontal shearing stresses 
which it can resist. The same effect could have been produced by fastening the 
two 4- X 4-in. beams together in some other way so that they would act as a unit. 

In a latticed column the lacing bars must provide the material for taking care 
of the shearing stresses which are developed because of the bending which occurs. 
If the column is made up of two 15-in. 40-lb. channels, it will have a strength equal 
only to twice the strength of asingle channel unless they are properly fastened 
together. Two such single channels 12 ft. long could carry a load of 114,600 lb. 
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according to the Carnegie Steel Company handbook. If, however, the channels 
are laced together they will develop a strength of 377,00C lb. 

Shear in columns may occur in the case of a rather long column bent into a 
single loop (Fig. 68), in the case of a short column bent in double curvature due 
to the fact that the load is applied with opposite eccentricity at the two ends 
(Fig. 69), or in the case of a short column subjected to secondary 
bending moments. 

One method of estimating the shear in a column is that 
specified by the specifications of the American Railway 
Engineering Association. These require that the shear be 
calculated as equal to that produced by a uniformly distributed 
load, assuming that the column is loaded as a beam, and that 
the bending stress produced is equal to that assumed in the 
column formula. The American Railway formula is P/A = 
16,000 — 701/r. Using the form P/A + 701/r = 16,000, itis 
evident that the direct stress, P/A, plus the bending stress, 
701/r, is limited to 16,000 lb. per sq. in. The bending moment produced by a 


uniformly distributed load, W, is Ue Therefore, 


| 

{ 

\ 

| 
P P 
Fie. 68. Fia. 69. 


8 
Wi _i/rl 
Se c 
From which Ww _ 5602 _ 560 Ar 
i a ear f 
For such a beam the maximum shear at the ends is V = 2- Hence 
y = 2dr S 


In which 

A = area of cross-section, in square inches. 
= radius of gyration of cross-section, in inches. 

c = distance from bending axis to extreme fiber, in inches. 

Since this formula was developed from a safe load formula, it may 
be used for working conditions. 

85. Design of Latticing—When the shear which must be pro- 
vided for in a column is known the lattice bars may be so designed 
as to take care of this shear. 

In a column with single lacing on each side, Fig. 70, the total - 
stress in each lattice bar is 


3 
| 


Pixs © (3) 


in which 
a = length of the lattice bar. 
b = width between rows of rivets. 
This follows from the fact that if F is the total stress in the lattice bar it will 


b ee ny 
have a horizontal component of Fa and the equilibrium equation is 


ag 
a 
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An alternative method makes use of the formula developed for the horizontal 
shearing unit stress in a beam, which was 
VQ 
Olt 
in which 
» = shearing unit stress, horizontal or vertical. 
V = total shear at the section. 
Q = statical moment of one-half the area of the cross-section with respect 
to the neutral axis. 
I = moment of inertia of the cross-section. 
t = thickness of beam at neutral axis. 


If the unit shear is uniform, then the total shear for 1 in. along the beam, either 
horizontally or vertically, would be (v) (1) (é). From this it is evident that the 


shear per lineal inch is i - If the lacing is the same on both sides, then the total 


4 d : . VQb 3 
shear carried by a section covered by one lacing bar is ue - If the force in the 


2r 
bar is F, then again, for single lacing 
b  VQb 
ea 
_ Va 
If the lacing is double, as in Fig. 71, then 
Va 
esr (5) 
or 
Oe VQa 
Fie. 71. Fie. 72. f= Ay (6) 


If a column has three webs, as in Fig. 72, then again the shear per lineal inch 
mend 5 ut ae ; 
is _ » and, if the lacing is the same on both sides, then the total shear carried by 


a section covered by one lacing bar is oe Here Q = statical moment of the 


outer rib section with respect to the column center. 
If the force in the bar is F, then for horizontal equilibrium, 


Fo _ VQb 
e a “% Dh 
and 
VQa 
Sead OT (7) 


Illustrative Problem.—A column 15 ft. long is composed of two 15-in. 45-lb. channels 
placed as shown in Fig. 73. Determine the size of the lacing bars required. . 

Equation (2) may be used to estimate the shear carried by the lacing bars. For the 
given column A = 26.48 sq. in., r = 5.48 in., and ec = 8. Hence 


vee (280) (26.48) (5.48) 
8 


= 5,100 lb. 
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Since the column has single lacing, eq. (4) is to be used. For the given columnb = 1434 in., 
anda =17in. The stress in a lacing bar at the end of the column is then 
(5,100) (17 
= oyaerey = 2,940 lb. 
This stress may be either tension or compression. 

For the given channels the usual specifications require a 7-in. rivet. The minimum 
size of lacing bar is generally taken as 2}4 x 3g in. Assum- 
ing a working stress in tension of 16,000 lb. per sq. in., the 
net area required for the lacing bar is 

2,940 - 

16,000 = 0.184 sq. in. 
The net area provided, allowing for a 1-in. rivet hole, is 

(21g — 1)(3¢) = 0.562 sq. in. 

Since the ends of the bars are rigidly fastened, the length 
used in the column formula may be taken as half the length 
of the bar. The allowable working stress for the 214 X3-in. 
bar is then 


1 (70) (8.5 , 
16,000 = as => 16,000 => ee) => 10,500 lb. per sq. in. 
and the area required is 
2,940 _ O28 sqlin: Fie. 73. 


10,500 
The area furnished jh (2}2)(38) = 0.937 sq. in. Hence the assumed bar is larger than 
required, but since it is the minimum allowed by good practice it will be adopted. 

86. Design of Tie-plates and Forked Ends.—At the ends of compression 
members the lacing is generally replaced by tve-plates, as shown in Fig. 74. These 
plates act as lacing and in addition they hold the segments of the member rigidly 
in line, and assist in transmitting the stress uniformly over the cross-section of 
the column. — 

The end connections for compression members, whether riveted or pin con- 
nected, are generally so constructed 
that moments are set up due to 
eccentricity of application of the 
applied load. Thus in Fig. 74a, 
the usual type of connection is so 
arranged that the stress at the end 

‘of the member is transmitted to the 
web of the channel at lines b-b. In 
the body of the member the load 
may be considered as applied at 
the center of gravity of the seg- 
ments, as shown by the lines a-a. 
The moment due to eccentricity 
is then the load on that segment 
times the distance between lines a-a 
and b-b. This moment must be re- 
sisted by the tie-plate and the rivets connecting the tie-plate to the segments 
of the member. 

Tie-plates should be placed as near the end of the member as possible. The 
loads should be transferred from the member to the joint or bearing plates as out- 

lined in the chapter on Column Bases which follows. In pin-connected structures 
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it often happens that the tie-plates cannot be placed at the ends of the members 
due to interference with other members at the joint. This makes necessary the 
use of a forked end, as shown in Fig. 74b. These forks must be designed to carry 
the shear to the tie-plate and lacing. The total moment carried by both forks 
is Ve. where V = shear determined as in Art. 84. The distribution of the shear 
V betveon the two forks is indeterminate. It will probably be best to design 
each fork for a moment equal to 34 Ve. If the forks are overstressed, they may 
be strengthened by side plates placed on the webs of the channels and extending 
beyond the edge of the tie-plate. 


COLUMN BASES 
By C. R. Youne 


87. Types and Uses.—To transmit the load of a column to the masonry with- 
out exceeding the safe bearing pressure on the latter, the lower end of the column 
must be enlarged by constructing a baseforit. This may be either an independent 
construction or an enlargement of the column itself. 


Fig. 75.—Cast bases for columns. 


If the former, it may be a separate steel plate or slab; it may be an iron or steel 
casting, as shown in Fig. 75a, 6 or c; or it may be a built up steel bolster or 
grillage, such as shown under the casting in Fig. 15. The solid tapered cast plate, 
shown in Fig. 75a, can be used for only light loads, and, if its thickness would 
exceed about 4 in., it should be replaced by a ribbed pedestal. This may be 
either rectangular or circular, usually the former. The advantage of the separate 
base is that is can be placed and levelled much more easily than can a column 
with a base riveted to it. Steel grillages are preferred by some engineers as 
being more reliable than cast-iron bases, and cheaper than cast steelones. They 
lend themselves well to situations where long narrow bases must be provided 
and where the bending moment on them is very large. | 

Steel columns resting on separate plates, slabs, or cast bases require at most 
only side connection angles to the base merely to hold them in position. For 
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light columns not subjected to lateral forces or uplift, no connection between the 
column and the separate base is required. 

If the base is riveted to the bottom of the column, forming an enlargement of 
it, the spread must be large, and projecting side angles must be used, supple- 
mented perhaps by side plates and by stiffener angles. The type shown 
in Fig. 76a is the simplest of these, consisting of a base plate and two pairs of 
side angles. Type 6 shows the addition of distributing gussets or side plates; 
type c shows the further addition of stiffener angles to assist in the distribution 
of load; while the type illustrated in Fig. 78 shows a base with stiffener angles 
arranged to transfer the pull of anchor bolts to the column shaft. This latter 
type is used only where an uplift on the column is likely to occur. 


(c) 
Fig. 76.—Built-up bases for columns. 


88. Design of Plain Bases.—To find the size of any base, the load to be 
transferred by it must be divided by the allowable pressure on the masonry as 
‘fixed by the specification. If the base consists of a plain steel plate or slab of 
rectangular shape, the thickness may be determined by figuring the maximum 
moment on the plate, or slab, and applying the common flexure formula to the_ 
dangerous section. If it is assumed that the moment is a maximum at the 
center of the base—an assumption on the side of severity—the moment in 


the direction of the length is 


M = ®W(L — l) (1) 
and in the direction of the width 
M = W(B — 6) (2) 


where W = total upward reaction on base. 
L = length of slab in inches. 
B = breadth of slab in inches. 
1 = outside dimension of column parallel to L. 
b = outside dimension of column parallel to b. 
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If the moment be taken at the edge of the column shaft, corresponding for- 
mulas may be readily written. The whole width of the plate or slab is assumed 
to be effective in calculating the resistance. 

Knowing the bending moment on the base, the thickness may then be 
found. 

89. Design of Ribbed Cast Bases.—Having found the required size of the 
base in plan, and having fixed the dimensions of the top plate so as to provide the 
necessary area to receive the column and to accommodate the connecting bolts, 
the height of the base, the number and arrangement of ribs, and the thicknesses 
of all parts must be determined. 

It has been found that the height of cast bases is best made between one- 
third and one-half the side of the bottom plate. This enables the upper edges of 
the ribs to be sloped down at approximately an angle of 45 deg. If the slope is 
appreciably flatter than this to the horizontal, the flexural stresses in the part 
of the base projecting past the upper plate become high and lessen the efficiency 
of the base. For the same reason it is found that as the reacting pressure in 
pounds per square inch increases, the economical ratio of height to side of 
the base also increases. : 

The arrangement of the ribs underneath the column shaft should correspond 
as closely as possible to the shape of the column, so that the pressure may be taken 
directly down to the bottom plate without putting much flexure in the top plate. 
The plan views of the bases shown in Fig. 75d and c show how two bases were 
arranged to suit an H-column. Frequently, a circular hub is provided at the 
center of the casting, as in Fig. 75c, with ribs radiating to the edges. A par- 
tion rib across the space within this hub is provided, if the column has one central 
web, so as to receive the load from the web. The number of ribs to be provided 
will depend on the size of base and the load to be carried. There may be as many 
as 16 radiating from the center to the edges. The sectional area of the ribs 
should be such that the portions under the load will take the vertical load safely 
as short columns or prisms. It is best to limit their ratio of clear height to thick- 
ness to about 15 and proportion for a compressive stress of not over 8,000 Ib. per 
sq. in. if they are of cast-iron. The heaviest ribs are, of course, under the load. 
Those radiating to the edges are the thinnest. In no case should ribs be thinner 
than 1 in. 

The bottom plate is proportioned as a beam continuous under the various 
ribs. Between ribs, it should be calculated as a restrained beam at the allowable 
tensile flexural stress for cast iron, or about 3,000 lb. per sq. in., if the base be of 
this material. The projecting portions should be calculated as cantilevers and 
similarly proportioned. To strengthen the edges of the bottom plate, a flange is 
frequently provided around the outer edge, as shown in Fig. 75c. This is 
commonly from 3 to 5 in. deep overall. The bottom plate itself may be from 1 
to 3 in. thick. 

To test the sufficiency of both the ribs and the bottom plate, the moment on 
the projection past the edge of the top plate on one of the four sides should be 
calculated, and the moment of resistance of the section cut by a vertical plane 
passing through this edge should be computed and compared with the bending 
moment. _The moment of resistance is found in the same manner as that of a 
cast-iron lintel, Art. 30, p. 231. 
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To ensure that the pressure is uniformly applied to the top of the base, it 
should be planed. If it rest on a steel grilla ge, both the latter and the bottom 


of the base should be planed. 


\ 


Holes should be left through the bottom plate to enable grout to be poured in 
under the base plate after it is brought to the required height and levelled. 

-90. Design of Built-up Bases.—The size of the base plate for a built-up base 
1s found by dividing the total load by the permissible bearing on the masonry. 
Its thickness should be sufficient to withstand the upward uniform pressure 
without exceeding the allowable flexural stress on steel, or without undue deflec- 
tion. The portions that project farthest past the column shaft, or span the 
greatest distances between column flanges or side plates, should be investigated 
as cantilever or continuous beams, as the case may be. The thickness of base 
may vary from 3¢ in. for light angle columns to 114 in. for very heavy columns. 
It is frequently somewhat less in practice than a strict calculation of bending 
stresses would warrant. 

To attach the base plate to the column shaft, one or two pairs of angles may 
be used, two pairs being used for the larger columns. These transfer pressure to 
the base plate up to the limit of capacity of the rivets that attach them to the 
column shaft. The strength of the outstanding leg in flexure may need to be 
investigated to discover if the angle can transfer outward at right angles to its 
length, the load that its connecting rivets would warrant. The thickness of 
angles commonly used varies from 3 to 34 in. The length of vertical leg is 
commonly 6 in., but the horizontal leg is usually 3} or 4 in. 

Side plates are from 54, to 14 in. thick and should be attached by sufficient 
rivets to the column shaft to ensure that the load which they are supposed to 
transmit to the base plate may be developed safely. It should be remembered 
that the rivets through both the base angles and the side plates have to do double 
duty. The upper edges of the side plates and ends of the base angles riveted 
over them are usually cut to one slope, as shown in Fig. 76b and c. This is 
not usually less than 45 deg. with the horizontal. 

Stiffeners, where used, are 3¢ or 14 in. thick with outstanding legs wide enough 
to cover the outstanding legs of the base angles on which they bear. Their 
attachment must be sufficient to devlope the load they are supposed to transmit. 

The proportion of the total column load to be taken by the side plates, base 
angles, and stiffeners, will depend on how much is assumed as transmitted to the 
base plate directly by the faced end of the column shaft. This is commonly 
taken at only 40 or 50 per cent of the total load, so that the side details must’ 
account for the other 50 or 60 per cent. 


Illustrative Problem.—Design a riveted steel plate and angle base for a 10-in. 49-lb. 
Bethlehem H-column of the type shown in Fig. 77. The vertical centric load is 170,000 
lb. Consider 40 per cent of the total axial load as carried directly to the base plate by 
the faced end of the column shaft. Rivets, 34 in. Anchor bolt holes }g in. larger than 
the bolts. Permissible stresses: 

Bending = 16,000 lb. per sq. in. 

Bearing on end of column = 16,000 lb. per sq. in. 

Shearing on shop rivets = 12,000 lb. per sq. in. 

Bearing on shop rivets = 24,000 lb. per sq. in. 

Bearing on concrete = 500 lb. per sq. in. 

Base Plate.—Required area of plate, A = 170,000/500 = 340 sq. in. 
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To facilitate details, adopt a plate 18 X 19 in., giving an area of 342sq.in. The 18-in, 
dimension is made parallel to the web to accommodate two base angles with 344-in. hori- 
zontal legs and two 3¢-in. side plates. 

Calculations of the thickness required, assuming the base plate as an overhanging or 
continuous beam, gives results in excess of the thickness found satisfactory by experience. 
For a base of this character, the base plate is usually about 34 in. This thickness will be 
adopted. 

Side Plates and Base Angles.—Since only 40 per cent of the total axial loadis assumed 
to be transferred to the base plate by the faced end bearing of the column shaft, the remain- 
ing 60 per cent, or (170,000) (0.60) = 102,000 lb., must be delivered to the base plates by the 
side plates and base angles. To make this possible, enough rivets must be placed through 
the column shaft to develop 102,000 lb. Assume 16 rivets through the flanges, for which 
the least value (single shear) is (0.44) (12,000) = 5,280 Ib., and 4 rivets through the web, 
for which the least value (bearing on 0.36-in. web) is (0.36) (0.75) (24,000) = 6,480 Ib. 
The total safe resistance of these two groups of rivets, therefore, = (16)(5,280) + (4) (6,480) 
= 110,500 lb., which is adequate for the load. 


10in, F976, 
Bethlehem 


BASE MATERIAL 
|-base plate (8%2417" 
2 Side plates I2%Z AFT" 
2Side ls 6"™GEVEUT” 
2-Fide ls CXL F 10°7£ 


Fic. 77.—Design of a built-up base with side plates. 


The side plates, which for a column of the section considered should be about 3¢ in. 
thick, will extend across the full width of the base plate to help transfer load out to its edges 
and will be 12 in. deep so as to accommodate two rows of rivets outside the base iad 
which are riveted to it. zi 

The base angles riveted to the column flanges are run full width of the base and two 
rivets are driven through each angle into the side plate. There are, therefore, 6 rivets in 
single shear through each angle, so that the angles will deliver to the base plate (12) (5,280) 
= 63,400 lb., or 37 per cent of the total columin load, leaving 23 per cent to be delivered 
by the side plates and the base angles on the web. ; 

Four rivets through the base angles in the column web will develop (4) (6 480) = 25,900 
Ib., or 15 per cent of the total column load. This leaves only 8 per cent of the total olan 
load to be delivered to the base plate by the two side plates. 

All vertical rivets through base angles must be countersunk on the under side. Only 
sufficient rivets are employed to hold the angles and plate tightly together. 

Anchor bolt holes are provided }¢ in. larger than the anchors, which will be 1 in. diam. 


91. Anchorage.—If there be no appreciable lateral force or uplift exerted on 
columns, the bases do not really need to be anchored down to the masonry. The 
frictional resistance of the base on the top of the pier, once the column has received 
its full dead load, is sufficient to prevent it being displaced by blows or shock. 
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In case there is considerable lateral force exerted on the base, anchor bolts 
will need to be provided. To resist sliding, their shear value should be equal 
to the difference between the lateral force and the frictional resistance of the base. 
As a safeguard against overturning of the column, the anchor bolts should be 
embedded far enough in the masonry, or sufficiently anchored thereto, to develop 
the maximum tension likely to come on them. The mass of masonry engaged 
should weigh at least 114 times the tension on the bolt. 

In order to develop high resistance to overturning, the bolts should be placed 
as far apart as possible in the direction of the moment. 


_ Allustrative Problem.—A column consisting of a 24 X 34-in. web, two 5 X 344 x 4- 
in. angles and two5 X 3}4 X 3-in. angles with the 5-in. legs outstanding, as shown in 
bo Bie ae 
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Fic. 78.—Design of an anchorage for column. 


Fig. 78, is subjected to an overturning wind moment of 65,000 ft.-lb..- The minimum axial 
load is 20,000 lb. applied 1 in. off center on the side towards the wind. Assuming the base 
plate, side angles, and side plates shown as already fixed, design the anchor bolts and an 
attachment for them to develop the required tension. 
Net overturning moment about leeward edge of base plate, M = (65,000)(12) — 
(20,000) (18) = 420,000 in.-Ib. Z 
If the bolts pass through the outstanding legs of the base angles on the column flange. 
their distance from the far edge of the plate would be 31% in. 
_ Tension in windward bolt = 420,000/31.63 = 13,300 lb. = 
Required area of one bolt at root of thread = 13,300/16,000 = 0.83 sq. in. 
- One 134-in. diam. bolt with a net area of 0.89 sq. in. at root of thread will be adopted. 
Shelf angles, 6 X 4 X 14 in., riveted to the sides of the column, as shown, will take the 
anchor bolt tension into the column shaft. Two stiffeners, 314 xX 314 x 34, will be 
employed under each shelf angle. The rivets through the shelf angles and the stiffeners 
are ample at any ordinary working stresses to carry the stress into the column. 
The embedment of the anchors in the masonry must be such as to develop the tension 
-in them. Each should engage a mass of masonry weighing at least 114 times the amount 
ofthe upliftinit. The pressure on the masonry under the leeward side of the base plate 
should also be investigated to ensure that the safe bearing pressure on it at the leeward 


edge of the base plate is not exceeded. 


SECTION 3 


SPLICES AND CONNECTIONS FOR STEEL MEMBERS 
By C. A. WiLLson 


1. Kinds of Connections.—Three different kinds of connections are used in 
steel construction, as follows: (1) ‘Riveted connections; (2) bolted connections; 
and (3) pin connections. Rivets are used for fastening together the elements of 
a built-up structural member and for connecting the members themselves in the 
finished structure. Bolts are used for holding the parts together while rivets are 
being driven and in certain cases are used for permanent connections in place 
of rivets. Where several members must be connected in such a way that they will 
be free to turn with respect to each other at a joint, a pin connection must be 
used. Since the stresses involved in riveted connections and bolted connections 
are alike, and since the design of pin connections involves several distinctly 
different features, the first two will be discussed together while the subject of pin 
connections will be treated separately (see Art. 18). 

2. Kinds of Rivets and Conventional Signs for Riveting—When classified 
with regard to the method of driving, there are two kinds of rivets, namely: 
(1) Those driven at the fabricating shop, called shop rivets, and (2) those driven 
at the place of erection called field rivets. At the fabricating shop most of the 
work is done by means of heavy hydraulic or pneumatic riveters and facilities 
are provided for properly supporting the members while the rivets are being 
driven. At the place of erection the riveting must be done by a much lighter 
portable device, called a pneumatic riveting hammer or air gun, or it must be 
done by hammering the rivet set with a sledgehammer. Except on very small 
jobs, this latter method is not used. While the blows delivered by the pneumatic 
hammer are relatively light, yet they are delivered rapidly and very satisfactory 
work can be produced by this method. 

Shop rivets are used whenever practicable since higher working stresses may 
be allowed for them than for field rivets. They are used entirely for connecting 
the various parts of built-up members and also for connecting members so as to 
make larger parts which may be handled and transported conveniently as units. 
Necessarily, field rivets must be used to join parts of the structure which are 
transported to the place of erection separately. 

Rivets may be classified as follows, depending on the way they are made: 
(1) Full button heads; (2) countersunk and chipped; (3) countersunk and not 
chipped; and (4) flattened. Rivets having full button heads are used almost 
entirely in structural work. In special cases where sufficient clearance cannot be 
obtained by the use of button head rivets, it may be necessary to flatten the 
heads. Where a smooth surface is desired the rivets must be countersunk and 
chipped. 

320 
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Of course, rivets with countersunk and flattened heads are not as strong as 
those with full button heads. The practice of R. Fleming of the American 
Bridge Company is as follows.! 


Shear and bearing values of countersunk rivets are assumed at three-fourths the values 
of rivets with full heads when the metal is not thinner than one-half the diameter of the 
rivet. Asa rule, countersunk rivets are not used in thinner metal, but when unavoidable, 
they are rated at three-eighths the values of full-headed rivets. Flattened heads are 
assumed equal to full heads when their height is not less than 3¢ in., or 14 the diam- 
eter of the rivet for 5g-in. rivets and less. Rivets flattened to less than these heights are 
regarded as countersunk rivets. 


In order that the designer in the office might be able to indicate to the man in 
the shop or out on the job just what kind of rivets are desired at different points, 
it has been found necessary to adopt a system of indications or signs which would 
convey this information. The system of conventional rivet signs shown in Fig. 
1, known as the Osborne System, is the one which is used almost entirely in this 
country. Bolts are usually indicated by notes. 


Field rivets 


Countersuri 


Shop rivers 


Flattened 
FL 


Courtersure 
and chipped 


CA) Near siae 


|+OD ek DOSS CGT OHGr+ wer 


Fie. 1.—Conventional rivet signs. 


3. Sizes of Rivets.—The diameter of rivet to be used in any particular case is 
dependent upon the kind of rivet to be used, the stresses involved, and the width 
and thickness of each of the parts to be connected. It will take more field rivets 
than shop rivets for a given strength, other things being equal. With a given 
number of rivets in a connection, the diameter must increase if the stresses’ 
increase. A rivet of large diameter cannot be used in a member or portion of a 
member of relatively small width, because of the reduction of the area of the 
cross-section at the rivet. The maximum sizes of rivets which can be used in 
angles and in the flanges of beams and channels are given in Tables 1, 2, and 3. 

The sizes of rivets used most in structural steel work are 5 in., 34 in., and 7% 
in. Rivets 144 in. in diameter are sometimes used in very light work, while in 
very heavy work rivets-1 in. in diameter are employed, and occasionally larger 
sizes are necessary. In the Hell Gate arch bridge there are about 840,000 shop 
rivets and 334,000 field rivets, of which 400,000 are 114 in. in diameter.” 

1 Engineering News-Record, Feb. 24, 1921, p. 336. 


2 Engineering and Contracting, vol. 50, p. 394. 
21 
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Leg g | 7 |.6|5 | 4 | 334] 8 | Qi) 2) 194 1) Pee a 1 


91 4¥}.4 | 344) 3 | 234) 2 | 134] 136] 14, 1 | 34) 6) 34) 98) 72 
g2 3 | 2h4| 214] 2 
93 3 | 3 | 2M) 1% 


Max. rivet; 114] 1 % %l KI OK OK OB OBB OM OB) OS] 8) 


1From Pocket Companion, 20th edition, Carnegie Steel Co., Pittsburgh, Pa. 


For column details, 6-in. leg (4% in. thick or less) against column shaft, g2 = 134 in., g3 = 3 in. 

For diagonal angles, etc., gage in middle, where riveted leg equals or exceeds 3 in. for 34 in. rivets 
3}4 in. for %-in. rivets. : 

Use special gages to adapt work to multiple punch, or to secure desirale details. 


4, Spacing of Rivets.—Rivets are located on lines running parallel to the 
edges of the members. These lines are called gage lines (see Fig. 2). The dis- 
tance between gage lines, or the distance from a gage line to some surface, is known 
as gage. Standard gages for angles, beams, and channels are given in Tables 1, 
2, and 3. The distance from the center of a rivet to the edge of a member is 
called the edge distance. There must be enough distance between the rivet and 
the edge of the member so that there will be no tendency to cause bulging of the 

; material and consequent failure. The distance 
from a sheared edge should always be greater 
than the distance from a rolled edge since the 
metal near a sheared edge is injured to a cer- 
tain extent in the shearing process. The mini- 
mum distance from the center of any rivet to 
a sheared edge should not be less than the 
diameter of the rivet plus }4in. The distance center to center of rivets measured 
along the gage lines is called the pitch. In extreme cases the distance between 
centers of rivet holes may be made three times the diameter of the rivet, but a 
minimum distance of 3 in. for 7-in. rivets and 214 in. for 34-in. rivets is preferable. 
For members composed of plates and shapes the maximum pitch in the line of 
stress should be 6 in. for 7-in. rivets and 5 in. for 34-in. rivets. Where two or 
more plates are used in contact, or where two angles in contact are used as tension 
members, a maximum pitch of 12 in. may be allowed. A rivet cannot be placed 
close against the web of an I-beam or close to the leg of an angle because space is 
necessary for the die which forms the head of the rivet. This space is called the 
clearance and is another of the factors controlling the spacing of rivets. Data 


representing standard practice in regard to the pitch and clearance for various 
sizes of rivets are given in Table 4. 
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TaBLE 3.1—Sranparp Gacres AND DIMENSIONS FOR CHANNELS 
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Nominal dimensions are: flange width and ‘‘o” in eighths, web thickness in sixteenths Gages for 
connection angles are determined by }4 web thickness. Standard gages may be varied if :onditions 


require. 
, | Distance 
Depth of | Weight | Fl Web | 34 web| gq Gri Max. 
channel | per foot | width | thick | thick | 0G | 5? | — fia Eker 
Smee eG) ie Ga.) fe OR) GR) OS Gea tae ih Gn.) 
55.0 32 1 ys 2h 1 1214 13% lé 
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15 45.0 354 LA 346 2 54 12% 134 Wien cs 
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1 From Pocket Companion, 22nd edition, Carnegie Steel Co., Pittsburgh, Pa. A 
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x 
roo Taste 4.\—Rivet Spacing AND CLEARANCES 
Minimum Rivet Spacing 
All dimensions in inches 


Diameter of rivet.:.......... | 43 


| } | 54 | 34 w 
0 MOUTON solos stsy 1s) 2r)e 114 1144 1% 234 
“2” proferables cress... 134 


Distance Center to Center of Staggered Rivets 


Values of x for varying value of g and p 


g, inches 
P, 
ine 
w% 1 136 | 134 | 1% | 1% | 156 | 134 | 1% 2 236 | 244 | 236 | 28 
1% 1 Well +2 |1 Mellie! 34 |1 76 [2 2 Meol2 Selo 546|2 3% |2 35 |2 56 |2 34 
1% 1 Moll 56 |1ojl 94 | 76 |11546/2 io|2 346 lo yy Jo 36 2 K%el2 % 6121346121346 
196 |1 96 |11Pe|1 94 |1 74 |1%%{6)2 (2 26 12 Pole 54/2 4612-36 |b 54 lo 8 le 36 
144 1 3% \11%4{6/1 % |11546)/2 2 78 |2 Melo 546/2 34 |2 34 [5 5% |Q114 6/2134 6/2154, 
15g jl Fe 1 % [2 2 He\2 78 |2 Melo 56/2 34 |2 34 |2 X%elory 2% |2 % |3 
3 15 2 2 Xela er. 6 4 
13% 1154 6|2 2 Wie6\2 8 6|2 5612 34 2 Kel2 Helo 5 z 15 
%K RV APY ali’ paroal mareat S 4 <_16]2 54 |2 34 |2 1% |21546/3 Hes 
on Bore 3 S|2 74 |2 Mie|2 78 |2 22 12 Melo 54 |2 34 |21346|21546|3 3k 
S|2 34 |2 546|2 36 |2 Wel2 33 |2 Melo 54 |2 34 |21346/21576|3 3% |3 
‘ po eneaaes 4% 4, 6 6 6 
24/2 Ho/2 Pi6)2 76 |2 24612 74 losg la13¢6\2 34 [21346215763 3 46/3 346|3 34 
ys 
24 2 Hol? Wel? 24 2 Mela 5g larrye|2 34 [2 2g |21546/3 |B 34618 316|3 %4 |B 94 
236/244 12 Mold og [aayiele 34 |21376l2 26 |215%6|3 [8 36 (3 36/8 34 [3 36 [3 46 
24 2 58 |21}46/2 34 |213{6/2 74 |21546/3 3 46/3 6 |3 Ho6/3 34 |3 % |3 Hol3 %o 
Values below and to right of upper zigzag line are large enough for 34 in. rivets. 
Values below and to right of lower zigzag line are large enough for 7-in. rivets. 
Minimum Stagger for Rivets 
All dimensions in inches 
Dia. Minimum stagger, d 
of | 
Tivet | 136 119% 6| 134 | 15.6] 18s | 1246| 134 | 1% 6! 156 |12%6) 184|11346 T7611 94 6|2 4 6 2946254 6 


56 | 1546] 246) 1%46| 1416) +2 | S46] 0 

3, |1 34 |13{6]] 36 [1 Wel 15%6) 1 | % 
% lL  |WHell 3% |1 d4e/1 34 [1 36) 1% 1 
1 1137 6|134 |11 6/1 5g |1 Mell 34 | 12461 
14g |2 Mel2 = |11546/11546]1 % |11346] 134 |1 


Hel 36 |0 
ANG easy eal arc) 

3g |] 546/1 246) 124] 1 SMT Ae) 
Moll 54\1 Mell 34) 1 $6\1%{6| 134] 1 [Ke 


1 


1 From Pocket Companion 20th edition, Carnegie Steel Co., Pittsburgh, Pa. 
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Clearance for Cover Plate Riveting 


Dimensions in inches — 


7a 13g | 2 2) | 3 333 | 4 474] 5 | 532 | 6 
249 | 256 | 234 | 234 | 236 | 276 | 38 378 | 326 | 334 | 334 | 334 
0 4/1 13g | 2 24 
p | 236 | 234 | 244 | 2 134 | 0 | 
a SC 


5. Rivet Holes.—Depending upon the class of the work, the rivet holes are 
made in three different ways as follows: (1) Punched to the final size in a single 
operation; (2) punched under size or sub-punched and then increased in size by 
reaming; or (3) drilled. In order that the heated rivet may enter the hole easily 
the hole is made }¥¢ in. larger than the nominal diameter of the rivet in each of 
these three cases. 

If a reasonable amount of care is taken in laying out and punching the holes, 
results sufficiently good for all ordinary work may be obtained in the single 
operation of punching to the required diameter. However, since there is an 
unavoidable injury to the metal surrounding the hole, in the better classes of 
work, sub-punching and reaming are often required. The punch used in this 
case should have a diameter not less than 3/¢ in. smaller than the nominal diam- 
eter of the rivet and then the hole should be increased in size by reaming until the 
diameter of the hole is 14, in. larger than that of the rivet. 

Tapered rods known as drift pins are used in assembling but their use in lining 
up rivet holes which do not match should not be tolerated because of the injurious 
effect upon the material surrounding the hole. Instead, the metal causing the 
difficulty should be reamed out. Such work cannot be considered as regular 
reamed work, however, since only a part of the metal surrounding part of the 
holes is removed. 

Where the very highest class of work is desired, the rivet holes are drilled. 
Holes so made are truly cylindrical in form, are accurately centered, and the 
metal surrounding the hole is damaged less than in punching or in sub-punching 
and reaming. 

6. Lap and Butt Joints—Two kinds of joints are used in structural work— 
the lap joint and the butt joint (see Fig. 3). In the lap joint, shown in Fig. 3a, 


Ss GA oR 


P. P fe fe 
ese oF Butt joint he foc? 
1p Joli Butt joint with single “ete 
S cover plate (Cy) 
@ (6) 
Fie. 3, 


shearing stresses in the rivets along the plane of contact of the two plates are 
induced and in addition the pressures which the rivets and plates exert upon each 
other induce high bearing stresses. Since the plate is usually harder than the 
rivet, the resistance of the connection to this latter kind of action is limited by 
the bearing strength of the rivet. The rivets tend to shear along only one plane 
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and therefore are said to be in single shear. This is also true of the butt joint of 
Fig. 3b. Shearing stresses along two planes are induced in the butt joint 
shown in Fig. 3c, hence in this case the rivets are said to be in double shear. 
The strength of the rivets in single shear is usually the factor which determines 
how many rivets shall be used in joints such as those shown in Figs. 3a and 3b. 
Ordinarily in such a joint as the one shown in Fig. 3c the bearing pressure 
will determine the number of rivets necessary. However, if this plate is com- 
paratively thick, the strength of the rivets in double shear may control the 


Fia. 4. Fie. 5. 


number required. The joint of Fig. 3c is the best one of the three, since the 
other two joints will deform as shown in Figs. 4 and 5 thereby causing some 
direct tension on the rivets. 

7. Rivets vs. Bolts in Direct Tension.—In many specifications there is the 
statement that rivets shall not be subjected to direct tension but that turned 
bolts may be used in tension. 

R. Fleming, Engineer for American Bridge Company, New York City, states 
that he does not think it is necessary to substitute bolts for rivets in tension in all | 
cases—the kneebrace, for instance. Neither does he believe that it is necessary 
to use turned bolts, but that ordinary bolts will answer. He recommends the 
use of a unit stress of 7,000 lb. per sq. in. for rivets in tension and a unit stress 
of 9,000 lb. per sq. in. for bolts in tension... Mr. Fleming states the value of 
9,000 for bolts is specified in the present New York building code but that a 
value of 14,000 was given in the previous code which was copied into many other 
building codes. 

In the building code recommended by the National Board of Fire Under- 
writers, fourth edition, 1920, the following recommendation is made: 

When bolts are used in tension, the working stresses shall be reduced to 7,000 
Ib. per sq. in. of net area for steel, and to 5,000 lb. per sq. in. for wrought iron, and 
the load shall be transmitted into the head or nut by washers distributing the 
pressure evenly over the entire surface of the same. 

8. Distribution of Stress in Riveted Joints.—In the design of riveted joints 
it is usually assumed that the stress is uniformly distributed over the rivets. 
However, in a great many cases, the end rivets of 


Pee} 3 ; : 
ee a connection are subjected to a unit stress which 
are. Cayats is greater than that of any of the other rivets of 
Fra. 6. the connection. This fact may be illustrated 


by a consideration of the joint shown in Fig. 6. 
Since plates B and C are each one-half as thick as A, the unit stress in all three 
plates will be the same and will be represented by f. If we assume, as is usually 
done, that the rivets are equally stressed, then each rivet carries a load equal to a 


. . 3 
Then the unit stress in plate A between rivets 1 and 2 is equal to 14 f, and between 


rivets 2 and 3 it is equal to 24 f- The unit stress in plates B and C between rivets 
1 and 2 is equal to 24 f and between rivets 2 and 8 it is equal to 44 f. If weletl 
1 Eng. News-Record, Feb. 24, 1921, p. 336 
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represent the distance between rivets, then the total deformation in the length 
fl 


lis 61 or ms Therefore the deformation of plate A between rivets 1 and 2 is equal 


1 fl A 
to 3 : and between rivets 2 and 3 it is equal to : u Likewise the deformation 


‘of plates B and C between rivets 1 and 2 is equal to : Hand between rivets 2 and 
aa 1 fl : 

3 it is equal to 3 f Then if we let & represent the distortion of rivet 1, the distor- 

tion at rivet 2 will be equal to & plus the deformation of plate A between rivets 

1 and 2, minus the deformation of plates B and C in this same length. This is 


equal to 


peel 2 a7 


The distortion at rivet 3 will be equal to that at rivet 2, plus the stretch in plate A, 
minus the stretch in plates Band C. This is equal to 


pe ig Re fs a 
Soh SE At Bao 


-+- 


‘Therefore, the stresses in the first and last rivets are equal while the stress in the 
middle rivet is less. In general it will be found that the end rivets receive the 
most stress while those near the center receive the least stress. The results of 
tests confirm this conclusion. 

Where more than two rows of rivets are used, an approach to uniformity of 
stress may be made by varying the cross-section of the cover plates as shown in 
f > Kig- 7, 

In the above analysis no allowance is made for the frictional resistance which 
- is developed by the clamping action of c Yes # 

the rivets. In reality the load will reach a a 

a considerable amount before this fric- S 
tional resistance is overcome. Until this 
occurs, there is no slipping of the plates 
and only a very slight distortion of the 
rivets. After the frictional resistance 
- is overcome and slipping of the plate 
begins, an appreciable movement takes place before all the rivets come into 
action due to the fact that the rivets do not fit perfectly. From the point where 
all the rivets come into action to the yield point of the rivets or the members in 
tension, the deformation is about proportional to the load. The frictional 
strength of riveted joints varies from 7,000 to 12,000 lb. per sq. in. as given by 
tests. A value of about 10,000 lb. per sq. in. of rivet shear area was obtained in 
tests of both ordinary and nickel steel riveted joints made at the University of 
Illinois. 

9. Splices in Tension Members.—In the design of splices for tension members 
allowance must be made for the reduction of area caused by rivet holes. Since 
. the metal around a rivet hole is injured in the process of punching or drilling, it is 
customary to deduct for a hole } in. larger in diameter than the rivet. The 
areas to be deducted from plates of various thicknesses for rivet holes of different 
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diameters are given in Table 5. Where the rivets are staggered, it is necessary 
to consider the net area not only on a section normal to the axis of the member but 
also on an inclined section through a greater number of rivets. While adequate 
experimental data on this subject is lacking, the usual custom is to make either 
the inclined net section equal to the normal net section, or else to let the section 
giving the smaller net area govern the strength of the connection.- The pitch ~ 
necessary to give a diagonal net section equal to the normal net section is shown 
in Table 6. 

Tests of angles connected by only one leg, where free bending of the angles 
has been allowed, have shown results which are only 75 to 80 per cent of the 
strength of the material. These results have 
been increased'5 to 10 per cent by connecting 
both legs. However, other tests in which 
the stress was applied along the gravity 
axis of the member and in which bending was 
prevented, have shown there was no ad- 
vantage from connecting both legs of angles. 
Therefore we may conclude that in a case in 
which the angles are more or less free to bend, 
an advantage will be gained by the use of 
lug or clip angles, as shown in Fig. 8, 
whereas if the connection is such that bending of the angles is prevented, then 
little or nothing is gained by the use of lug angles. In any case the use of a lug 
will help distribute the stress over the member to which the angle is connected. 

In the General Specifications for Steel Railway Bridges adopted in 1920 by 
the American Railway Engineering Association, the following unit stresses are 
recommended: 


at shee 


Shear in power-driven rivets and pins............... 12,000 lb. per sq. in. 
Bearing on power-driven rivets, pins, outstanding legs : 
of stiffener angles, and other steel parts in contact... 24,000 Ib. per sq. in. 


The above-mentioned values for shear and bearing shall be reduced 25 per cent for 
countersunk rivets, hand-driven rivets, floor-connection rivets, and turned bolts. 


Thus for rivets generally known as shop rivets we have unit stresses of 12,000 
and 24,000 lb. per sq. in. and for rivets generally known as field rivets we have 
unit stresses of 9,000 and 18,000 lb. per sq. in. Values of 10,000, 11,000 and 
12,000 lb. per sq. in. for rivets in shear, and values of 20,000, 22,000, and 24,000 
Ib. per sq. in. for rivets in bearing are generally: used. ; 

These three sets of values will be used in the examples in this section. In 
Table 7 are given the shearing and bearing values for rivets of various sizes and 
for plates of different thicknesses with these working stresses. In this table the 

_single shear value is equal to the area of the rivet times the allowable unit shearing 
stress, and the bearing value is equal to the diameter of the rivet, times the 
pilolenpes of the plate, times the allowable unit bearing stress. 

If it is desired to use unit working stresses other than those given in the table, 
values similar to those tabulated therein may be obtained by proportion. For 
instance, suppose single shear is to be taken at 7,500 lb. per sq. in. and bearing at 
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Tasie 5.—ReEDUCTION oF AREA FoR Rivet Hoes 
Area in square inches = diameter of hole < thickness of metal 
ilcckness Diameter of hole, in. 
of meta!, = ae 
in, P | | 
z M4 ya %e 58 Ke 4 | 176 1 1546 1 Me | 1% 
" He 05 . 09 WI Ost 2 a OFS O14) (O215 0.16) | O18) Oto! 0:20) 0221 
yy 0.06 | 0.13 | 0 14 | 0.16 | 0.17 | 0.19 | 0.20 | 0.22 | 0.23 | 0.25 | 0.27 | 0.28 
“Big 0.08 | 0.16 | 0.18 | 0.20 | 0.21 | 0.23 | 0.25 | 0.27 | 0.29 | 0.31 | 0.33 | 0.35 
36 Q209"}) 0219 0 (21 |) 0" 23:1 0. 26 | 0528 | 0.30) | 0.33 | 0.35 | 0.38 | 0.40) 0.42 
Ke 0.11 | 0.22 | 0.25 | 0.27 | 0.30 | 0.338 | 0.36 | 0.38 | 0.41 | 0.44 | 0.46 | 0.49 
14g 0 138 | 0.25 | 0.28 | 0.31 | 0.34 | 0.38 | 0.41 | 0.44 | 0.47-| 0.50 | 0.53 | 0.56 
Me 0.14 | 0.28 | 0.32 | 0.35 | 0.39 | 0.42 | 0.46 | 0.49 | 0.53 | 0.56 | 0.60 | 0.63 
54 0.16 | 0.31 | 0.35 | 0.39 | 0.438 0.47 | 0.51 | 0.55 | 0.59 | 0.63-| 0.66 | 0.70 
We 0.17 | 0.34 | 0.39 | 0.43 | 0.47 | 0.52 | 0.56 | 0.60 | 0.64 | 0.69 | 0.73 | 0.77 
3% 0.19 | 0.38 | 0.42 | 0.47 | 0.52 | 0.56 | 0.61 | 0.66 | 0.70 | 0.75 | 0.80 | 0.84 
1346, 0720 | 041.1 O:46 | O251 | 0.56") 0.68 0.66 | 0.71 | 0.765) 0.81 0.86 | 0.91 
% 0.22 | 0.44 | 0.49 | 0.55 | 0.60 | 0.66 | 0.71 | 0 77 | 0.82 | 0.88 | 0.93 | 0.98 
1546 0.23 | 0.47 | 0.53 | 0.59 | 0.64 | 0.70 | 0.76 | 0.82 | 0.88 | 0 94 | 1.00 | 1.05 
1 0.25 | 0.50 | 0.56 | 0.63 | 0.69 | 0.757 0.81 | 0.88 | 0794 | 1.00 | 1.06 | 1.138 
1 We Of 277) Oc53: | 6260") 0266" 0273" | 0280 |) 0286 | °O.93) L500 | 1x06) 1.13 1, 1020 
1 0528 | 0.56 | 0.63 | 0.70 | 0.77 | (0.84 |} 0.91 | 0.98.) 1.05 | 1.173 | 1.20 | 1.27 
1 Me 0.30 | 0.59 | 0.67 | 0.74 | 0.82 | 0.89 | 0.96 | 1.04 | 1.11 | 1.19 | 1.26 | 1:34 
1% OsB1517 0634 02704) O.:78) |} 0186) 0794: 1) OF02) 109) | take le P25 p83.) a4 
1 He 0.33 | 0.66 | 0.74 | 0.82.| 0.90 | 0.98 | 1.07 | 1.15 | 1.23 | 1.31 | 1.39") 1.48 
1 &% 0.34 | 0.69 | 0.77 | 0.86 | 0.95 | 1.038.) 1.12 | 1.20 | 1.29 | 1.38 | 1.46 | 1.55 
1 Ke 0.36 | 0.72 | 0.81 | 0.90 | 0.99 | 1.08 | 1.17 | 1.26 | 1.35 | 1.44 | 1.53 | 1.62 
14% OS88) Ono 0184-00-94, 1508" et 13) | aee22 FL. Sil) Me 4a hd bOn td. 59. Ned. 69. 
Taste 6.—SraccEeR oF Rivets To Maintain Net Section 
American Bridge Company Standard 
Dimensions in inches 
, 
adil %-in. | 74-in 34-in. | Jé-in 
rivet rivet rivet rivet 
= g’ 
Pp Pp p Pp 
d = diameter of rivet + }¥ in. 
g —d = Vg? + p? — 2d g! — 2d = 1 1 58 134 5 3}e 3546 
a/(')2 + p? — 3d 1% ee 2 5 3! 3% 
p = 29d + d? 0 = V 2g'd + 2? 2 2Me| 2% 6 336 35% 
g =sum of gages minus thickness of 216 244 2 Ke 6% 3} 334 
angle. 3 2Ke| 2% 7 354 3% 
5g-in. rivets, can be taken at ¥ in. 3% 2 %6 21346 1% 334 4 
less than for 34-in. rivets. 4 21346 3 8 3% 46 
1-in, rivets, can be taken at }4 in. more 446 21546 336 844 4 44 
than for 74-in. rivers 
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15,000 lb. per sq. in. The desired values may be obtained by multiplying those 
given in the first part of Table 7 by the ratio 0.75. 


Illustrative Problem.—Find the number of 5¢-in. rivets required to make a lap joint 
between two 214 x 3é-in. plates carrying a stress of 10,000 lb. Assume working stresses 
of 11,000 and 22,000 lb. per sq. in. 

From Table 7 the resistance of each rivet in single shear is 3,370 lb. per sq. in. and in 
bearing is 5,160 lb. per sq. in. Therefore single shear governs and the number of rivets 
10,000 
3,370 
deducted for each rivet hole, as given in Table 5, is 0.28 sq. in. Then the net area of each 
plate at a rivet is 214 X 3g — 0.28 = 0.94 — 0.28 = 0.66 sq. in. Therefore the unit 


stress iso = 15,150 lb. per sq. in. Since this is less than the safe working stress of 


= 2.97 or 3 rivets. On the basis of 34-in. rivet holes, the area to be 


required is 


16,000 lb. per sq. in., the design is satisfactory. 


10. Splices in Compression Members.—Assuming that the rivet holes are 
completely filled by the rivets, compressive stress can be transmitted through the 
rivets and hence no deduction need be made and the total or gross area may be 
regarded as effective in transmitting stress. When a connection is made between 
two members carrying compressive stress, as at a splice in the top chord of a truss, 
the usual practice is to mill the abutting ends. Then splice plates with only a 
couple of rows of rivets each side of the joint are needed to hold the members in ~ 
line. No reliance should be allowed on the abutting ends if they are not milled 
but enough rivets must be placed in the splice plates to transmit all the stress 
across the connection. 

Columns used in building construction are made in one, two, or three story 
lengths. When columns one story in length are used, the designer may vary the 
size of the column with the load. In the case of columns two or three stories in 
length the section is constant throughout and sufficiently large to carry the load 
at the lower end. Too many connections are required when columns one story 
in length are used while columns three stories in length are difficult to erect. 
Hence the two story column is the one most frequently encountered in practice. 

The column splice must be placed above the floor line far enough so that the 
splice plates will not interfere with the connections of beams to the column. 
Ordinarily the splice plates are not assumed to carry much stress but the ends of 
the abutting column sections are milled. Where a radical change of size or shape 
of section is made a bearing plate must be introduced. 

11. Connection Angles.—Connections of beams to beams, of beams to girders, 
and of beams to columns are made by means of short lengths of angles, called 
connection angles, which are riveted to the members joined. There are two 
general types of angle connection—web connections and seat connections. In 
the former case the connection angles are riveted to the web of the member which 
is to be supported, as shown in Fig. 9. In the latter case the connection angle 
forms a seat upon which the beam to be supported may rest. This form of con- 
nection is shown in Fig. 10. ' 

It has been found from experience that angles of a certain size and with a cer- 
tain number of rivets may be used for the average conditions of loading for beams 
of a certain size. Therefore it has been found convenient to make a list of these 
connections and their limitations and to use them wherever possible. Such lists 
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of connections are called standard connections. A set of standard beam connec- 
tions is shown in Fig. 11. The limiting values of these beam connections are 
given in Table 8. The use of standard connections reduces the number of differ- 
ent connections which must be designed and fabricated, and hence simplifies 
the work in the office and in the shop. Of course, these standard connections 
cannot be used in all cases, such as for very short beams or very heavy concentra- 
tions of load. Wherever there is any doubt as to thestrength of a connection for 


TABLE 8.\—LimitING VALUES OF BEAM CONNECTIONS 


ne SS ee 


Value of Values of outstanding legs of connection angles 
- web con- 
a hee nection Field rivets Field bolts 
34-in. 34-in. 
Shop rivets or | Minimum Bae Wikia 
Tasbes Weight, | rivets in nee ee ak t, Bolts, allowable t 
depth We ie - ts, EpADES Ee in. single span in in. 
per ft. bearing, single feet, uni alean fcciumie 
lb. shear, form load Ib. fanaa Wend 
lb. 
27 90 82,530 61,900 18.9 54 49,500 23.6 Be 
79.9 67 , 500 53,000 17.5 5 42,400 21.9 56 
a mo 64, 260 53,000 16.4 4% 42,400 20.4 56 
21 60.4 48,150 44,200 14.2 54 35,300 7.8 564 
20 65.4 45,000 35, 300 17.6 54 28 , 300 22.1 5 
64.7, 41,400 35,300 13s 54 28,300 16.7 56 
a8 48.2 34, 200 35,300 12.8 Ne 28 , 300 15.4 54 
42.9 36,900 35,300 8.9 4 28 ,300 elie 56 
- 37.3 29 , 880 35,300 9.7 4 28,300 10.2 Me 
31.8 23,600 26,500 8.1 Ye 21,200 9.0 54 
iG 27.9 19,170 26, 500 9.2 Yes 21,200 9.2 4 
25.4 27,900 17,700 7.4 +4 14,100 9.2 5% 
10 22.4 | 22,680 | 17,700 6.8 36 14,100 8.6 36 
9 21.8 | 26,100 17,700 ‘erp 54 14,100 Tf! 54 
18.4 24 , 300 17,700 4.3 54 14,100 5.4 5k 
s 17.5 19,800 17,700 4.4 4 14,100 5.5 56 
ih 15.3 11,300 8,800 6.2 56 7,100 7.8 54 
6 12.5 10,400 8,800 4.4 54 7,100 5.5 54 
5 10.0 9,500 8,800 2.9 54 7,100 3.6 54 
4 TORE 8,600 8,800 2.2 Ne 7,100 Ped f 54 
3 5.7 7,700° 8,800 1.3 Wg 7,100 1.4 54 
ALLOWABLE Unit Stress in Pounps per Square INcH 
ee 
IRI US. ain sieveirentone Shop 12,000 Rivets—enclosed......... Shop 30,000 
Single shear Rivets and turned Bearing Rivets—one side......... Shop 24,000 
DOltsie eee ne ..... Field 10,000 Rivets and turned bolts... Field 20,000 


Rough bolts......... Field 8,000 Rough bolts..... Sites ae Field 16,000 


— SSS 


t = Web thickness, in bearing, to develop max. allowable reactions, when beams frame opposite. 

Connections are figured for bearing and shear (no moment considered). 

The above values agree with tests made on beams under ordinary conditions of use. 

Where web is enclosed between connection angles (enclosed bearing), values are greater because of 
the increased efficiency due to friction and grip. 

Special connections shall be used when any of the limiting conditions given above are exceeded— 
such as end reaction from loaded beam being greater than value of connection; shorter span with beam 
fully loaded; or a less thickness of web when maximum allowable reactions are used. 


1From Pocket Companion, 22nd edition, Carnegie Steel Co., Pittsburgh, Pa. 
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225 4” X47 X34 X V-836" 228 4” KA" KG" XB Y 
Weight 46 lb. Weight 5 Ib. 4 


De 20’, ei 15” 


2284" «%4A" Xx" xX 1-216” 2284" * 4" Viel x 0’-1134’ 
Weight 33 lb. 5 Weight 23 lb. 


127" TOs Oo”: 8” 
1” 


ft) oO 


228 4” X 4" X He” X 0-814" 2286” x 4’ X 94” x 0’-534” 
Weight 17 lb. Weight 13 lb. 


the 6”, 5” ate 3” 


7 i : od sft d 


2/8 6” x 4” < 3g” x 0’-3/’ 22s 6’ >4 4” x 36" x 0’.2"" 
Weight 7 lb. Weight 5 lb. 


Rivets and bolts 34-in. diameter. 
Weights given are for 34-in. shop rivets and angle connections; about 20 per cent should be added 


for field rivets or bolts. 
Fig. 11.—Beam connections. 
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_a given set of conditions, an investigation should be made. Draftsmen who have 
much of this sort of work to do, soon become familiar with the limitations of the 
various standard connections, and since they may be used in the majority of 
cases, a considerable saving of time and expense is effected by their adoption. 

Seat angles are often used in erection for supporting beams to be carried by 
web connections. Since the two connections cannot be assumed to act simultane- 
ously, the web connection is designed for the full load and no allowance is made 
for the strength of the seat angle. When a beam, however, is to be supported 
by a seat connection, it must be held rigidly against lateral displacement either 
by web or top angles. As in the preceding case, no allowance is made for the 
strength of these auxiliary angles, but the seat connection is designed to carry 
the whole load. 

12. Eccentric Connections.—In order that the stress at the connection of a 
member shall be uniformly distributed, the line of action of the stress in the 
member must pass through the center of gravity of the group of rivets. If this 
is not the case, a bending moment will be produced at the joint, and instead of the 
stress on the rivets being uniform it will be variable and will be made up of two 
components, one due to the direct stress and the other due to the moment stress. 
The stress in the rivets due to the direct force will be uniform while the stress in 
a given rivet due to the bending moment will vary with the distance of the rivet 
from the center of gravity of the group. Therefore, one of the outside rivets will 
receive the greatest resultant of direct stress and moment stress. The strength 
of the connection will be governed by the fact that this resultant stress must not 
exceed the allowable working stresses in shear, bearing, or tension. 


Let P = magnitude of the total force. 
e = the distance from the line of action of P to the center of gravity 
of the group of rivets. 
nm = number of rivets in the group. 
x, y = coordinates of any rivet referred to the center of gravity of the group 
of rivets as an origin. 
z = distance of any rivet from origin = 7/2? + y?. 
X, Y = coordinates of rivet receiving maximum resultant stress. 
Z = distance from rivet receiving maximum resultant stress to origin = 
V(X)? + (Y)? 
fp = direct stress on each rivet. 
fo = moment stress on a rivet at a unit distance from the origin. 
fm = moment stress on any rivet = f.z 


The moment of resistance of the moment stress on any rivet is 


fm? = fo2® = f(x? + y?) 


The total resisting moment must equal the total turning moment or 


Pe 
o(2a2 + By?) = = = ae 
Fol ae y’) Be; Vp Du? + Dy? 
The moment stress on the rivet receiving the maximum resultant stress is 
PeZ Pe 


fn = fo = Sas + zy? ~ Se? p ay? (1) 
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and the direct stress on this rivet is 
f. es 


Then the resultant stress in shear or bearing f, on the rivet receiving maximum 
stress is the resultant of f,,and fp. Let X and Y be the coordi- 
~ nates of such a rivet with the center of gravity of the group 
regarded as the origin, and let Z be the slant distance from 
the origin to the rivet. From Fig. 12 the horizontal component 


2 Sling, 


. 4 Y 
of f, equals that of fm, or is equal to Z fm. The vertical compo- 


nent of f, ene fp plus the vertical component of fm, or is 


prual foie fas Then pA are 
Z Fie. 12. 
Xe 2 ¥4 2 
= N+ 7h) + (74) 
Since X2 + Y? = Z?, we find upon reducing that 
xX 
f= Nine +22 fafn + (fm)? (3) 
The maximum value of f, occurs when f, and f,» are colinear. Then 
: ; f aS ul ptfm (4) 


Since the value of Z is not known until after the number and arrangement of 

xX 
rivets have been determined, it will be found convenient to assume that ae 1 
(hence f, = fp + fm), and to make a Egai design based upon this assump- 


ye 
tion. Substituting > LOGS An e=aae 2 for J m in eq. (4), we get 


2a? foe zy? 
Z 
12 Pe 
as nF 2a? + Ly? 
Z 
or 
2 1 
ie fs me 
Pax? + 2y? 
Z 
Neglecting the quantity 
e 
ra? + Dy 
Z 
we have . 
== 5 
Sar (5) 


The value of f, may be obtained from Table 7 for the given rivet size and 
working stresses. 
Values of the quantity ae au" of eq. (1) have been calculated for fifteen 


different typical arrangements of rivets and for rivet spacings varying in both 
22 
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directions from 2 in. to 6 in. and have been plotted in Diagram 1. In this dia- 
gram h represents the number of rows of rivets in one direction, » represents the 
number of rows of rivets in the other direction, while g and p represent the dis- 
tances in inches between the rows of rivets in the first and second directions 
respectively as indicated in the typical groups of rivets given above the curves of 
the diagram. Therefore, in any case, the coordinates of the rivet receiving maxi- 
mum stress are 


os jg 
Gets (6) 
y= “%— 7) 
and 
Z= /X?+ Y? (8) 


In the design of connections, the approximate number of rivets is found by 
substituting in eq. (5). In this equation f; is the value of the allowable stress in 
shear or bearing for the size of rivets and the thickness of metal under considera- 
tion. When the arrangement of the rivets has been assumed, the value of the 
resultant stress f, can be found by substituting in eq. (3). If this value of f, is 
within a few per cent of the value of the allowable stress, the assumed design 
is satisfactory. If this is not the case the assumed design may be altered until 
a satisfactory design is obtained. 


Illustrative Problem.—Design a connection for a direct stress of 90,000 lb. and a bend- 
ing moment of 60,000 in.-lb. on the assumption that the governing stress f, is 6,010 lb. given 
by %%-in. rivets in single shear at a unit stress of 10,000 lb. per sq. in. 


90,000 : : 
6.010 ~ 15 rivets. Let us assume that n = 15 rivets, » = 3 rows, 


From eq. (5) n = 


h = 5 rows, p = 4in. andg =4in. From Diagram 1 


2 2 
ces $ oo = 72 in. 
Substituting in eqs. (1) and (2) 
_ 60,000 _ 
i re 833 lb. 


ip = sa = 6,000 lb. 
From eqs. (6), (7) and (8) 
_@-—14 
ao an 
_ (5 —1)4 
ae 


x = 4 in. 


¥ 


= 8 in. 


Z = V(4)? + (8)? = 8.95 in. 
Substituting the above values in eq. (3) 


fr = J (6,000): ts 2(,45) (6,000)(833)-+ (833)2 
= V 41,164,000 = 6,410 lb. 
This value is greater than the allowable stress. If we change from p =4in. andg = 4in. 
. top = 6 in. and g = 6 in., the maximum spacing, = 107 in. from Diagram 1, 


and Jm = 560 lb., fp = 6,000 Ib., X =6in., Y = 12 in.,Z = 13.4 in., and f, = 6,270 lb. 
This value also is greater than the allowable stress. Therefore, let us assume that n = 16 


rivets, 0 = 4 rows, h = 4 rows, p = 4 in., andg =4in. From Diagram 1 at ct oar 
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75 in. Then fm = 880 lb., fp = 5,625 lb., X =6 in. Y = 6in., Z = 8.49 in. and f,= 
6,220 lb. Since this value also is too large, we shall try p = 6 in., g = 6 in:. In this case 
za? + Zy? ; 

eg 113 in., and consequently fm = 531 lb. Also fp = 5,625 lb., X = 9 in, 


Y =9 in., Z = 12.73 in., and f, = 6,010 lb. This design is satisfactory. 


2 + a 2 
Z Y tor a group of two or more rows of rivets becomes 


The quantity ay 
Dy? ‘ ; j : ‘ 
a2 for a single row of rivets. Values of this quantity for a row of rivets varying 


from 2 rivets to 24 rivets in length, and for rivet spacings varying from 2 in. to 
6 in. are given in Diagram 2. The lower left-hand corner of Diagram 2 is shown 
to an enlarged scale in Diagram 3. 

In either of the above cases, namely, one row of rivets, and two or more rows 
of rivets, it is assumed that the line of action of f, is parallel to a row of rivets. 
If this is not true the direct stress may be resolved into components parallel to 
the rows of rivets and the moment stress fm. Then the design may be made 
according to the methods which have been given. 

In addition to causing moment stresses in the rivets in a connection, eccen- 
tricity causes bending stresses in the members connected. If a relatively flexible 
member is connected to a rigid member, then the greater proportion of the bend- 
ing moment due to eccentricity is resisted by the more rigid member and its con- 
nection. The bending stresses in the more flexible members are occasionally 
very high and therefore eccentric connections should be avoided whenever prac- 
ticable. Of course, in many cases it is necessary to use eccentric connections 
but sometimes they are used in places, where, with slight modifications, concentric 
connections might be obtained. ‘ 

13. Bracket Connections.—In the preceding article methods have been given 
for the design of connections subjected to direct stress and a bending moment 
acting in the plane of the connection. Quite frequently it becomes necessary 
to design a connection which will withstand a shearing force acting in the plane 
of the connection and a bending moment acting in a plane perpendicular to that 
of the connection. In such a connection all of the rivets are stressed in shear and 
bearing by the shearing force and most of the rivets are stressed in direct tension 
due to the bending moment. The ordinary bracket connections are of this type. 
_ Many connections of beams to girders and columns are also of this type and may 
be designed according to the methods given in this article. 

In the cases where the rivets are subjected to shearing or bearing stresses 
we can assume that the center of gravity of a group of rivets is the center of - 
rotation and Diagrams 1, 2 and 3 are based on this assumption. However, in 
the case of a connection in which the-rivets are in direct tension the center of 
rotation will move toward the portion of the connection which is in compression 
due to the fact that the tensile deformation is greater than the compressive de- 
formation. This movement of the center of rotation will continue until, in the 
limiting case, the end rivet on the compressive portion of the connection becomes 
the center of rotation. Diagrams 4 and 5 have been prepared for use in this case. 

Since the shearing stress and the tensile stress in the rivets produced by the 
shear and the bending moment respectively are principal stresses (see Art. 53, 
Sec. 1), the presence or absence of one has no effect on the other. Hence itis 
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only necessary to design the connection for either the shear or the bending 
moment, whichever requires the larger number of rivets. ” 
Due to the fact that the moment acts in a plane perpendicular to that of the 


2 
Bos of Art. 12 becomes — for each row of rivets 


connection, the factor 


in a line parallel to the plane of the moment. : 
If V is the shear, M is the moment, f, the stress in shear or bearing on the 


most highly stressed rivet and f; the tensile stress on this rivet, then f, = 7 
and f; = yf or, for purposes of design 
Z V 
We (9) 
and aes 
Vn gee (10) 


‘In this case values of the allowable stress per rivet in shear or bearing and in 
tension should be substituted for f, and f; respectively. 


Illustrative Problem.—Design a connection for a shear of 50,000 lb. and a bending 
moment of 400,000 in.-lb. acting in a plane perpendicular to that of the connection. As- 
sume the stress per rivet in shear is 4,420 lb. given by 34-in. rivets at a unit stress of 10,000 
lb. per sq. in. and assume the stress per rivet in tension is 3,100 lb. given by 34-in. rivets 
at a unit stress of 7,000 lb. per sq. in. Only one row of rivets is to be used. 

Substituting in eqs. (9) and (10) 


_ 50,000 _ ; 
ei viieg 11.3 rivets. At least 12 must be used. 
zu? _ 400,000 _ 199 ; 
Vian 3,100° 129 in. 


+ zy? 4 < : 
When n= 12 rivets, and -= = 129 in. we find from Diagram 4 that p = 3in. 
Illustrative Problem.—Design a connection for the same conditions as given in the pre- 
ceding problem except that two rows of rivets are to be used. 
2 
The least number of rivets is 12 as before. With two row of rivets, 2 a. = 129in., 


or ae = 64.5 in. for 6 rivets. From Diagram 5 we note that p = 6 in. 


Assume that another condition is added that the connection shall be made as compact 
as possible. 


In the first solution the height of the connection is (n — 1)p = (12 — 1)3 = 33 in. 
In the second solution the height is i —1 )p = & = 1)6 = 30in. Ifweassume that 
py? 


the minimum spacing of 2.5 in. for 34-in. rivets is used with ee 64. 5 in. for two rows of 
rivets, we find from Diagram 4 that there must be 9 rivets in each row or 18 rivets altogether. 


The height of this connection is é =a pe —1)2.5 = 20in. 


14. Design of Connections Subjected to Bending, Direct Stress, and Shear.— 
The connection of a steel mill building column to its base is quite often subjected 
to bending, direct stress, and shear due to the vertical dead load and the horizontal 
wind load. In the ordinary case of bending, direct stress, and shear, all three aci 


y 
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in the plane of the connection and the direct stress and shear are perpendicular 
to each other. Then this case is the same as that of Art. 12 except that we have 
the shearing force added. 

If we assume that the shear is the force acting parallel to the Y-axis and that 
the direct stress is the force acting parallel to 
the X-axis then the forces acting on the rivet 4 
which receives the maximum stress are as indi- H 
cated in Fig. 13. 

For the purpose of computing the resultant 
stress f,, we may resolve f,, into two components | 
parallel to f, and f,. Then the horizontal com- 

I 


ponent of f, is fp + - fm, and the vertical com- 


‘Ce. of group 
Of rivets 


; A. 
ponent of f, is f, + Al m- Therefore Fra. 13. 


ue Pex 
fr rn N60 2m)? + (fo 25 om)? 
Since X? + Y? = Z?, we find upon reducing that 


a2 
f = Nae SF (fo)? EE (fm)? ai gin (Yf> =f Xf) (11) 
If P =direct stress, V = shear, and f, = allowable stress per rivet in 
ee 
shear or bearing, then in selecting a trial design let n = 2 when P is 
fr 
VES 3 
greater than V, and let n = 2 when V is greater than P. Then from Art. 
fr 
12, eq. (1) 
wed. ( 4 Pe 
Sm = Dar? + zy? 
Z 


' V 
From eq. (2), fp = from Art. 13, eq. (9), fo = 280) and values of X, Y and Z are 


~ obtained from eqs. (6), (7), and (8) of Art. 12. When these quantities are deter- 
mined they may be substituted in eq. (11), from which the true value of f, is 


found. If this value is not close to the allowable stress, the result will indicate ~~ 


which way the design should be changed. 


Illustrative Problem.—Design a connection for a direct stress of 55,000 lb., a bending 
moment of 30,000 in.-lb., and a shear of 20,000 lb. Assume that each rivet can take a 
stress of 5,300 lb. given by 34-in. rivets in single shear at a unit stress of 12,000 lb. per sq. 
in. 

Substituting in the equation 


V 
er S, 
tr 
we have 
or 00n pee 


r= 5,300 = 11.3 rivets 
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Let us assume that n = 12 rivets, » = 3 rows, h = 4 rows, g = 4in.,andp =4in. From 


Diagram 1,7" +7" = 51 in. and from eas. (6), (7), and (8) X = eke — in, Y = 
i ede 6in., and Z = (4)? + (6)? = 7.21 in. 
If tere = 51 in., from eq. (1) 
m = ee = 590 lb. 
From eq. (2) ef 55,00 Jee 
and from eq. (9) oS 1,000 Seen 


Substituting these values in eq. (11) we have 


i-= \ (4,580)2 + (1,250)? + (590)? + (Fa) (590) [6 (4,580) + 4(1,250)] 


= 5,310 Ib. 
This design is satisfactory. 


15. Design of Connections Subjected to Torsion.—Suppose that I-beams 
carrying a floor load are riveted to one side of the channel girder shown in Fig. 14. 
Then torsion is induced in the channel due to the end moments of the floor beams. | 
Therefore the connection shown in Fig. 14 is subjected to torsion. In the ordi- 
nary case of a connection subjected to torsion the connection must be designed for 
bending moments in two mutually perpendicular planes in 
addition to a shear or a direct stress. One of these moments 
which we shall call the torsional moment acts in a plane per- 
pendicular to that of the connection and hence produces tensile 
stresses in most of the rivets of the connection. The other 
moment, which we shall call the bending moment, acts in the 
plane of the connection and hence produces shearing or 
bearing stresses in the rivets of the connection. The shear 
or direct stress which is present also produces shearing or bearing stresses in the 
rivets of the connection. 

The connection may be designed to resist bending and direct stress by the 
method of Art. 12 and then its resistance to torsional moment may be investigated 
by the method of Art. 18. The designer should use a lower working stress for 
the torsional moment which produces tension in the rivets than for the bending 
and direct stress which produce shearing or bearing stresses in the rivets. 

Due to the lack of adequate experimental data the exact nature of the 
stress distribution in a riveted joint subjected to torsional moment is not 
known. However, if a connection such as the one shown in Fig. 14 is acted upon 
by a torsional moment, it is quite evident that the row of rivets nearest the force 
producing the torque, i.e., the row of rivets on line ab must carry more of this 
torque than any other single row. Therefore if v represents the number of rows of 
rivets resisting the torsional moment, it is recommended that the row of rivets 
nearest the force producing the torque T' (row ab of Fig. 14) be designed for a 


Hie. 14. 


; IESE : 
torsional moment of eas instead of a torsional moment of of which would result 


on the assumption of a uniform distribution. This means that with two rows of 


‘ 


\ 


~ Therefore the best splice for the portion of the web 


Sec. 3-16] SPLICES AND CONNECTIONS FOR STEEL MEMBERS 345 


rivets, one row must carry 75 per cent of the total torsional moment ; with three 
rows, one row must carry 50 per cent; and with six rows, one row must carry 25 
per cent. 


Illustrative Problem.— Design a connection for a direct stress of 90,000 lb., a bending 
moment of 60,000 in.-lb., and a torque of 20,000 in.-lb. Assume that the working stresses 


‘are 10,000 lb. per sq. in. and 7,000 lb. per sq. in. in shear and tension respectively, and 


that 3g-in. rivets are used. Therefore f, = 6,010 lb. and f; = 4,210 lb. 

: A connection was designed in Art. 12 for the bending and direct stress specified. There 
it was decided to make n = 16 rivets, » = 4 rows, h = 4 rows, p = 6 in., and g = 6 in. 

F zy? 
From Diagram 5 we note that se = 28 in. when v = 4 in. and p = 6in. The torsional 
moment which one row of rivets must carry is 
7 1.57 
v 


i INE! = 7,500 in.-lb. 


From eq. (10) of Art. 13 we have 


This design is satisfactory. 


16. Plate Girder Web Splices.—Plate girder web splices are necessary when 
it is impossible to get the size of web plate desired or when it is inadvisable to ship 
the web plate from the shop to the place of erection in one piece. Both web and 
flange splices are almost invariably made in the form shown in Fig. 3c. The 
thickness of each cover plate is made half the 
thickness of the part which is spliced. A plate 
girder web splice should be made equivalent to 
the web net section as nearly as possible. In 
order that this may be accomplished the splice 
must be designed for shearing and bending stresses. 
It is reasonable to assume that all rivets are stressed 
equally by the vertical shear and that the stress on 
each rivet due to the bending moment is in direct 
proportion to its distance from the neutral axis. 


plate between the flange angles is one in which the 
rivets are uniformly spaced as in Fig. 15. There 
are several ways of transmitting the stress in that portion of the web plate under- 
neath the flange angles. One way is to use splice plates along the flanges as in 
Fig. 15. Sometimes it is possible to locate the splice at a section where the flange 
area is enough in excess of that actually required so that the excess area can be 
assumed to carry this stress. Another way is to create excessive flange area 
intentionally by extending a cover plate beyond its theoretical point of cutoff far 
enough to lap over the web splice. 

Since the resistance of a rivet to bending moment is proportional to its distance 
from the neutral axis, some designers have reasoned that a more effective web 
splice would result if the rivets of Fig. 15 were rearranged as shown in Fig. 16. 


- Undoubtedly the moment of resistance of the rivets in the latter case is greater 


346 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 3-16 


than in the former case. However, the variable rivet spacing of the splice of Fig. 
16, disturbs the natural linear distribution of moment stress in the web plate 
since it produces higher stresses near the flange angles and lower stresses near the 
neutral axis than would normally exist in the web plate. Therefore such a design 
is not in accordance with the principle that the web splice should be made equiva- 
lent to the web net section as nearly as possible. 

The web splice of Fig. 17 is also a result of the idea that a splice is improved by 
placing the rivets as far as possible from the neutral axis. In this form of splice 
the total shear is carried by the rivets in group efgh while all of the rivets carry 
moment stress. The stress in the portion of the web underneath the flange angles 
may be carried by splice plates on the flanges as in Fig. 15, by excessive flange 
area or the main web splice may be designed for the total bending moment. 
The first and second methods are better than the third. 


Inyel 7A. 


While neither of the web splices of Figs. 16 and 17 are in accordance with the 
principle that the splice should be equivalent to the web net section, yet both 
forms have been used and there seems to be no record of any serious effects 
resulting from their use. 

In the design of a web splice such as the one shown in Fig. 15 it is generally 
possible to locate the splice at a section where there will be an excessive flange 
area. Then the main web splice is designed for the total shear and for a moment 
of resistance equal to that of the portion of the web between the flanges. 

If the allowable extreme fiber stress on the net section of the girder is 16,000 
lb. per sq. in. then the extreme fiber stress on the gross section may be assumed 
at 14,400 lb. per sq. in. 


Let h = total height of girder 
h, = clear depth of main portion of web between flanges 
t = thickness of web plate 
n = number of rivets on one side of splice 
V = total shear on the section 
M = resisting moment of portion of web between flanges 


m = s(2) = 14,400 (@) (FE) = 2A (12) 


or 
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Lang for the horizontal component of the stress in the most highly stressed rivet 
we have 


ae M_ _ 2,400th: 
FF) 
Ys Y 
and for the vertical component we have 
aa’ 
f= = 


Since the resultant stress, 


= Vn)? + fy? 


we have 
fe = || 2400s]? Ly 
n( 222 ) ( (13) 
or 
y>_ __-2,400¢h,? 


nal - (8) ry (14) 


’ Since a web splice is usually placed at a section where the moment is much more 
important than the shear, we may neglect the shear in making a trial design. 
Equation (14) then becomes 
zy? _ 2,400thi 

Veet. oe 

“ in which f, is the allowable value in bearing or shear. 
2Zy? 

Values of the quantity —— Y for a single row of rivets are given in Diagrams 2 


and 3. Values of this quantity for several rows of rivets may be obtained by 
multiplying the value found in the diagrams by the number of rows. This 
may be done because here the bending moment produces flexure and not rotation 
about a point as in the case of an eccentric connection. Hence the moment stress 
_ on any rivet varies in proportion to its distance from the neutral axis and not in 
proportion to its distance from the center of gravity of the group of two or more 
- rows of rivets. 

' After a trial design has been made by means of eq. (15) and either Diagram 
2 or 3, the exact value of the resultant stress f, can be found by substituting in eq. 
(13). If this value is not sufficiently close to the allowable value the design may 


be revised quite readily. 


Illustrative Problem.—Design a splice similar to Fig. 15 for a plate girder web for the 
following conditions: V = 150,000 lb., h = 80 in., m = 68 in., ¢ = 46 in., and f, = 9,190 
Ib. given by %-in. rivets in bearing on a )6-in. plate at 24,000 lb. per sq. in. 

Substituting in eq. (15) we have 

Sy? _ 2,400(%6) (68) 3 


Y s00,100) 


zy2z 
From Diagram 2 we note that for one row of 16 rivets, with p = 4, a = 180. For 


2 
three rows of rivets 7 = (3)(180) = 540 in. and n = (3)(16) = 48 
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Substituting these values in eq. (13) we get 


: a re +( 48 ) 8,270 lb. 


This design is satisfactory. 


Since plate girders are usually designed on the assumption that one-eighth 
of the web area is effective in resisting bending moment and since this in turn is 
based upon the assumption that the net area of the web is equal to three-fourths 
of the gross area, it is necessary that the rivet spacing in the web splice should 
conform to this practice. This means that the rivet pitch should equal four 
times the diameter of the rivet hole. 

The general principles which have just been developed and illustrated for the 
design of a splice of the type shown in Fig. 15 also apply to the design of a splice 
of the type shown in Fig. 17. However, in this case, Diagrams 2 and 3 cannot be 


2 
used in the determination of the quantity ae In finding the value of this quan- 


tity for an irregular group of rivets such as abmn, Fig. 17, which is composed of 
several elementary rectangular groups of rivets such as abcd, efgh and klmn it has 
been found simplest to find the value of Zy? for each group of rivets with respect 
to its own horizontal axis of symmetry first. Then the value of 2y? for the group, 
of rivets abcd with respect to any other axis such as the horizontal axis of sym- 
metry for the whole group may be found by an application of the same principle 
used in finding the moment of inertia of an area with respect to another axis 
which does not pass through the center of gravity of the area. In Art. 16, Sec. 1, 
it has been stated that! 
I, =I, + Ad? 


where J, = moment of inertia of the figure about an axis through its center of 
gravity. 


I, = moment of inertia about a parallel axis. 
A = area of the figure. 
d = distance between axes. 


If we regard the area of each rivet as equal to unity, as we have been doing, 
then 2y? is analogous to J and A is analogous to the number of rivets. Hence if 
we desire the value of Zy? for an elementary rectangular group when y is measured 
from an axis other than the axis of symmetry of the group we may use the follow- 
ing relation: 

Zyi? = Ly? + nd? (16) 


where y is measured from an axis of symmetry. 
yi is measured from an axis parallel to an axis of symmetry. 
nm = number of rivets. 
d = distance between axes. 


Values of Zy? for one row of rivets containing from 2 to 12 rivets and for rivet 
pitches varying from 2 to 6 in. are given in Diagrams 6 and 7. 

In the design of a splice of the type shown in Fig. 17 it is generally assumed 
that the rivets in the group efgh take all of the shear and a portion of the moment 


which is governed by the fact that the resultant rivet stress should not exceed the 
1¥For proof of this statement, Appendix B, p. 578. 
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allowable stress and by the fact that the net area should be maintained at about 
three-fourths of the gross area. The remaining and generally the major portion 
of the moment is carried by the groups of rivets abcd and klmn. It is also gener- 
ally assumed that the resisting moment of the full height of the web plate is to 
be developed and not just that portion of the web plate between flanges. There- 


‘fore hi of eq. (12) becomes h and we have for the total moment carried by the 
splice 


M = 2,4000h2 (17) 


Values of Zy? 


4 
n=number of rivets per row 


3 & 


=number of rivets per row 


To get the portion of the total moment carried by the middle group of rivets, 
let 


V = total shear. 
m = portion of moment carried by middle group of rivets efgh. 
n and ge refer to this group alone. 
Then : 
m 
or 
Y, 
V 
a > n 2 V 2 
m 
Seg = Ten se Fe bag! (>) ae (2) 
Ws 
from which ’ 
Py EN Ja iN 


Since the outer groups of rivets carry none of the shear 
M—-m M—m 
fr =In = Dy? ~ Sy? + nd? 
= Be Rear es 
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M —m)Y 
or zy? + nd? = ( oe (19) 
Tr 
Illustrative Problem.—Design a splice similar to Fig. 17 for a plate girder web for the 
conditions given in the preceding problem; namely, that V = 150,000 lb., A = 80in., Ai = 
68 in., t = %(¢ in., and f, = 9,190 lb. given by 74-in. rivets in bearing on a 74 ¢-in. plate at 
24,000 lb. per sq. in. 


In order that the center group of rivets may carry the shear, the number of rivets in this group 
must equal at least 


V 150,000 ‘ 
— = —_~ — = 16.3, or 17 rivets 
fr 9,190 2 
We shall use two rows of rivets with 9 rivets in each row and arivet pitch of 4in. For each row of 
2 Dy? 
rivets we find from Diagram 2 that au = 58 in. Hence for two rows of rivets = = (2)(58) = 116 


in. and also n = (2)(9) = 18 rivets. Substituting these values in eq. (18) we find for the moment 
carried by the center group of rivets that 


50,000) 2 
m = 116 \Vo,1900: = ae 3) = 448,000 in.-Ib. 


From eq. (17) 


M = 2,400(%{6)(80)2 = 6,720,000 in.-Ib. 


In this case we can assume that 
Ye sn eee i 
ny in. = 5- — 4 = 30 in. 


Substituting in eq. (19) we get 
(6,720,000 — 448,000)30 


Dy2 2= = i 
y? + nd 9,190 = 20,500 in.2 
This value is for both outer groups of rivets (abed and klmn of Fig. 17), so the value for one group is 
20,500 : 
ee ny 10,250 in.? 


Since we know the size of the center group of rivets, the value of hi and Y we find that each outer 
group of rivets may be composed of three horizontal rows of rivets 4 in. apart and hence that d = Y— 
4 in. = 30 —4 = 26 in. The value of Zy? for one vertical row of three rivets with a 4-in. pitch is 
found from Diagram 6 to be 31 in.2 With 2y? = 31 in.’, n = 3 rivets, and d = 26 in., we find for 
vertical row of rivets oi this outer group that K = 


2y? + nd? = 31 + 3(26)2 = 2,159 in.2 


T erefore e number of vertical Tows of rivets in the outer : eo “the Ww 
‘h th wel group on each sid f i 
ip break in the eb 


10,250 _ 
a165 ~ ° 


The completed design is shown in Fig. 18. 
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17. Plate Girder Flange Splices.—The following quotation from the 1920 
Specifications of the American Railway Engineering Association is representative 
of good practice regarding the splicing of plate girder flanges: 


Splices in flange members shall not be used except by special permission of the engineer. 
‘Two members shall not be spliced at the same cross-section and, if practicable, splices 
shall be located at points where there is an excess of section. The net section of the splice 
shall exceed by 10 per cent the net section of the member spliced. Flange angle splices 
shall consist of two angles, one on each side. 


There must be enough rivets on each side of the splice so that their strength 
in single shear shall be equal to the strength of the splice angles or splice plates. 
The rivets which are used in the flange for other purposes are also available for 
this purpose and therefore by making the splice angles or splice plates long enough 
no excess rivets will be required. However, it is considered better practice to 
use a closer spacing of rivets in a flange splice so as to reduce its length to a 
minimum. : 

18. Pin Connections.—As stated in Art. 1, where it is necessary to have 
several members meet at a joint in such a way that the members will be free to 
_ turn, a pin connection must be used. Pin connections are particularly well 

suited to designs in which most of the tension members are composed of eye-bars, 
since such members may be arranged on the pin with a good deal of facility. Pin 
connections are not so well suited to designs in which built-up members are to be 
connected, since it is not convenient to have the different widths of members 
which would be necessary where several such members meet at a joint. However, 
_ it is sometimes necessary to use pin connections in such cases. 
19. Stresses Induced in Pins and Pin Plates.—In addition to the shearing and 
_ bearing stresses to which both rivets and bolts are subjected, pins are subjected 
to heavy bending stresses which are not usually considered in riveted connections. 
Therefore it is necessary to analyze a pin as a short cylindrical beam subjected to 
shearing, bearing, and bending stresses. Quite frequently the bearing stress on 
the web of a member, such as a channel, becomes excessive and hence it is neces- 
sary to reinforce the web by riveting a plate to it at the pin. Such plates are 
 ealled pin plates. 

In calculating the shearing stresses on a pin, it is convenient to get the hori- 
zontal and vertical components of these stresses and then sum up these com- 
ponents separately and get the resultant from the formula V = V (Vs)? + (V2), 
where V = resultant shear, and V; and V, are the summations of the hori- 
zontal and vertical shearing stresses respectively. However, it is only in 
special cases that the shearing stresses will govern the size of the pin. 

It is generally assumed that the loads are concentrated at the centers of 
bearing of the members when the bending moments are being calculated. Strictly 
speaking the loads are distributed over the bearing areas but the difference in 
results obtained by the two methods is small ordinarily and therefore the simpler 
method is adopted. The horizontal and vertical components of the forces acting 
at a joint are calculated as in the determination of the shear, and then the resul- 
tant moment is found by the formula M = +/(M,)? + M,)?, where M = resultant 
moment, and M;, and M, are the moments produced by the horizontal and vertical 


components respectively. 


~ 
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In general the maximum stresses in all the members meeting at a joint will 
not occur simultaneously. Therefore in calculating moments it is usual to 
consider two conditions of loading, one in which the stress in a chord member is 
a maximum, and the other in which the stress in a web member is a maximum. 
In each case the simultaneous stress occurring in one other member is calculated | 
and then the simultaneous stresses in the other members intersecting at the pin 
may be obtained quite readily by means of a small force diagram. 

Horizontal compression chord members are built continuous at the joints so 
that only the difference in stresses between the two segments is in action on the 
pin. 

In the Specifications of the American Railway Engineering Association an 
allowable bending stress on pins of 24,000 lb. per sq. in. is recommended. This 
comparatively high value is allowed because of the fact that the assumption of 
concentrated loads gives bending moments in excess of the true values and also 
because of the fact that any slight bending of the pin produces some change in 
the magnitude of the forces which effect a reduction in the bending moments. 
Another reason for the use of a higher working stress for pins than for members is 
due to the fact that the large secondary stresses which often occur in members do 
not exist in the pins. 

As soon as the maximum bending moment is found, the diameter of the pin 


may be obtained from*the formula f = = For pins c = radius, r,and I = 


4 d 
oF - Substituting 5 for r we get 


f= 


(5) r - 2rd* ard 
™\9 


‘ *| M 
= 24 : .In.,d = «lose 
f = 24,000 Ib. per sq. in., d Ne ace 


(5) Ma(4)(16) _ 32M 1S as ame 


If 


Values of the allowable bending moments on pins of different sizes with several 
unit stresses are given in Table 9. 

The bearing stresses are found as in riveted connections. The bearing area 
for riveted members is provided by adding pin plates until the resulting bearing 
stresses come within the allowable. With the allowable unit tension in the eye- 
bars known and the allowable unit bearing stress known, the limiting value of 
the ratio of pin diameter to width of widest bar which will result in a safe bearing 
stress may be found. For instance, if the unit tensile stress in the eye-bar is 
16,000 lb. per sq. in. and the unit bearing stress is 24,000 Ib. per sq. in. then this 
allowable bearing stress will not be exceeded if the diameter of the pin is equal 


16,000 2 
to or greater than 24.000 7 3 of the width of the widest member. Values of the - 


allowable bearing stresses on pins of different sizes with several unit stresses are 
given in Table 10. 

Quite a little attention must. be given to the arrangement or packing of the 
members on the pin in order that the resulting bending moments will be reduced 
toa minimum. In general, members producing stresses in opposite directions 


: 
- 
a 
4 
: 


ith ee AS 


=e 
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TaBLE 9.1—Pins—Brarina VALUES IN Pounps on Merat One Inco Tuck 


Bearing Value = Diameter of Pin X Bearing Stress per Square Inch 


Pin 


Bearing stresses in pounds per square inch 


3 


hari al 12,000 15,000 20,000 22,000 24,000 
1 0.785 12,000 15,000 20,000 22,000 24,000 
14% Tees 15,000 18,800 25,000 27, 500 30, 000 

Gee 134 1.767 18, 000 22,500 30,000 33,000 36,000 
1% 2.405 21,000 26, 300 35,000 38, 500 42,000 
2 3.142 24,000 30, 000 40,000 44,000 48,000 
2% 3.976 27,000 . 83,800 45,000 49,500 54, 000 
2 4.909 30,000 37,500 50, 000 55,000 60,000 
234 5.940 33,000 41,300 55,000 60, 500 66, 000 
3 7.069 36,000 45,000 60, 000 66, 000 72,000 
34 8.296 89,000 48 , 800 65, 000 71,500 78,000 
3% 9.621 42,000 52,500 70,000 77,000 84,000 
334 11.045 45,000 56,300. 75,000 82, 500 90,000 
4 12.566 48,000 60, 000 80,000 88 , 000 96, 000 
4\y% 14.186 51,000 63, 800 85,000 93,500 102,000 
444 15.904 54,000 67, 500 90,000 99,000 108 , 000 
434 17.721 57,000 71,300 95,000 104, 500 114,000 
5 19.635 60, 000 75,C00 100, 000 110, 000 120, 000 
5% 21.648 63, 000 78,800 105,000 115,500 126,000 
54 23.758 66, 000 82,500 110,000 121,000 132, 000 
534 25.967 69,000 86,300 | 115,000 126, 500 138 , 000 
6 28.274 72,000 90,000 120,000 132, 000 144,000 
614 30. 680 75,000 93,800 125,000 137, 500 150, 000 
6% 33.183 78,000 97,500 130,000 143,000 156 , 000 
634 35.785 81,000 101,300 135,000 148,500 162,000 
vf 38.485 84,000 105; 000 140, 000 154,000 168 , 000 
7% 41. 282 87,000 108,800 145,000 159, 500 174,000 
7% 44.179 90,000 112,500 ~ 150, 000 165,000 180,000 
734 47.173 93,000 116,300 155,000 170,500 186, 000 
8 50.265 96,000 120,000 160,000 176, 000 192,000 
84 f 53.456 99,000 123,800 165,000 181,500 198,000 
8 56.745 102,000 127,500 170,000 187 ,000 204 , 000 
834 60. 132 105, 000 131,300 175,000 192,500 210,000 
9 63.617 108 ,000 135,000 180,000 198,000 216,000 
914 67.201 111,000 138,800 185; 000 203 , 500 222,000 
914 70. 882 114,000 142,500 190,000 209 , 000 228,000 
934 74.662 117,000 146,300 195,000 214, 500 234,000 

10 78.540 120,000 150,000 200,000 220 , 000 240,000 
1014 82.516 123,000 153,800 205,000 225, 500 246 ,000 
1044 86.590 126,000 157 , 500 210,000 231,000 252,000 
103% 90.763 129,000 161,300 215,000 236 , 500 258 ,000 
11 95.033 132,000 165, 000 220,000 242,000 264,000 
114% 99.402 135,000 168 , 800 225,000 247 500 270,000 
114 103.869 138 , 000 172,500 230, 000 253,000 276, 000 
1134 108. 434 141,000 176,300 235,000 258,500 282,000 
12 113.097 144,000 180,000 240,000 264, 000 288,000 


ne 
1 From Pocket Companion, 20th edition, Carnegie Steel Co., Pittsburgh, Pa. 
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Taste 10..—Prns—Benpina Moments 1n Incw PounpDs 


Bending Moment = (Diameter of Pin)* X 0.098175 X Stress per Square Inch 
sarap aD CERI en ae Tie SE Oe Ss 
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Pin Fiber stress in pounds per square inch 
Diameter, pred, 15,000 | 18,000 | 20,000 | 22,000} 22,500] 24,000 | 25,000 
inches sq. in. 
1 0.785 1,500 1,800 2,000 2,200 2,200 2,400 2,500 
14% 1.227 2,900 3,500 3,800 4,200 4,300 4,600 4,300 
14 1.767 5,000 6,000 6,600 7,300 7,500 8,000 8,300 
134 2.405 7,900 9,500} 10,500] 11,600] 11,800] 12,600} 13,200 
2 3.142 11,800 14,100/ 15,700| 17,300] 17,700/ 18,800). 19,600 
2% 3.976 16,800/ 20,100/ 22,400 24,600] 25,200/ 26,800] 28,000 
2 4.909 23,0001  27,600/ 30,700] 33,700] 34,500]  36,800| 38,300 
234 5.940 |  30,600|  36,800/ 40,800/ 44,900/ 45,900) 49,000] 51,000 
3 7.069 39,800] 47,700| 53,000] 58,300] 59,600] 63,600} 66,300 
3 8.296 50,600 60,700! 67,400| 74,100! 75,800] 80,900] 84,300 
314 9.621 63,100/ 75,800] 84,2001 92,600} 94,700} 101,000) 105,200 
334 11.045 | 77,700] 93,200] 103,500] 113,900] 116,500] 124,300] 129,400 
4 12.566 | 94,200| 113,100) 125,700] 138,200] 141,400] 150,800] 157,100 
4 14.186 | 113,000] '135,700]/ 150,700] 165,800] 169,600] 180,900] 188,400 
4 15,904 | 134,200] 161,000] 178,900] 196,800] 201,300| 214,700] 223,700 
43% 17.721 | 157,800| 189,400] 210,400] 231,500] 235,700] 252,500] 263,000. 
5 19.635 | 184,100] 220,900] 245,400] 270,000] 276,100] 294,500) 306,800 
5 21.648 | 213,100] 255,700) 284,100] 312,500] 319,600] 340,900] 355,200 
54 23.758 | 245,000| 294,000] 326,700] 359,300) 367,500| 392,000] 408,300 
534 25.967 | 280,000] 336,000] 373,300) 410,600| 419,900] 447,900] 466,600 
6 28.274 | 318,100] 381,700| 424,100| 466,500] 477,100} 508,900] 530,100 
6 30.680 | 359,500] 431,400] 479,400|° 527,300] 539,300] 575,200] 599,200 
6% 33.183 | 404,400] 485,300] 539,200} 593,100] 606,600| 647,100] 674,000 
634 35.785 | 452,900) 543,500] 603,900| 664,300] 679,400] 724,600] 754,800 
"i 38.485 | 505,100] 606,100] 673,500] 740,800} 757,700| 808,200] 841,800 
714 41.282 | 561,200] 673,400] 748,200] 823,100] 841,800| 897,900] 935,300 
7% 44.179 | 621,300] 745,500| 828,400] 911,200] 931,900] 994,000/1,035,400 
734 47.173 | 685,500| 822,600] 914,000/1,005,400|1, 028, 200/1,096,800]1, 142,500 
8 50.265 | 754,000} 904,800/1,005,300/1, 105, 800/1, 131, 000|1, 206, 400/1,256,600- 
84 53.456 | 826,900| 992,300/1, 102, 500|1,212,800|1, 240, 400|/1,323,000/1,378, 200 
8ls- 56.745 | 904,400/1,085,300|1,205, 800|1, 326, 400|1,356,600|1,447,000/1,507,300 
834 60.132 | 986,500|1,183,900/1,315, 400|1, 446, 900|1,479, 800/1, 578, 500|1,644, 200 
9 63.617 |1,073,500|1,288,300|1,431,400|1, 574, 500/1,610, 300/1,717,700/1,789, 200 
9% 67.201 |1,165,500/1,398,600/1,554,000]1, 709, 400/1,748, 300|1,864,800|1,942, 500 
9% 70.882 |1,262,600|1,515, 100|1, 683, 500/1,851,800/1,893,900|2,020, 100/2, 104, 300 
934 74.662 |1,364,900|1,637,900|1,819, 900|2, 001, 900|2, 047, 400|2, 183,900/2, 274,900 - 
10 78.540 |1,472,600|1,767, 100|1, 963, 500|2, 159 ,800|2, 208, 900|2, 356, 200/2, 454,400 
10% 82.516 |1,585,900|1,903, 000/2, 114, 500/2, 325, 900/2, 378, 8002, 537, 4002, 643, 100 
1014 86.590 |1,704,700|2,045,700|2, 273, 000|2, 500, 300|2, 557 , 100|2, 727, 600/2,841, 200 
1034 90.763 |1,829,400|2, 195, 300|2, 439, 2002, 683 , 200/2, 744, 100/2,927, 100/3, 049, 100 
11 95.033 |1.960, 100/2, 352, 100|2, 613, 400|2, 874, 800|2, 940, 100/3, 136, 10013, 266, 800 
1134 99.402 |2,096,800|2, 516, 100|2,795,700|/3,075, 2003, 145, 1003, 354 ,80013,494, 600 
114% 103.869 |2,239,700|2, 687 ,600|2,986, 200|3 , 284, 900|3,359, 500|3, 583, 500|3, 732,800 
1134 108.434 |2, 388, 900|2,866,700|3, 185, 300|3, 503, 800|3, 583, 4003, 822, 30013,981,600 
12 113.097 |2,544,700|3.053, 600/83, 392.900/3, 732, 200|3,817,000|4,071,500|4, 241, 200 


a a ee ee 


1 From Pocket Companion, 20th edition, Carnegie Steel Co., Pittsburgh, Pa. 
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should be placed close together. Each pair of members should be so located 
that the couple which is produced will be of opposite sign to that of the pair 


adjacent on each side in order that the moment will not accumulate toward the 
center of the pin. 


-Illustrative Problem. Compute the maximum moment on the pin in the joint shown 
in Fig. 19. 


The stress in each diagonal bar is = 8,480 lb. The horizontal and vertical 


16,960 
2 


_ components of 8,480 Ib. are 


8,480 (sin 45°) = 8,480(cos 45°) = 6,000 lb. 


ji 000 1h 


AN 
SJ 


Pin 


— FoF pire } 
Horizontal Vertical 


Fic. 20. 


Figure 20 shows the stresses in their assumed positions with the distance of each from 
the center line of the pin. 


= 


Hor. mom. about b = (50,000) (1346) = 34,380 in.-lb. - - 

Hor. mom. about ec = (50,000)(13¢) — (50,000)(246) = 34,380 in.-lb. 

Hor. mom. about d = (50,000) (1946) — (50,000)(74) + (6,000) (246) = 37,000 in.-lb. 

Hor. mom. about e = (50,000) (534) — (50,000) (413746) + (6,000) (434) — (6,000) (3154.6) = 
37,000 in.-Ib. 

Vert. mom. about c = 0 

Vert. mom. about d = (6,000) (245) = 2,630 in.-lb. 

Vert. mom. aboute’ = (6,000) (7g) + (6,000)(745) = 7,880 in.-lb. 

Vert. mom. about e = (6,000) (434) + (6,000) (3154.5) — (12,000) (3 74). = 7,880 in.-lb. 


_ Max. mom. then, is at e and is 


/ (37,000)? + (7,880)? = 37,800 in-Ib. 


SECTION 4 
DESIGN OF WOODEN MEMBERS 


By Henry D. DEWELL 


WOODEN BEAMS 


Under this heading will be considered only timber beams and girders of solid 
and uniform section. 

1. Factors to be Considered in Design.—The factors determining the selec- 
tion of the size of a wooden beam are: 

(a) The maximum unit fiber stress in bending must not be excessive. 

(6) The maximum unit stress due to horizontal shear must not be excessive. © 

(c) The deflection of the beam under maximum loading must be within the 
allowable limit. 

(d) The depth in building construction must be within any limits of space 
between floor and ceiling, or in accordance with any restrictions as to clear story 
height. 

(e) The cross-sectional dimensions should be of a size easy to obtain. 

(f) The cross-sectional dimensions should be considered as to requirements of 
details of connection. 

(g) One or both of the cross-sectional dimensions may be limited. 

The fundamental bending formula used in the design of beams, is treated in 
the chapter on ‘Simple and Cantilever Beams” in Sec. 1. Shear and deflection 
are also treated in the same chapter. 

2. Allowable Unit Stresses.—Unit stresses for design of wooden beams are 
usually prescribed by building ordinances for the various kinds of timber. These 
allowable stresses vary widely in different cities, the older ordinances in general 
prescribing lower limits than the more recent ones. The tendency in revising 
ordinances is to increase the allowable unit stressses in timber, at least for timber 
in bending. This feature is due largely to the efforts of the lumber manufacturers’ 
organizations in competition with the constantly widening use of reinforced con- 
crete. At the same time these manufacturers, in conjunction with engineering 
organizations, are giving more attention to the grading rules and to furnishing 
timber of uniform high quality. In comparing the allowable unit stresses found 
in various building ordinances the prescribed live loading must also be taken into 
consideration. For example, a limit of 1,500 lb. per sq. in. in bending with a 60- 
lb. live load will give the same size beam as a 40-lb. live load with a limiting fiber 
stress in bending of 1,000 lb. per sq. in. 

It is obvious that the allowable unit stresses are dependent on the quality of 
timber used. In this respect most of the newer building ordinances allow higher 
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stresses for a select grade of lumber, whereas older ordinances make no distinction 
in grade, or, more accurately speaking, they prescribe for the grade of timber 
most likely to be used. 

Probably the most comprehensive study ever made of the strength values of 
structural timber was that made by the American Railway Engineering Associa- 
tion, through their Committee on Wooden Bridges and Trestles. The ultimate 
and working stresses recommended by that committee are given in the table of 
Appendix D, p. 597. The table gives no working unit stresses for pure tension. 
The aes unit resistance to tension may be taken the same as for bending. 

3. Kinds of Timber.—The timbers most commonly used for wooden beams 
are long-leaf yellow pine and Douglas fir, the first being employed almost exclu- 
sively throughout the Eastern states, and the latter having its widest use in the 
Pacific Coast states. Less extensively employed, may be mentioned short-leaf 
yellow pine, white pine, Norway pine, spruce, hemlock and redwood. 

4. Quality of Timber.—The desired quality of timber is determined by speci- 
fications or by referring to grading rules established by the lumber manufacturers. 
Thus, the timber for joists or girders may be specified by the designer to be Select 
Structural, Dense Grade, Sound Grade, No. 1 Common, or Select No. 1 Common. 
In the Pacific Coast states, the two latter terms are generally used, very little 
structural timber entering into a building being above No. 1 Common. Both 
the Southern Pine Association and the West Coast Lumbermen’s Association have 
established a Structural Grade for long-leaf yellow pine and Douglas fir, and in 
the larger cities lumber of this quality can probably beobtained. Inmany cases, 
however, the lumber may be purchased from the smaller yards, and, even if 
specified as No. 1 Common, may contain a considerable percentage of No. 2 
Common, since it is a practice of some lumber yards to purchase No. 2 Common 
material and select the better pieces to be sold as No. 1 Common. 

5. Horizontal Shear.—In deep short beams the safe unit stress in horizontal 
shear may be the detérmining feature. This will seldom be the case in the design 
of joists, but may be a factor in the selection of the proper size for girders. In 
this connection the effect of possible checks at the ends of the beam, in or near the 
horizontal plane, should be considered. Such checks obviously decrease the 

‘section of beam for resisting shearing stresses. 

6. Bearing at Ends of Beams.—Sufficient bearing must be provided at the 
ends of all beams, so that, with the maximum reaction at the support, the timber 
may not crush in side bearing. Most structural timbers are comparatively weak 
in cross bearing. The details at the ends of timber beams are often poor, insuffi- 
cient bearing area being provided, so that the beams could never develop their 
safe loads as determined by bending strength. In general no beam should have 
a smaller bearing area than given by the product of the width of the beam by 4 in. 
Details of end connections of beams and girders are discussed in Arts. 15 and 
16, Sec. 5. 

7. Deflection.—If a beam has insufficient depth for its span, it will deflect 
excessively. The result may be a cracked ceiling, if the latter is plastered, or, in 
an unplastered building, merely a floor that shakes when walkedupon. The limit 
of deflection of a timber joist is generally placed at }460 of the span. 

Timber is different from the other building materials, such as steel or concrete, 
in that, if loaded excessively with a constant load, its deflection will continue to 
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increase with no increase of load, even though the maximum unit stress in bending 
be within the elastic limit of the particular timber. For this reason, many 
specifications require that the modulus of elasticity for “dead,” or constant, loads 
be taken as one-half the modulus of elasticity used for “live,” or occasional, 
loading, the latter quantity being the value determined from a short-time loading 
test. For example, the Am. Ry. Eng. Assoc. through the committee on “Wooden 
Bridges and Trestles,” recommends ‘‘To compute the deflection of a beam under 
long-continued loading instead of that when the load is first applied, only 50 
per cent of the corresponding modulus of elasticity for short time loading is to be 
employed.” Tests by Tieneman! indicate that a beam may be loaded to within 
20 per cent of its elastic limit without danger of increase of deflection. 

The recommendation is here made that for constant or “dead” loads the 
modulus of elasticity be taken at three-fourths that for short time loading, while 
for occasional or ‘‘live” loading the full value be used. 

8. Lateral Support for Beams.—A timber beam needs to be supported laterally 
in the same manner as a beam of steel or concrete. Floor joists are braced by the 
flooring and also by the bridging, while the girders are held by the attachment of 
joists. 

In the case of a beam unsupported laterally, the maximum unit fiber stress in 
flexure should not exceed the value ; 


Perl 
=H. 3-9) 
where f; = basic unit flexural fiber stress, 1 = span of beam in inches, and b = 
breadth of beam in inches.? 

9. Sized and Surfaced Timbers.—The fact must always be borne in mind : 
by the designer of timber beams that a variation from the nominal size of timbers 
is allowed by all grading rules; also, that if timber beams are sized, the actual 
depth is less than the nominal depth. Further, if timber is bought from a local 
lumber yard, joists may come surfaced one side. In general, all-rail shipments 
of timbers are surfaced one side one edge (SIS1E) while all-water shipments are 
not surfaced. The actual dimensions of the finished stick must be used in all 
calculations. Tables 1, 2, 3, 6, 7, 8, and 9 show the relation between actual sizes 
and nominal sizes. 

10. Joists.—Joists usually carry only a uniform load composed of the weight of 
the joists themselves plus the flooring plus superimposed loads of people, furniture, 
etc. The latter loads are commonly termed ‘‘live” loads in contrast with the 
constant loads due to the weight of the floor construction itself, called ‘“‘dead” 
loads. The joists carry the flooring directly on their upper surfaces, and are in 
turn supported at their ends by girders, bearing partitions or bearing walls. 
Joists are always single sticks of timber. Joists may, and often do, carry con- 
centrated loads in addition to the uniform loads mentioned above. Such con- 
centrations may be caused by heavy pieces of furniture, safes, etc., by cross parti- 


tions resting on the floor, or by special floor framing as required by openings in 
the floor. 


1See Eng. News, vol. 62, pp. 216-217. 

2 Properly the factor 4%o holds only for the case of simple beams loaded uniformly and at the third 
points, and for cantilever beams with uniform loading. For a simple beam with single concentrated 
load at any point of span the factor is 420, while for quarter point loading the factor is Yo. 
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Many designs of joists or girders are faulty in that the designer has not 
considered such concentrated floor loads in addition to the uniform loading. In 
design, with the use of tables giving safe loads for timber, the beams selected 
thereby may not be sufficient for all cases of framing where loading has been 
assumed to be uniform. For such cases, the concentrations are sometimes 
reduced to equivalent uniform loads before entering the tables. A correct 
and satisfactory method, except for the simpler cases, is to compute the separate 
bending moments due to each load and combine these partial moments to get the 
amount and position of the maximum moment. The combination of the partial 
moments may be quickly accomplished by graphical methods, as illustrated in 
Art. 15. Having this, the required section is easily found (see chapter on 
“Simple and Cantilever Beams,’ Sec. 1). 

Table 6 gives the resisting moments of rectangular beams, computed on the 
basis of the actual finished sections, for maximum unit fiber stresses varying from 
1,000 to 2,000 lb. per sq. in.; also the factors by which the moments in the tables 
are to be multiplied to get the resisting moments of the rough sections. 

11. Girders.—Girders may be single sticks or composite sections. Girders 
usually support joists, and in turn are supported by columns or bearing walls. 
When girders are carried otherwise than by columns, the fact must always be 
borne in mind that such girders deliver a concentrated load of some magnitude 
to the wall, or bearing partition, and care must be taken to see that such wall or 
partition is strong enough in column action to carry the load imposed upon it by 
the girders. 

For ordinary building construction, where timber not better than No. 1 
Common is likely to be used, it is recommended that the maximum unit fiber 
stress in bending for long-leaf yellow pine or Douglas fir be limited to 1,500 lb. 
per sq. in., and the maximum unit longitudinal shearing stress be limited to 150 
lb. per sq. in. For timber of the grade of Select Structural, or Select No. 1 
Common, the unit flexural stress, computed always on the basis of actual finished 
sections, may be increased to 1,800 lb. per sq. in., and the unit longitudinal shear- 
ing stress to 175 lb. per sq. in. 

Tables 1, 2, and 3 give the safe loads, deflection, and maximum unit shearing 
stresses for 2-,3- and 4-in. joists, respectively. The maximum unit fiber stress in 
bending is 1,500 Ib. per sq. in., computed on the finished size of joist. The deflec- 
tion is based on a modulus of elasticity of 1,643,000. The maximum intensity of 
horizontal shearing stress is given for the shortest span. To use this table for 
other unit flexural fiber stresses, the values in the tables must be multiplied by the 
factors of Tables 4 and 5. 


Illustrative Problem.—Required to find proper size of joist to support a load of. 5,500 
lb. on a 14-ft. span, with a fiber stress of 1,200 lb. per sq. in. 

From Table 5 we find factor of multiplication to be 1.250. The new load to use in 
entering Tables 1, 2, and 3 is therefore 5,500 lb. X 1.250 = 6,870 lb. From Table 2 it is 
seen that a 3-X 16-in. joist on a 14-ft. span has a safe carrying capacity of 7,150 lb. (at 

: _ 10s) 
eee oes ane a 2-X 14-in. joist on a 16-ft. span. Required the safe 
load as limited by a maximum unit fiber stress of 1,200 lb. per €q. in. in bending. From 
Table 1, the safe load for 1,500 lb. per sq. in. in bending is seen to be 3,085 lb. From 
Table 4, the factor of multiplication is seen to be 0.80, giving the safe load as 2,468 lb. 
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Diagram on p. 361 gives a simple method for solving the strength of any 
timber beam as determined by maximum unit strength in bending, also for 
determining the proper size of any timber beam to support a given load in bending. 


Illustrative Problem.—Given a total floor load, dead and live, of 174 lb. per sq.ft., _ 
span 13 ft. 1 in. What size joists, spaced 16 in. on centers, will support this load witha 
maximum unit fiber stress of 1,800 lb. per sq. in. 

Lay a flexible straight a such as a card, on the diagram, p. 361, joining point A 
(174 lb. per sq. ft.) with B (16-in. spacing), and mark intersection C on Working Line. 
Pivoting card about C, connect C with D (13 ft. 1 in.) and read 5,000 ft.-lb. at H. Con- 
nect E with F (1,800 lb. per sq. in.), crossing Working Line at G. Pivotne card aboutG, 
set card on 134 in. (width of beam) at H and read 1114 in. (depth of beam) at K. 


12. Explanation of Tables.—In Tables 1, 2, and 3, the first line of figuresin 
each group represents the safe load for the papaediam beam, including the weight 
of the beam itself. The second line of figures gives the deflection ininches for the 
beam at the maximum safe load, computed for a modulus of elasticity of 1,643,000 
lb. per sq. in. The third figure, where such figure occurs, indicates the maximum 
unit horizontal shearing stress. The shearing stress is given, only in those cases 
in which such shear is in excess of 150 lb. persq.in. All quantitiesin these tables 
are based upon the surfaced sizes of sticks. To obtain the safe loadsfor the rough 


by the “multiplying factors”’ se Table 6. These Tallee have. been adapted from 
similar tables in the “Structural Timber Handbook on Pacific Coast Woods” 
published by the West Coast Lumbermen’s Association. 

Tables 7, 8 and 9 give for timber joists: (1) The safe loads corresponding toa 
maximum flexural stress of 1,800 lb. per sq. in., indicated in the tables by the 
letter ““B”’; (2) the safe load, uniformly distributed, limited by a maximum 
intensity of horizontal shear of 175 lb. per sq. in., indicated in the tables by the 
letters “HS”; (3) the uniformly distributed load that produces a deflection of 
14 in. per foot of span, indicated in the tables by the letter ‘‘D’’; and (4); the 
deflection in inches for a load of 1,000 lb., uniformly distributed, indicatedin the. 
tables by “D1.” All deflections are computed for a modulus of elasticity of 
1,620,000 lb. per sq. in. All loads and deflections are computed on the finished 
or surfaced sizes of joists. For convenience, the section moduli of the various 
sizes of joists are given, based on finished sizes. These tables aretakenfrom the 
“Southern Pine Manual” published by the Southern Pine Association. 

Attention is called to the variation of sizes of finished joistsin Tables 1, 2, 3 
and Tables 7, 8 and 9, representing the difference between the standards of the 
West Coast Lumbermen’s Association and the Southern Pine Assocjation, the 
finished sections of the Southern Pine Association utilizing a greater percentage 
of the rough timber than the standards of the West Coast Lumbermen’s Associa- 
tion. All sizes of joists in Tables 1, 2, and 3 (West Coast Lumbermen’s Associa- 
tion) are for joists surfaced one side and one edge, or surfaced four sides (S48). 
All sizes in Tables 7, 8, and 9 (Southern Pine Association) are for joists 
surfaced one side and one edge (S1S1E). 
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Diagram for capacities of timber beams as determined by bending strength. 
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Taste 1.—Tasite or Sare Loaps AND DEFLECTIONS FOR TIMBER JOISTS WITH 
Nominau Wivts or 2 Iy., Untrormiy Loapep, BASED ON MaximMuM 
FLexuRAL Finer Stress or 1,500 La. per Sa. In. 


Rough 


ates 2x4 2x6 2X8 2x10 2X12 2x14 2X16 2X18 


Surfaced 
size eee. 154 X 354/154 X 556/156 X 734/154 X932 154 X 1114 |154 X13}4|156 X15}2|156 X17} 
or 


Section 
modulus 3.56 8.57 15. 23 24.44 35. 82 49.36 65. 07 82.94 


1,187 
3 0.0681 
151 
890 | 2,142 
4 0.121 | 0.0780 
cer enter 176 
712 1,714 


on 
f=) 
a 
(o2) 
No} 

o 

H 

1) 

bo 


509 | 1,224 
7 0.370 | 0.239 
1,071 
8 0.312 
953 
9 { 0.395 
857 
10 | 0.487 
Fs 779 
S 11 0.589 
Ca mete wari on oo StU eterna 
a 
is 12 6,912 
a 0.225 
A : 182 
w 13 6,380 


1§$1S1E = surfaced one side and d 
S4S = surfaced four sides. er eae 
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TaBLE 2.—Tas~e or Sarm Loaps AnD DEFLECTIONS FoR TIMBER Joists WITH 
Nominau WipTH oF 3 In., UNtrorMiy Loapep, Basrep on Maximum 
FLExvurRAL Fiser Srress or 1,500 Lz. per Sa. In. 


Rough size 3X6 3x8 3X10 3X12 3x14 3X16 3X18 


Sines | TSI i es Sign | 234X534] 234x736] 234x034 1236 x 1136 234 x 1834 234 X 15}; |234 X17}, 


Section 12.60 23.42 37.61 55.10 75.94 100.10 | 127.60 
modulus 


3,150 
0.0797 


Spans in feet 


181S1E = surfaced. one side and one edge. 
S4S = surfaced four sides. 
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Taste 3.—TABLE or Sarge Loaps AND DeEFLEcTIONS FOR TIMBER JOISTS WITH 
Nomina, Wipts or 4 In., Untrormiy Loapep, BAasep on Maximum 
FLexurAL Frser Stress or 1,500 Ls. per Sa. In. 


ee ee eS ee 
Rough | 4x4 | 4x6 | 4x8 | 4x10| 4x12 | 4x14 | 4x16 | 4x18 
Surfaced 
Sizes | Size ae 34 X31413844 X 5341314 X 714 134 X 934 314 X11}4 334 X 13}4|3}2 X 1532 |322 X17728 
or 
es 7.15 17.64 | 32.81 | 52.65 | 77.15 106.31 | 140.15 | 178.65 
2,383 
3 0. 0705 
146 
1,788| 4,410 
4 0.125| 0.0797 
i ree 172 
5 1,430/ 3,528 
0.196] 0.125 
1,192} 2,940] 5,468 
6 0.282} 0.179} 0.131 
fe Sah Bae ae 156 
1,021) 2,520] 4,687] 7,521 
7 0.384] 0.244 0.179} 0.141 
LyAd al aan ae 170 
2,205] 4,101| 6,581) 9,644 
8 0.319} 0.234| 0.185} 0.153 
Seueeceeat Gare ae ew | ele ee 180 
1,960] 3,646] 5,850) 8,572 
9 { 02404} 0.296] 0.234) 0-193 
1,764] 3,281] 5,265) 7,715 10,631 
10 0.498] 0.365} 0.289} 0.238 0. 2038 
ee oe eee Hin seme al mecins | no teot see 169 
o 
8 1,604 2,983] 4,786] ~ 7,015 9,665| 12,741 
= 11 | 0.603] 0.442/ 0.349] 0. 288 Oia Oe 
Cpe) a ea (a lee nec mites ntaetics |e cr Se nell fg Soe Sia | ROO OS 6 
a 2,734, 4,388] 6.429 8,861} 11,679] 14,888 
a 12 0526 0°415| 0-343 0. 292 0. 254 0.225 
Ce ee NN SGI Ne) tec cae ae oneaea erica y Mille miaenec tt kelingh tinatn tee ogs Tare 182 
2,524| 4,050; 9,935 8,178} 10,781 13,742 
3 { 0.617| 0.487| 0-403 0.343 0. 299 0.265 
14 { 2,344 3,761; 5,511 7,594) 10,011] 12,761 
0.715| 0.565) 9-467 0.397 0.347 0.307 
15 { 2,187/ 3,510| 5,143 7,087 9,343] 11,910 
0.822} 0.649; 0.536 0. 456 0.398 0.352 
16 3,201| 4,822 6,644] 8,759] 11,166 
G 738| 0.610 0.519 0.453 0.401 
3,097; 4,988 6,254 8,244| 10,508 
17 te 334, 0. 688 0.586] 0.511; 0.452 
18 2,924, 4,286 5,906 7,786; 9,925 
0/935, 9-773 0. 657 0.572 0.507 
19 tee 5,595 7,376 9,403 
0. 860 0.732 0. 637 0.565 
20 Noe 5,316, 7,008] 8,933 
0.953 0.811 0. 706 0. 626 
21 { 5,063 6,674 8,507 
0.895| ~ 0.779 0. 690 
22 { 4,832 6,370 8,120 
0.981 0.855 0.758 
23 { 6,093] 7,767 
ot 0.935 0. 829 
{ 7,444 
0.901 
ZS f 7,146 
\ 0.979 


1§1S1E = surfaced one side and 
S48 = surfaced four aides. | ce Ns 
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TABLE 4.—F actors BY WuIcH Sars Loaps In TABLES 1, 2 AND 3 MustBE MULTIPLIED 
To Finp Sars Loans THat Given Sizx or Joist Witt Support at A UNIT 
FLEXURAL Stress Oruer THAN 1,500 Ls. per Sa. In. 


TasBLEe 5.—F actors py Wuicu Given Loap Must BE Mu.rieuiep to Finp Equiva- 
LENT Loap To BE UsED IN ENTERING TaBuzEs 1, 2, AND 3 TO Finp Proper SizE 


or JOIST 
TasBLe 4 TABLE 5 
Desired unit fiber Factor of Desired unit fiber Factor of 
j stress multiplication stress multiplication 
1,000 0.667 1,000 1.500 
1,100 0.734 1,100 1.363 
1,200 0.800 1,200 1.250 
1,300 0.867 1,300 1.153 
1,400 0.933 1,400 BL AOeal 
1,500 1.000 1,500 1.000 
1,600 1.067 1,600 0.939 
1,700 1133 1,700 0.883 
1,800 1.200 1,800 0.833 
2,000 1.333 2,000 0.750 
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Tasie 7.—Tas ie or Sars Loaps AND DEFLECTIONS FOR TIMBER JOISTS wiTtH Nomti- 
NAL WiptH or 2 In., UNIrForMLyY LoapED, BasED oN Maximum FLEXURAL 
Stress or 1,800 Ls. per Sa. In. 


Rough size} 2x4 2X6 2x8 2x10 25612 2x14 2x16 
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1$1S1E =surfaced one side and one edge 
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Taste 7.—TaBLeE or Sarge Loaps anp Derr.ections ror Timer Joists Witu 
NominaL Wiprs or 2 1n., Unirormiy Loapep, Bassp on Maximum 
FLEXURAL Stress or 1,800 Ls. per Sq. In.—(Continued) 
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1S1S1E = surfaced one side and one edge. 
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TABLE 8.—TABLE or Sarge Loaps AND DEFLECTIONS FOR TIMBER JOISTS wiTH NomiI- 
NAL Wipts or 3 In. Untrormiy LoapEp, BasepD oN Maximum FLEXURAL 
Srress or 1,800 Ls. PER Sq. In. 


Rough size 3x6 3x8 3x10 3X12 3x14 3x16 
| Sizes sae 234 x514| 234 X714| 234 X 934/234 K 114 1234 X 1334 |234 X 1544234 X 1736 
Section modulus} 13.86 | 25.78 | 41.36 60. 61 83.53 110.11 | 140.36 
i HS f 3,528 
D1 0. 0233 
PE: 3,326 
D1 0.0455 
B 2,773 
BD 2,542 
D1 0.0787] 0.0310 
HS= alate 4,812 
B 2,376] 4,419 
74D AeSGTl ees 
D1 0.1250] 0.0493 
B 2,079] 3,867 
sub 1,429] 3,625 
D1 0.1866] 0.0735} 0.0362 
PISA Ne Uineemnees aber tes 6,097 
B 1,848] 3,437| 5,515 
oD Tye, WRAL howans 
D1 0.2657; 0.1047] 0.0515 
HIS) gil? A eern lane so aes 
B 1,663} 3,0938| 4,963 
2 10; D a REE AeA Seo hee 
2 Di 0.3643/ 0.1437| 0.0707 
8 B 1,512} 2,812) 4,512 
2 ee 756|i0 e018) aS Sorin eee 
3 D1 0.4850} 0.1912] 0.0941 
a EIS, Pailbs( Seccgtaeate | etceeae ch item a yee 
B 1,386]  2,578/ 4,136 
12; D 685, 1,6121 3,275) 5,808] a... 
D1 0.6299) 0.2481] 0.1221 
Bi we ee 2,380/ 3,818 
POON Mes ee ena 1), 878) 2 e790|N 40940] meee 
Dil ines eee 0.3156} 0.1553 
15 Cae | ARS VN OE || nm heey tec calm s Sa S| 
Bhod 1 ldh nee 2,210| 3,545 
12NCT ag men eee 1 7182) 2*406 e467) Ge O04 nen 
DA Ap hak eee. 0.3941] 0.1939 
By boas MIO ee 2,065} 3,309 
et Dee eel eee 1031) 12,096|euess 717) Gh O14l nee 
Dike ge eee 0.4850] 0.2386 
1s a eS ORGS Pima Gel wie al so A 
Bio ile dene 1,934 3,102 
YON en ay ane at 906| 1,842 
EDI Magali meee ae 0.5887} 0.2895 
Be colt Scraemie | iaeeewecene 2,920 
7 > cage eee ea ae 1 632)— 2804) 4 G82] my 087 eee 
5D May Wee ie tree ee 0.3472 


1$1S1E =surfaced one side and one edge. 
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TasiE 8.—Tasx or Sars Loaps AND DEFLECTIONS FoR TimBER Joists wira Nomt- 


NAL WiptH or 3 In. UntrorMLy Loaprep, Basep on Maximum FLExuRAb 
Stress or 1,800 Ls. pur Sa. In.—(Continued) 


Rough size | 3X6 | 3x8 3x10 SIGL2, 3x14 3X16 3x18 
Rigos Surfaced size 234 x534| 234 x734| 28; :, » 
$1s1B1 4 @| 234 2| 274 X9}¢|234 X 1134/2384 x 13341234 1514 |284 X17 
Section modulus | 13.86 | 25.78 41.36 60. 61 83.53 110.11 | 140.36 
B 2,758 4,041 5,568 7,341 9,356 
TE Bs dN ee oe |e ae 1,455 2,582 4,177 6,322 9,098 
1D gee eee ee res: || ee ee 0.4124) 0.2324] 0.1437/ 0.0949] 0.0659 
By) AIT) ©, Selena ene 2,612 3,828 5,275 6,954 8,865 
19 DUR a eee i ea 1,306 2,317 3,748 5,673 8,165 
TOY Sal Pye tee cree (a 0.4849} 0.2733! 0.1689] 0.1116] 0.0775) 
sy a) Ae ees ee 2,431 3,636 5,012 6,606 8,421 
20 sD Me Peel. era. 1179 2,091 3,383 5,120 7,369 
De eee eye 0.5655] 0.3188! 0.1971] 0.1302] 0.0904! 
LBS el egg ee A a eis he Be 3,463 AeU7S 6,292 8,020 
PUI OY:  etll| Cn Ak AAR a eR nea mae 1,897 3,069 4,644 6,684 
Test <1 SS Ge ee | aati ee | eee ee Be 0.3690] 0.2281] 0.1507] 0.1047] 
11) egal iMh Tae a Coe Rei Dates Rar 3,306 4,556 6,006 7,656 
22 eh ae, Pm re nee) hell cn ae ee 1,728 2,796 4,232 6,090 
Eee | Pella oon eh oo ees 0.4244] 0.2623! 0.1733] 0.1204 
ES | er ae he AN rhe oP 3,162 4,358 5,745 7,323 
GEA O Will isd nn ae ee ine a ee 1,581 2,558 3,872 5,572 
sO) Tl ecole it eens 0.4849] 0.2997} 0.1980} 0.1376 
2 US ace gee tei A ie ener ne ees 3,031 4,176 5,505 7,018 
a CYNE lh” ee stat hel | gmat sie Meee 1,452 2,350 3,556 5,118 
ae TOO gt | Maa sapien eee 0.5510] 0.3405} 0.2250] 0.1563 
A eam ee eee Seeks ell et cree Pe cat 4,009 5,285 6,737 
A FASO IOS oN RAR eat Ee Cate | ak ee Re ae 2,165| 3,277] 4,716 
a De ete I oo oct) ee ere 0.3849] 0.2543] 0. 1767 
FS nao ceo ace ec rcill Rte 3,855 5,082 6,478 
26 aL) Sam eee ci ee ee Wk eS An 2,002 3,030 4,361 
1) Hae NOMS eM re corals ysl cell & Sececcs 0.4329] 0.2860] 0.1987 
Ne Me | ee cal, ates a: 3,712 4,894 6,238 
Gygelapy | ssi gs) ene lie aie en ad ae | ee ae 1,856 2,810 4,043 
Gaya wl echo Te ee se Recetas ee NR 0.4848] 0.3203} 0.2226 
Bm eee ee) eno ee ee ee 3,579 4,719 6,015 
2S aan eee Sone Pe INacac cy! cece 1,726 2,612 3,760 
TOW: tle gk te ie aS deers tee ere ne 0.5407| 0.3573] 0.2482 
EI MR, eT aes octal Woes Sie Allin Weve, nlis tava e es 4,556 5,808 
Oats). | eee Sl Sore Ae ae et eee oe be 2,436 3,505 
IDS «alge Sly ae ees ere es SACRE pes oe 0.3969] 0.2758 
iE ME ES SNS |e tee (oh eis cto la etic cll Wem cee 4,404 5,614 
Ge wilel= le OH Es A Baal ber eee |e eee Te ee 2,276 3,275 
Dyl~ APS ee eects ee 0.4394] 0.3053 
3 eT Nt lo oe a. Phar ds) Meter israc le oeee os tlle aerators 5,433 
STE een Ce PN ere Acs take tela fe eis. ialiere ow are |( ulmae nee 3,067 
i) a ee irre ee re awe sl Mee en so 0. 3369 
Se Gee Lee ei mee ere ualbee vet it eS 5,263 
Syahipk lf See ee Nise re Cone | ee ee eae eee eee 2,879 
iO Nee Ble ae pee | Lemme ee Ie ne aaNet Ree om er 0. 3708 
1S$1S1E = surfaced one side and one edge. 
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TaBLe 9,—TaB.E or Sare LOADS AND DEFLECTIONS FOR TIMBER JoIsTS wiTH Nomti- 
NAL Wipts or 4 In. Untrormiy LoapED, Basep oN Maximum FLEXURAL 
Srress or 1,800 Ls. Per Sa. In. 


Rough size| 4x4 4X6 4X8 4X10 | 4X12 | 4x14 4X16 4X18 
Surfaced 
Sizes | size SISIE! /35g X 354/356 X 554|334 X 734/354 X9}4 SA aie 334 X 1534 |334 X 17144 
Section . 
modulus 7.94 19.12 | 35.16] 56.41 | 82.66 113.91 | 150.16 | 191.41 
3f HS 3,066 
D1 0.0261 
B 2,382 
D 2,152 
ON ais 0.0618] 0.0165 
HS” lil Seen at 4,760 
B 1,905} 4,588 
54D TEAEy Ll ashes 
D1 0.1206] 0.0323 
B 1,588} 3,824 
D 960 3,584 
8) D1 |) 0.2083) 0.0558] 0.0227 
FLGh I Manette cis eeasers 6,562 
B 1,361] 3,277| 6,027 
HEAD Is 0 2h. PLES) dente 
D1 0.3307} 0.0886] 0.0361 
B 1,191] 2,868] 5,274 
D 540/ 2,016] 4,944 
Spa 0.4938] 0.1323] 0.0539] 0.0265 
TEES Reger Te eee cll eae 8,312 
2 Barter een 2,549) 4,688] 7,521 
a 1B), Wall Aree 15593)" ¥3,906) cee 
Sia SON apa clin eases 0.1883] 0.0768] 0.0378 | 0.0213 
a FAS A eter ll ceeek eel ere ed cere 10,062 
2 Bale beat 2,294] 4,219] 6,769} 9,919 
LORD Ml eee 1290|) -3;164|) 6,430). uo. 5- 
PH) Heed 0.2584] 0.1053] 0.0518 | 0.0292 
Bag” eae 2,086] 3,835} 6,154) 9,017 
ee eae. 1066 Ea2hG15 5. ol> pee 
Dee 0.3440] 0.1402] 0.0690 | 0.0389 | 0.0240 
TES 0 Ih. ocacdeor neva Wearersecccten aearesee acer cer neetee a aan eae 11,812 
Bird ll sdacess 1,912} 3,516] 5,641 8,266 | 11,391 
12550 Will-womaae 896] 2,197| 4,466 W020 |e eete 
Die all eee 0.4464] 0.1821| 0.0896°| 0.0505 | 0.0312 
Be Alla oe cpa |e eee 3,246] 5,207 7,630 | 10,515 
fa) Wy oat rarest 1,873] 3,805 Gk ZOO lie eee 
Di spas treacle ieee 0. 2313] 0.1129 | 0.0642 | 0.0397 | 0.0262 
EIS cat eek esl) as eect loaner | eee Sevdbat? |beacenes 13,562 
Bogs aes Sere 3,014| 4,835 7,085 9,764 | 12,870 
Lao NTD IY uti arte cee, A | eae 1,615] 3,281 5,820 A415 aera 
DL iallerearie neers 0.2890] 0.1422 | 0.0802 | 0.0496 | 0.0327 
Be | Mieco sel eee oe ae 2,813] 4,513 6,613 9,113 | 12,013 
Oe I NE ro eed 1,406] 2,858 5,070 SUN's | eed eres 
OF Ru (er nara eo 0.3556] 0.1750 | 0.0986 |} 0.0610 | 0.0403 | 0.0279 
! DELS! Ye scares ness) ay extvacone enc aes Ich aye eee I Uae epee Re |e ne | 15,312 
Bok (teers eee 2,637| 4,230 6,199 8,543 | 11,262 | 14,356 
16:51) gt |e ah hee lee 1,236| 2,511 4,456 7,208 \- 10,909) Jose. 
DS ie eee cal meee 0.4316] 0.2124 | 0.1197 | 0.0740 | 0.0489 | 0.0339 


‘$151 = surfaced one side and one edge. 


Sec. 4-12] 


DESIGN OF WOODEN MEMBERS 


375 


TaBLE 9.—Tas ie or Sars Loans AnD DEFLECTION For TIMBER Joists with NoRMAL 
Wipts or 4 In. Unirormiy LoapEp, BasED ON Maximum FLEXURAL 


Srress or 1,800 Ls. per Sq. In.—(Continued) 


1S$1S1E 


surfaced one side and one edge. 


1 
Rough size| 4x4 | 4x6 | 4x8 | 4x10| 4x12 | 4x14 | 4x16 | 4x18. 
Surface |. 
size SISLE? [27S X 356/396 X 556/334 X 734384 X 934/394 1134 /394 x 13}4|334 X 1534334 X 1734 
Section | 794 | 19.12] 35.16| 56.41 | 82.66 | 113.91 
| modulus . . ‘ : 82. : 150.16 | 191.41 
12 eet | eg (ere 3,982| 5,835 10,599 
AN eat aoe ae 21295) 18°947 |) © 6,385) 0, 664.) 255-5. 
Dae: UD ns 0.2547} 0.1436 | 0.0887 | 0.0586 | 0.0407 
B Soe Al hea ese, 3,760| 5,510 | 7,594] 10,010] 12,760 
184 D aan Le eee ‘ 1,985 3,521] 5,695] 8,620] 12,406 
Bite Be se oh oa 0.3023} 0.1704 | 0.1053 | 0.0696 | 0.0483 
yea eo: ee ee 3,563} 5,221 | 7,194 | 9,484] 12,089 
194 D a! Nal role eae 1,782) 3,160] 5,112| 7,737] 11,134 
MITE Sey allie Rs es : 0.3554] 0.2004 | 0.1239 | 0.0818 | 0.0569 
Eh EES ee | eae 3,384] 4,950] 6,834] 9,009| 11,484 
S04 OY Ae ccc Naoraa| ane 1,608} 2,852] 4,613] 6,982] 10,049 
Be ei) bee oil eBaeee 0.4146; 0.2337 | 0.1445 | 0.0955 | 0.0663 
B es elses ee haba ae 4,724 | 6,509 | 8,580| 10,938 
214 D ee ee oe init wcla 20587 |) (4,184 6,880 |» 9,146 
D1 10? Dl ieeer hae ...| 0.2706 | 0.1673 | 0.1105 | 0.0768 
Ge Axe eral sees : . 4,509 | 6,213] 8,190] 10,440 
oe cw ike a ; 2,357 | 3,813 | 5,770 | 8,305 
Dh oe Re eal. sctote ..{ (0.3111 | 0.1923 | 0.1271 | 0.0883 
EAP ER Recs Nt tas ae a 4,313 | 6,943 | 7,834] 9,986 
DA ENE mA) Mote fal ide bie ah aie hie pies 2,156| 3,488| 5,280| 7,598 
1a or ig a ea S 0.3556 | 0.2198 | 0.1452 | 0. 1009 
or B OP Hipsters ctcs 3 4,133 | 5,695| 7,508| 9,570 
© | 24, D Ae emda alps stewres 1,980} 3,204] 4,849 6,978 
a D1 oe ees ae ee : 0.4040 | 0.2497 | 0.1650 | 0.1146 
= Bea ceca lp Meee Si eee alae ge a 5,468 7,208 | 9,188 
SMa ueaMie eee cote, {lla iliam ee etaill necelssatere 2,952 4,469 6,431 
a D1 a) ee ee te ee OO | ee 0.2822} 0.1865 | 0.1296 
B *; sc eR Tae A aed ie 5,257 | 6,930| 8,834 
Sel rast) oe OE |e pemeede 2 Sh aoe, ae 2,730 |. 4,132 | 5,946 
SL CCP gee eee PAO |e One 0.3175 | 0.2099 | 0.1457 
Pee Seale WEA s <5 soe lee’sciers 6 soar 5,063 | 6,674 | 8,507 
274 D ee | Sen ae ee - ae. 2,531 | 3,831 | 5,514 
dah ete oh das sa Sees : 0.3555 | 0.2349 | 0.1632 
B its eee ai ; pie en 4,882 | 6,435 | 8,203 
OO TMA eet "SG rare Seco a ak oe A eects 2.354] 3,562] 5,127} 
Pap HM See ti Pa Pais aa eal Be fe fae ie 0.3965 | 0.2620 | 0.1820 
re ae ee ee eho ball ik a mentors a nace 6,214 | 7,920 
DOLD maleate teil. sobre eee es Oe eh a sar acca oe 3,321] 4,780 
Pistia owe SOA pi, ME Fae bet on Bere PSNI. Yes tet 0.2911 | 0.2022 
B ah a ae ca a ee Mom, Ae ae 6,006 | 7,656 
304 D ics BOM | Eee rt eee anal VE ad i ee 3,103 | 4,466 
Dire 4 ae ee hee ae ere 0.3222 | 0.2239 
B ogee milverine Mil Cute ot ah ee ee Rear. 7,409 
it aS |e ig ae NES 8 heal NY eines Ame rE 4,183 
Ty uy ie ee oe Bee ale ee a eee ear 0.2470 
sae at i ae, ae ree tas Sed pate Miecteed Ke eee 7,178 
So AEA aera Pe eee Kee Nee it Piers all SRS . 3,925 
a ee MMe eer I ere Poi, er care Ws sae 0.2717 
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WOODEN GIRDERS 


The loads coming upon the girders of a floor system consist of the loads 
delivered by the floor joists, plus the weight of the girders themselves, plus any 
loads coming directly upon the girder, as distinguished from loads transmitted 
by the joists. Girders often carry partition loads directly. 

In office buildings, dwelling houses, and certain areas of other buildings, 
exclusive of warehouses and storage buildings, where crowds of people cannot 
congregate, the live load coming upon the girders is reduced in intensity. The 
reduction factor is specified in building ordinances, and is usually taken as 20 
per cent. 

Horizontal shear at the ends of girders often governs the girder section, as in 
the case of short spans with heavy loading, and this stress should always be checked. 

The end connections of girders are of much more importance than the end 
connections of joists, as the girders of a building, together with the posts, usually 
form the stiffening frame of the building against lateral forces. Particular 
attention also needs to be paid to the design of the support of wooden girders, as 
failure of a girder would mean the probable collapse of at least a whole floor bay. 

Wooden girders, even if continuous over two spans, are generally computed 
as simple beams. 

The detail of end connection of building girders will depend on the type of 
building. If such building is of mill construction with heavy masonry walls, 
the wall ends of girders should be encased in wall boxes, the inner end connections 
designed to allow the girders to fall, in case of fire, without pulling the columns 
with them. In other types of buildings, as the mill type, stiff rigid connections 
of girders to posts may be desirable. 

13. Girders of Solid Section.—The section of wooden girders composed of 
solid sticks of timber are to be designed exactly as treated under 
“Wooden Beams.” 

14. Built-up Wooden Girders.—Built-up wooden girders may be 
divided into the following types: oy 

1. Girders constructed of planking, set side by side, the width 

Fie. 1. — Of plank vertical, as in Fig. 1. ‘ 
Built-up 2. Girders constructed of two or more timbers set on top of one 
eee ae another, but not fastened together, as in Fig. 2. 

: 3. Girders constructed of two or more timbers set on top of one 
another, and diagonally sheathed with boards or planking, as in Fig. 3. 
4. Girders constructed of two or more timbers set on top of one another, and 


effectively fastened together by means of hard wood or metal keys or pins, 
combined with bolting, as in Fig. 4. 


Type (1).—A girder, or beam, of this type, if all planking extends the full 
length of girder, is of full nominal thickness, and is well spiked and bolted 
together. It is generally given credit for being somewhat stronger than a girder 
or beam of solid section of the same dimensions, since the planking is assumed to 


a ee 
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be better seasoned and freer from defects, particularly checks, than the larger 
solid timber. A construction of this type is often observed in small buildings 
where planks are more easily obtained than heavy timbers, and where the solid 
section construction might incur purchase of additional material by the con- 
tractor. Insufficient spiking, lack of proper bolting, probability of planking 
under-running in thickness, thus giving an actual size of finished beam less than 
the solid section, possibility of some planks being spliced, and the probability 
of upper surface of girder being uneven—i.e., one plank projecting higher than 
another, giving uneven bearings for the joists—are practical reasons for always 


‘au 


aS 
eo 

as 

ES 


Fie. 3.—Built-up girder—type (8). Fie. 4.—One-half typical built-up girder— 
type (4). 

advocating the beam of solid section. Incidentally, no building ordinance gives 

the built-up girder any advantage in strength. Solid sections should be insisted 

upon for important beams. When it is necessary to use this type of built-up 

girder, provide two bolts at each end, and pairs of bolts at intervals of 2 ft. along 

the length of beam, the size of bolts to be not less than 5¢ in., and preferably 34 in. 

Type (2).—This type of girder should never be used. The strength of the 
combined section is practically no more than the sum of the strengths of the 
component sticks, each stick acting as a separate beam. Even if such a girder 
should be constructed of planking, well spiked together, the above statement of 
resulting strength would hold, as the nailing would be insufficient to prevent one 
plank from slipping on another. 

Type (3).—In this type of built-up girder, as in the following type, the object 
of all connections between the component sticks (usually two) is to prevent rela- 
tive motion along the plane of contact. If this condition of no-slip could be 
attained, the compound girder would have the strength of a single stick of 
timber of the same outside total dimensions. Type (3) is considerably less 
efficient than Type (4), both as regards ultimate strength and deflection under 
load. The diagonal sheathing is spiked to the timbers, and the sheathing should 
be at 45 deg. with the length of girder. 

Tests made by Edgar Kidwell (see Trans. Am. Soc. Mining Engineers, 1897, 
vol. 27) showed an efficiency of approximately 70 per cent, based on the ultimate 
strength, as compared to a beam of solid section, while the efficiency factor based 
on deflection was about 50 per cent. 

The sheathing for such girders should be not less than 1}4 in. and not over 2 in. 
in thickness. With such sheathing the nails should be 10- or 12-D forthe smaller 
thickness, and 20- to 30-D for the 2-in. sheathing. For a girder supporting uni- 
form load the diagonals near the ends require the most spikes. The spiking in 
each diagonal should be concentrated near the plane of junction of the timbers, 
and at the ends of the diagonals. 
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In designing a girder of this type, it must be remembered that the case is not 
similar to that of a truss. Ina truss are two chords, in each of which, due to the 
small depth of chord as compared to the large depth of truss, the stress is practi- 
cally uniform throughout the cross-section of each chord, and the diagonals take 
either tension or compression. The side planking in the built-up girder under 
discussion is subjected to bending moments, and, consequently, the nails take 
unequal loading. Any slip of the nails under stress allows a corresponding slip 
in the plane of contact of the two main timbers, with a consequent deflection of 
the girder. By referring to p. 404 it will be found that nails under lateral or 
shearing strain slip at a small load. 

Type (4).—In the girders of this class, the tendency of one timber to slip over 
the other is resisted by wedges, keys, or pins driven into the contact faces of the 
timbers. These wedges, whether rectangular, square, or round, perform their 
main function through bearing against the ends of the fibers of the timbers. A 
second action is pressure across the fibers of the timbers. The action of these 
wedges tends to separate the two timbers, resulting in tension in the bolts. 
The amount of such tension depends primarily upon the shape of wedge. For 
example, a square key will produce a greater bolt tension than a rectangular key 
with long axis parallel to the length of girder, while a circular key or pin will give 
the greatest tension in the bolts. 

The number and size of keys is to be determined directly from consideration 
of horizontal shear in the girder, in accordance with the principles of Sec. 1, 
Art. 51, and illustrated in the typical example hereafter. 

The bolts in such a girder are assumed to take only tension, although, due to 
their resistance to lateral forces, they add somewhat to the strength of the girder. 
However, it is always advisable, and on the safe side, to neglect such lateral 
resistance of the bolts. 

Kidwell’s series of tests on girders of this type showed a maximum efficiency 
of 75 to 80 per cent of an equivalent girder of solid section, the former figure © 
representing girders with white oak keys and the latter figure with keys of iron. 

Any shrinkage in the timbers will allow the component parts of the girder to 
separate, with a consequent loss of efficiency, and an increased deflection. As 
fully seasoned timber is not always available, this type of girder should be avoided 
for cases in which the major portion of the load is a constant load. For situations 
in which the girder carries live load for the greater part, in which access may be 
had to tighten the bolts as the wood seasons, and when it is reasonably certain 
that such maintenance will be given, this girder may be used with confidence. 
Obviously, the keyed girder is particularly unsuited for such locations as will 
prohibit access for tightening the bolts, as in a floor system ceiled underneath. 

15. Examples of Design of Solid and Built-up Girders.—The following typical 
examples will illustrate the method of design for the most common cases that will 
be encountered: 


Conditions of Design: 

Span: 26 ft. 

Loading: Uniform load of 1,500 lb. per lin. ft. ns 
One concentrated load of 6,000 lb., 7 ft. from left support. 
One concentrated load of 14,000 lb. at center of span. 
One concentrated load of 2,000 lb., 9 ft. from right support. 

Timber: Long-leaf yellow pine, dense structural grade. 
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The reactions are given in Fig. 5 and the bending moment curves in Fig. 6. The para- 
bola of moments for uniform load is plotted about the base line, and the polygon of moments 
for concentrated loads below this line. 

The following unit stresses will be used: 


Bending stress on outer fibers................... 1,800 lb. per sq. in. 
Mongubnaimaleshesr esr is ies eis reeset av arcnarcian ee 175 lb. per sq. in. 
- Bearing A GnOsss ETA irc 2 lesions cease bee oa 400 lb. per sq. in. 
IBOAtiNnerAgaINol OTA. 65 hc doesn es «ots Uae owe 1,800 Ib. per sq. in. 


Solid Girder—Maximum bending moment = 248,100 ft.-lb. From Table 6, p. 369 
an 18 X 24-in. girder, surfaced to 6000 Ih 140001 2000/b 
1714 X 2344 in., has a resisting mo- pa Wa 
ment of 241,610 ft.-lb., which will be 
near enough to be used, or a double 
girder may be used. For example, 
2—14 X 20-in. sticks would havea 
safe resisting moment of 256,670 {t.-lb. 
The required cross-section for longitu- 34600 la 29400!b, 
dinal shear is 


Fig. 5.—Loads and reactions for girder of Art. 56. 


(2431,600) 
To yee 
Hither of the above girders has an excess of timber for shear. 

Built-up Girders——Type (1) could not be considered, as no standard planking 20 or 24 
in. is made. 

Type (2) would require 2 — 14 X_20-in. sticks, one on top of the other—an impractical 
consideration. : 

Type (3)—Maximum bending moment = 248,100 ft.-lb. Using an efficiency factor 
of 70 per cent the moment to be de- 
signed for is 355,000 ft.-lb. Assume a 
width of 14 in. The required section 
modulus 


= 271/sq. in. 


(355,000) (12) 


Se ig ate 
CA CeOiGe ae 
— yee) = 32.4 in. 


Use 2—14 X 18-in. sticks, finished sec- 
tion 13144 X 35 in. 
Use 2 X 12-in. sheathing both sides, 
spiked with 40-D nails—detail similar 
to that of Fig. 3. 

Type (4).—Assume efficiency factor 
of 80 per cent 
Designing moment 


eee eee aces oe 


248,100 _ . 
= F'gg = 310,000 ft.-1b. 
Fie. 6.—Diagram for bending moments and S= (310,000) (12) _ 2,070 
spacing of shear keys for girder of Art. 46. 1,800 


Assuming a width of 13}4 in., the required depth isfound to be 30.2in. Use 2—14 X 16- 
in. sticks, $4S,1 actual combined section 13}4 X 31 in., section modulus 2,160. 

A shear diagram is next constructed, as shown in Fig. 7a. Each ordinate of this 
diagram represents the total vertical shear at the point where the ordinate is taken, and 
this total vertical shear is proportional to the maximum intensity of the horizontal shear 
at the same point. Considering Point (1), directly under the concentrated load of 6,000 
Ib., the total vertical shear just to the left of this point is 31,600 — (7)(1,500) = 21,100 lb. 
The ordinate one foot to the left will have a value of 31,600 — (6) (1,500) = 22,600 lb. 


1Surfaced four sides. 
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, 3 22,600 + 21,100 _ 
The area of the trapezoid between these two ordinates is therefore = ag ie ae 


21,850 ft.-lb. The maximum intensity of horizontal shear at a point immediately to the 


right of point (1), is 
y ARO pI OD 
= 86-— 
2 bd (134) (31) 
The next step is to find a means for determining the proper spacing of keys. Two meth- 
ods will be explained. 
Method 1.—For this purpose, the total vertical shear between the point of zero shear 
and each point of division of beam is 


26-0" computed by adding together the 
(30% ! an differential shears between these two 
' points. The corresponding ordinates 


are drawn, giving the line ABC in 
Fig. 7b. The summation of the verti- 
cal shears to the left of the point of 
zero shear is found to be 248,050 
ft.-lb.; agreeing with the value of the 
bending moment, which furnishes a 


= 76 lb. per sq. in. 


»=3 


Dray ar DAP it) check on the work. Similarly, the 
SSSSSSSSsesgss summation of the vertical shears to 
EN SEESAERERE oe the right of the point of zero shear 

Th KL ae = will give the same value. 
NY Since, for practical reasons, all, 
N ; keys will be of uniform size, and must 
Ny Sitar therefore ie stressed peg ee 
: spacing of same must vary. e 
5 NO BLEN ICID S59 number of keys for the left half of 

abe girder will be taken at 5. 
A ; Cc Method 2.—A much simpler 
Fig. 7. method for constructing the total 


shear diagram will now be shown. In 
Fig. 6 the dot-dash line represents the curve of the total bending moment, the ordinates 
of this curve being the sums of the corresponding ordinates of the moment curves for the 
uniform and concentrated loadings. 

If the horizontal line AB be drawn through the apex of this total moment curve, the 
latter curve referred to the line AB becomes the curve for the total vertical shears—in 
other words, the figure ABCDE becomes the total shear diagram. ; 

To find the proper spacing of the keys for the left half of beam, the vertical ordinate 
(248,100 ft.-lb.) of the total shear diagram is divided into 5 equal spaces, horizontals 
drawn from these division points to the curve of total shear, and vertical ordinates drawn 


Fig. 8.—Diagram of distribution of pressures on rectangular key. 


from these intersection points to the base line. These ordinates divide the area ABK, 
(Fig. 7b) or ADE (Fig. 6) between the curve and base line, into 5 equal divisions. The 
points on the girder thus found determine the position of keys. Referring to either Fig. 
7b or Fig. 6, the proper spacing of keys for the left half of the girder is found to be two 
spaces at 20 in., one at 26 in., and one at 31 in. The spacing of keys for the right of the 
center of girder may be found in the same manner. 
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Girder with Rectangular Keys——In the above example the girder will first be designed 
for rectangular cast-iron keys. Assume 5 keys between the left support and the point of 
zero Shear. Hach key will therefore resist one-fifth of the total horizontal shear. 

The required dimensions of each key will be determined from the following considera- 
tion. The forces acting upon the key are shown in Fig. 8. 

Let p’ = maximum allowable intensity of pressure against ends of fibers. 


~ p'’ = maximum allowable intensity of pressure across fibers of timber. 
é = thickness of key. 


£ = length of key. 
P’ = resultant pressure against fibers of timber for section of key 1 in. in width. 
P” = resultant pressure across fibers of timber for section of key 1 in. in width. 


Then 
(3) =>) 
ae) 
m=(8)() 
Whence 
»’(5) (ian ae —G 3) (4) 
Die epi? 
4 6 
L? = ee -3.28 
L= 1.225\|2, 
ac p’ = 1800, and p’’ = 400 
a = V4.5 = 2.12 
Whence 


a (1.225) (2.12)¢ = 2.6¢ 
The total horizontul shear is 


(3) ee 228,10?) (12) = 144,000 Ib. 


Each key nae therefore resist 28,800 lb. At 1,800 lb. per sq. in. in bearing against the 
28,800 


grain, and with a width of key of 1314 in., one-half the depth of key must be (13.5) (1,800) = 


AE AS LE! OT’ 


ie aie 


2 “IG S45 2} Bolts throughous 
ee | 
Fig. 9.—Detail of built-up girder with cast-iron keys. 


1.19 in., or the total thickness of key must be 2.38 in. The minimum length of key must 


‘therefore be 2.38 2.6 = 6.19 in. 


28,800 
The minimum distance between keys, considering shear, must not exceed a7 aaa (13.5) > 
12.2; adding the width of key, the minimum spacing of keys, center to center, must not be 
less than 1814 in., which is less than the smallest spacing found. 
The bolts for each key should be spaced on each side of each key and equidistant from 
the center line. . Assume four bolts for each key. _ The stress in each bolt will then be 
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5, EOG2) (28,800) (2.375) 
4° “Sj3aL = 72°" 273) 6)@) 
ers 4 X 4 X @ in. will be used. 

The detail of the left half of the girder is shown in Fig. 9. 

Girder with Circular Shear Pins.—For this design circular pins, 2 in. in diameter, of 
solid iron, extra heavy steel pipe, Australian Ironbark or Hawaiian Ohia will be used. 
Each pin will be considered capable of resisting a shear of 800 lb. per lin. in. of pin. 
With a 1314-in. length of pin, therefore, one pin will have a resisting value of 1344 < 800 = 
10,800 lb. Since the total horizontal shear is 144,000, the total number of pins required is 
144,100 


= 4,276 lb., or four 34-in. bolts are required. Wash- 


= 14.4. Dividing the end ordinate into 15 divisions and proceeding as before, it 


will be found that the minimum 
spacing of the pins near the end of 
the girder is 6 in. The spacings of 
all pins for the left half of girder, 
commencing at the center line of 
support of girder, are as follows: 2. 
spaces at 6 in.; 6 spaces at 7 in.; 1 
space at 8 in.; 1 space at 9 in.; 
1 space at 10 in.; 1 space at 13 in.; 1 
space at 16 in.; and one space at 19 
in. For each pin there will be re- 
quired bolts sufficient in tension for 10,800 lb. Two 34-in. bolts will be used, with 
4- X 4- X (¢-in. washers. _The detail of one-half of girder is shown in Fig. 10. 


10,800 


"29° Bolts 
AA ng Washers — 


Fia. 10.—Details of built-up girder with circular 
shear pins. 


16. Flitch-plate Girders.—A flitch-plate girder is a combination girder of 
timber and steel, composed of two sticks of timber with a steel plate between them 
or three sticks of timber with two steel plates, bolted together, the contact planes 
between timber and steel plate being parallel to the plane of bending (see Fig. 
11). This combination girder is seldom used at the present time, the usual avail- 
ability of steel structural shapes making the flitch-plate girder practically obso- 
lete. Situations may sometimes exist, however, when the use of this type of 
girder may be warranted. 

Consider any plane cross-section of such a combination girder: the deflection 
and also the deformation of all points in such section ona line normal to the plane 
of bending must be the 
same. Since the modulus 
of elasticity is the ratio of 
stress to deformation, it 
follows that the extreme 
fiber stresses of timber and 
steel will be in proportion 
to their moduli of elastic- 
ity, or 


Section 


where the subscripts “‘!”’ and “s” represent timber and steel, respectively. This 
relation of extreme fiber stresses means practically that with the steel plate 
working efficiently (extreme unit fiber stress of 16,000 lb. per sq. in.) the limiting 
extreme unit fiber stress in the timbers is approximately sg to Mo of the allow- 
able working stress for steel. In the case of a flitch-plate girder of long-leaf 
yellow pine and steel, the timber would be stressed to approximately 900 lb. 


eee 
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per sq. in. The timber is therefore working at an efficiency of about 50 per cent, 
while that steel plate in the rectangular section is only approximately 55 per cent 
efficient as compared to an I-beam of equal depth and weight. 


; As an illustration of the computation for the strength of a flitch-plate girder, assume a 
girder composed of 3-4- X 16-in. timbers of No. 1 Common Douglas fir (finished section 
3}4 X 15}4 in.), with two 3¢ x 1514-in. steel plates between the timbers. With a span 
of 24 ft., it is desired to find the safe load, uniformly distributed, that the girder will support. 

Maximum allowable unit fiber stress in timber = 1,500 lb. per sq. in. 
Maximum unit fiber stress for steel plate = 16,000 lb. per sq. in. 
# for Douglas fir = 1,600,000. 
E for steel = 29,000,000. 
Therefore, for flitch-plate girder, the maximum unit fiber stress in bending can be only 

1,600,000 
39 000,000 (16,000) = 880 Ib. per sq. in. 

The resisting moment of the three timbers in foot-pounds (see illustrative problem 


following Art. 50, Sec. 1) is 
(880) (10.5) (240 
M = Yfod*({2) = ee ete a Papas 30,800 ft.-Ib. 


The resisting moment of the two steel plates is 


M = Véfod?({2) = ee oy 220) = 40000 THI. 


The combined resisting moment is therefore 
30,800 + 40,000 = 70,800 ft.-lb. 
M =%WL = 70,800 ft.-lb. 


> ee = 23,600 lb. 


The detail of this girder is shown in Fig. 11. The timbers and-steel of the flitch-plate 
girder should be well bolted together; such bolting should consist of not less than two 
34-in. bolts, 2-ft. centers. : 

In designing a flitch-plate girder for a definite span and loading, the thickness of timber 
should be from 16 to 18 times the thickness of steel. 


17. Trussed Girders.—For situations in which the span or loading, or both, 
are too great for a girder of single timber section, the trussed girder type is effec- 
tive, if space limitations will allow its use. The trussed girder is preferable to 
either the built-up or deepened girder, or to the flitch-plate girder, principally 
on account of its efficiency and reliability of action. In the trussed girder no fear 
need be entertained as to decrease of initial efficiency or increase of deflection 
from initial conditions, due to shrinkage of timber, with consequent slip of 
fastenings. 

Trussed girders may be divided into four types, as follows 

1. King Post trussed girder. 

2. Queen Post trussed girder. 

_ 3. Reversed King Post trussed girder. 

4, Reversed Queen Post trussed girder. 

These types are illustrated in Figs. 12, 13, 14 and 15. 

Trussed girders are adapted particularly for either uniform loading or concen- 
trated loads situated symmetrically with respect to the center line of girder. 
Both the Queen Post girder and the Reversed Queen Post girder are unsuited for 
unsymmetrical loading. Since each contains a rectangular panel, loading 
unsymmetrical in distribution with respect to the center line of girder will cause 
bending stresses in the joints of the girder, which cannot take such stresses. 
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The determination of the stresses in a trussed girder is a problem in least 


work. For practical purposes the following approximate formulas are sufficient: 


Uniformly Distributed Loading: 
Figs. 12 and 14. (King Post and Reversed King Post types) 
Tension in DB (Fig. 12) or compression in BD (Fig. 14) = pies 


Tension in AB and BC (Fig. 12) or compression in AB and BC (Fig. 14) 


Compression in AD and DC (Fig. 12) or tension in AD and DC (Fig. 14) 


Fig. 13.—Queen post girder 


Fie. 12.—King post girder. 


To the stresses thus found in members AB and BC, must be added the flexural stresses 
resulting from these members acting as beams carrying the uniform loading between A and 


B, and B and C. 
The bending moment in inch pounds in AB and BC is M = (4¢)(W/2) (1/2) (12) 


36W1; also M =fS = f(4%bd?). The maximum unit flexural stress is, therefore, 


2.25Wl 
es bd? 
Figs. 13 and 15. (Queen Post and Reversed Queen Post types) 
Tension in FB and EC (Fig. 13) or compression in BF and CE (Fig. 15) = 14339W 
Tension in AB, BC and CD (Fig. 13) or compression in AB, BC and CD (Fig. 15) = 11, os 
Compression in F# (Fig. 13) or tension in FH (Fig, 15) = ee 
Wa 


Compression in AF and ED (Fig. 13) or tension in AF and DE (Fig. 15) = 1 Moz 


bt i— 


Fie. 14.—Reversed King post girder. Fia.- 15.—Reversed Queen post girder. 
As in the king post truss, to the unit stress in the members AD from the formula above 
must be added the flexural stress due to the timber acting as a beam. The extreme fiber 


stress due to this bending may be taken as - 


Concentrated Loading: 
Figs. 12 and 14. (King Post and Reversed King Post types) 
Concentrated load P at center of span. 
Tension in DB (Fig. 12) or compression in BD (Fig. 14) =P 
124) 


Tension in AB and BC (Fig. 12) or compression in AB and BC (Fig. 14) = rh 


Compression in AD and DC (Fig..12) or tension in AD and DC (Fig. 14) = oh 


Obviously, there are no flexural stresses in this case to be added to the primary 
stresses found above, 
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Figs. 13 and 15. (Queen Post and Reversed Queen Post types) 
Concentrated load P at B and C 


Tension in FB and EC (Fig. 13) or compression in BF and CEH (Fig. 15) =P 
Tension in AB, BC and CD (Fig. 13) or compression in AB, BC and CD (Fig. 15) = ae 
Compression in FE (Fig. 13) or tension in FH (Fig. 15) = ee ‘ 


Compression in AF and ED (Fig. 13) or tension in AF or ED Gigs 15) s— = 


The stresses resulting from these formulas are all that need to be considered. 


17a. Details of Trussed Girders.—In the girders of Figs. 12 and 13, 
the vertical members only are of iron or steel, in the form of rods. Since such 
rods are short, plain rods—i.e., without upset ends—should be used. Attention 
must be given to the washers, to the end that sufficient area be provided to avoid 
crushing the fibers of the timber. As great a depth as possible should be given to 
these girders, not alone to reduce the stresses and the deflection but in order that 
the stresses of the end connections may be kept within limits. With a small 
depth of girder, the inclination of the members AD and DC of Fig. 12, and AF 
and ED of Fig. 13 will be so small that it may be found impossible to design 
connections at A and C of Fig. 12 and A and D of Fig. 13 that will hold. Asa 
matter of fact, trussed girders of these types are seldom used. 


eu OMT 


a TB 
a ae 
VLA y bis 


Detail Bottom Casting 
Fie. 16.—Detail of trussed girder. 


The horizontal timbers of the girders of Figs. 14 and 15 may be single sticks 
or double or triple sticks of timber, spaced with a distance between sufficient to 
allow the diagonal rods to pass. One or two rods may be employed. The ends_ 
of the timbers are usually beveled off at the upper corners to provide a seat for the 
washers of the rods. The vertical struts may be of timber or of cast iron, and 
must be sufficient in section to take their stress acting as columns. The unit 
bearing stress between the upper end of the strut and the chord timber must be 
within the allowed limit for cross bearing. To accomplish this, the strut may be 
given the area required for bearing, or a smaller strut sufficient for column action 
may be employed, and a steel plate washer used. The strut should be designed 
with as wide a base as possible, as there is a tendency to pull the struts out of line, 
_when the rods are tightened. Similarly, at the lower end of the struts, the bear- 
ing between rods and the strut must be examined. Cast-iron washers with 
grooves for the rods, are often used. To do away with the necessity for cast iron 
shoes, square bars are sometimes used instead of round rods, and a flat steel 

25 
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washer placed at the bottom of the strut, the bend in the bars being made just 
outside the strut. 


Illustrative Problem.—Required to design a trussed girder, as shown in Fig. 16, for a 
building to be used for light storage; span 22 ft., depth on center lines 3 ft. 4 in., icading 
uniform 2,000 lb. per lin. ft., material dense Souther yellow pine and steel. 

The mouulie of elasticity of the timber will be taken at 1,200,000,! the corresponding 
quantity for steel at 29,000,000. Assume dead weight of pieder at 50 lb. per lin. ft. Then 
total load per lin. ft. = 2, 050 lb. 

Total load = (22)(2,050) = 45,000 lb. 


22 
Direct stress in beam AB = BC = ES NOC 46,500 lb. 


(32) (3.33) 
Stress in strut BD = (94) (45,000) = 28,100 lb. 


; = _ (5)(45,000) (11.5) _ 48.600 Ib 
Stress in rod AD = DC = (16) (3.33) ¥ : 
Length a = /(11)? + (8.33)? = 11.5 ft. 


Size of rod: 
At 16,000 lb. per sq. in., the required area of rod is 
48,600 _ 5 : 
16,000 ~ 3.00 sq. in. 


A 134-in. square bar is required, upset at the ends to 244 in. 
Size of strut: 


For bearing between the strut and beam the area required at 300 lb. per sq. in. is 
é 28,100 


300. ~ 94 sq. in. 

For the column, the area required is 
28,100 ec98 ea tant 

1,000 — 


Size of beam: 
mu = 8) oo (11) _ 31,000 ft.-Ib. 
Assume an 8- X 16-in. timber, S48. The section modulus, from Table 6, p. 368, is 
(31,000) (12) é 
Pee ae = 1,240 lb. per sq. in. 
Since the area of section is 116.25, the direct stress is 


46,500 
116.25 > = 400 lb. per sq. in. 


300.31. The maximum unit fiber stress is 


The maximum unit stress on the extreme fibers is therefore 
1,240 + 400 = 1,640 lb. per sq. in. 
End washer: 
Angle between the plane of the washer and direction of the fibers of wood is 


cot-1 “ = 3.30 = 73 deg. 


Allowable unit pressure by Diagram 3, p. 416 = 1,200 lb. per sa. in. 
Area required is 


48,600 : 
1 “200 = 40 sq. in. 


Add area hole, or 40 + 5.4 = 45.4 sq. in. = total gross area required. 

Side of square washer = 45.4 = 6.75 in. 

The short diameter of a square nut for a 244-in. rod is 33k in. 

The maximum bending moment is along the edge of nut when sides of nut and washer 
are at 45 deg., and is in amount 9,100 in.-lb. 

The full width of plate along line of edge of nut is 5.67 in. and, with this width and 
a flexural stress of 24,000 lb. per sq. in., the required thickness of plate i is 0.64 in. 

Washer will be made 624 Xx 634 X 1}46 in. 


An 8- X 12-in. timber will be used for the strut, and top and bottom castings used as 
detailed in Fig. 16. 


1 This low value will be used in computing deflection, since its assumed load is largely 
constant or fixed. 
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17b. Deflection.—The exact method for finding the deflection of a 
trussed girder is a problem in least work. An approximate solution will be illus- 
trated below. In the example of Fig. 16, assume the average depth between 
center line of the 8- X 16-in. beam and the center line of rod as 5¢ total depth, 
or 25in. This dimension is the depth at the third point of the length of girder. 
Compute the equivalent moment of inertia of the girder at this point. 


Area 8- X 16-in. timber = (7}4)(1534) = 116 sq. in. 
ey < : 
29,000,000) ~ 4.81 sq. in. 
‘Area 134-in. square bar = 3.06 sq. in. 
These equivalent areas are 25 in. on centers. Then center of gravity of combined sec- 
tions is 


Equivalent area in steel = (116) ( 


(4.81) (25) 
797 = 9.7 in. 
below center line of the 8- X 16-in. beam. 
Moment of inertia of combined section: 
(4.81) (9.7)? = 452.5 
(3.06) (25 — 9.7)? = 716.0 
1,168.5 
5WIs (5) (45,000) (18,399,744) 


Deflection = = 6s 000,000) 
PCO. * 384 ET ~ (384) (29,000,000) (1,168.5) 


PAS 


= 0.318 in., say 5/¢ in. 


It must be realized that this method is approximate only, the principal inde- 
terminate factor being the assumed average depth. For the case of the 
reversed Queen Post type, the depth should be taken as the distance between the 
center line of beam and the center line of the horizontal rods. 


WOODEN COLUMNS 


Interior columns of buildings, supporting floors only, are normally square in 
cross-section, while columns supporting roof trusses are usually made rectangular 
in order to attain greater stiffness in the plane of the roof truss than in the plane 
of the building wall. Columns supporting roof trusses may take bending stresses, 
due to wind, far in excess of the unit stresses produced by the weight of the roof 
and wall constructions. 

Interior columns, when exposed, are usually surfaced four sides, and the 
corners chamfered. Sometimes the columns are bored from end to end with a 
114-in. hole, and with 34-in. holes at top and bottom extending from the face of 
column to the core hole. That is done in order to prevent dry rot, and to relieve 
the usual condition of rapid drying out of the exterior of the column, and slow 
seasoning of the interior timber. , 


Wooden columns with a ratio of Z greater than 20 will fail by lateral buckling. 


: : L ! 
No wooden column should be designed with a greater d than 60, and good practice 


will lower this limiting slenderness ratio to 40. 

A general treatment pertaining to columns and column loads is given in the 
chapter on “Columns” in Sec. 1. For splicing wooden columns and for column 
connections, see Arts. 14 and 16 Sec. 5. Bending and direct stress in columns 


is treated in Sec. 1. 3 
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18. Formulas for Wooden Columns.—All modern formulas for wooden col- 
umns assume the case of square-ended columns, and this condition of ends is the 
only condition recognized in practice. Practically all of the tests on wooden 
columns have been made with flat ends. 

A number of formulas have been proposed and are in use for determining the . 
safe working strength of wooden columns. 


ee With few exceptions these formulas are 
1400 of the experimental type—that is, they 
ke are based on the results of tests. The 
s One straight-line formula is the type most 
L favored by engineers. The two formulas 
eo of this type most generally used are: 
a 1000 (1) The formula of the American Railway 
BT. Engineering Association 
£ 800 
2 7-01 £8 
S 600 . 
8 and (2), the Winslow formula 
PD 
S 4 LG 
po CUED Th 1 1 
PEGRRRar ARS e second class of column formulas 


gives a curved graph. Of this type, the 
following formula of the U. 8. Department 
of Agriculture is extensively employed 


) ARE ESE 
10 20 30 40 50 60 
Values of & 

Fie. 17.—Curves of column formulas. ea c( 700 + 15c ) 

(C = 1600.) iy 700 + 15c + c? 


In the above formulas, p= average unit compression (pounds per square inch). 
C = compressive strength for short columns (pounds 
per square inch). 


c= 


al 


L = length of column in inches. 
d = least cross-sectional dimension of column in 
inches. 


L Sie : ie. 
For the range of values of q occurring in ordinary building construction, the three 


preceding formulas will give approximately the same results. Figure 17 shows 
the graphs of these formulas for working conditions, with C = 1,600. For 


: . (L 
columns with a slenderness ratio le less than 15, the unit stress to be used is 


that for . == ltys 


Table 10, p. 389, gives the unit stress for timber columns for various ratios of 


L 
7 and values of C from 1,000 to 1,600 inclusive, corresponding to the formula of 


the U. S. Department of Agriculture. Table 11 gives similar quantities using 
the American Railway Engineering Association formula. Table 12 gives the 
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TasLe 10.—Worxina Unit Stresses in Pounps PER SQUARE INcH FoR TIMBER 


Cotumns wita Square Enps, SymMerricatty LoapEp 
(Formula of U. S. Department of Agriculture) 


Working unit stresses in pounds per square inch for values of “C” as indicated 


1,000 1,100 1,200 1,300 1,400 1,500 1,600 


1,046 1,127 1,206 1,284 
1,022 1,100 1,179 1,255 
998 1,075 1,150 1,226 
974 1,050 1,124 1,199 
950 1,025 1,097 1,170 


928 1,000 1,071 1,143 
905 975 1,046 Ts la Fe 
883 951 1,020 1,090 
861 929 996 1,063 
841 906 971 1,039 


821 884 949 1,013 
802 864 927 989 
784 844 905 965 
766 824 883 942 
748 805 862 920 


730 787 841 899 
713 768 821 878 
696 750 : 801 856 


TasLe 11.—Workine Unit Stresses In Pounps per Square [Ncw ror TIMBER 


CoLUMNS WITH SquARE ENpDs, SYMMETRICALLY LOADED 
(Formula of American Railway Engineering Association) 


Working unit stresses in pounds per square inch for values of ‘“‘C’” as indicated 


L/d : 
1,000 1,100 1,200 1,300 1,406 1,500 1,600 


1,049 1,125 1,200 


16 732 806 879 952 1,025 1,100 1,182 
17 716 787 860 930 1,002 1,075 1,145 
18 700 769 840 909 979 1,050 1,119 
19 683 750 819 887 955 1,025 1,092 


932 1,000 1,065 


21 649 714 779 843 909 975 1,039 
22 632 696 760 822 885 950 1,012 
23 616 677 739 801 862 925 985 


839 900 959 


815 875 932 
26 566 622 680 735 792 850 906 
27 549 604 659 714 769 825 879 
28 533 585 639 692 746 800 852 


722 775 825 


30 500 548 599 649 699 750 799 


31 483 530 580 627 675 725 772 
651 700 745 
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safe loads in thousands of pounds for surfaced square timber columns, by the 
American Railway Engineering Association formula. 

19. Ultimate Loads for Columns.—It is sometimes necessary to investigate 
the ultimate strength of wooden columns. Unfortunately, the ultimate strength 


: L 
of a timber column, especially of a long column, or a column with an Ai of from 


40 to 60, is indeterminate. The tests which have been made on long columns of 
sections commensurate with those used in building construction are not sufficient 
in number to justify confidence in the values given by formulas. 

From the results of tests made by the Watertown Arsenal, J. B. Johnson pro- 
posed for timber columns the following formulas: 

Ultimate strength for partially seasoned yellow pine columns 


p = 4,500 — 1.0 Cy 
Ultimate strength for partially seasoned white pine column 
p = 2,500 — 0.5 (2) 
Ultimate strength for dry long-leaf pine column 
p = 6,000 — 1.5 ay 
Ultimate strength for dry white pine column 
p = 3,600 — 0.72 ee 


W. H. Burr, from a study of the same tests, recommends the formulas: 
For yellow pine 


p = 5,800 — 702 
For white pine 
p = 3,800 — a7 


One other column formula needs to be mentioned, since it has been used quite 
extensively in the past. This is the formula of C. Shaler Smith who made some 
1,200 tests on full-sized specimens of square and rectangular yellow pine columns 
for the Ordnance Department of the Confederate Government. For green, 
half-seasoned sticks of good merchantable lumber the formula of Smith is 

5,400 
Le 
1+ 950 @ 
This formula gives much lower strength values for wooden columns than any of 
the preceding formulas. 

All of the above formulas for ultimate strengths are based on short-time load- 
ings. J. B. Johnson, in some 75 tests made to investigate the effect of time on 
continued uniform loading of timber in end compression, found that. but little 
more than one-half the short-time ultimate load will cause a column to fail, if 
left on permanently. In other words, the ultimate strength of a timber column 
under permanent loads is approximately one-half the ultimate strength of the 
same column, as determined from the results of an actual test in a testing machine. 
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20. Built-up Columns.—The preceding discussion applies only to columns 
consisting of single sticks of timber. Built-up columns may be divided into two 
types: (1) Those of solid section made up of thin planking and nailed, or nailed 
and bolted; and (2) columns of solid section bolted and keyed ioecthen also 
- latticed or trussed columns. 

Type (1).—Columns of the first class are often used in cheap construction and, 
unfortunately, i in situations where there is no excuse for not using a solid section 
Carpenters, in order to make use of material available or handy, will often build 
up posts spiked together instead of using a solid section, in the belief that they 
are furnishing a stronger column than the larger timber of one piece. Tests 
have conclusively shown that a column of two or three pieces of timber blocked 
apart and bolted together at the ends and middle has no greater strength than 
the sum of the strengths of the component sticks, each acting as a single column, 
entirely independent of the other sticks. 

The strength of a built-up column of this class depends wholly upon the 
ability of the fastenings to resist initial deflection under loading. Such columns 
are usually designed with one of two typical sections: A column composed of a 
number of planks laid face to face and bolted or spiked together, as shown in 
Fig. 18a; or a column composed of planks face to face with their edges tied 
together by cover-plates, as in Fig. 18b. Of the two details, that of Fig. 180 
is far superior to Fig. 18a. When a column of the type shown in Fig. 18) is 
thoroughly spiked, in addition to being bolted, the strength of column is undoubt- 
edly greater than the sum of the strengths of the component planks acting as 
individual sticks. From tests made by the writer, it is reeommended that the 
strength of a built-up column of the type of Fig. 18a be taken at 80 per cent of 
the mean of the strength computed, (1) as 
a solid stick, and (2) as asummation of the 
strength of the individual sticks con- 
sidered as individual.columns. For col- 
umns of the type of Fig. 180, it is 
recommended that the strength be taken 
as 80 per cent of that of a solid stick of 
equal cross-section and length. 

The preceding recommendations are 
for built-up columns taking no appreci- 


@) & 
- Fig. 18.—Sections of built-up columns. Fre. 19.—Heavy built-up columns. 


able bending stresses; in other words, for columns whose loads are balanced about 
the gravity center of the column section. Obviously, the resistance to bending of 
a built-up column of this class is low, as has been pointed out in the case of built- 
up girders (see Art. 14). 

Type (2).—In framing for large timber buildings, as for expositions, wooden 
columns are sometimes constructed of two posts bolted and keyed together 
(Fig. 19a), two posts laced with diagonal sheathing (Fig. 196), or four posts 
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laced together (Fig. 19c). Such a construction may be necessary for the long 
story heights encountered in such buildings. The lacing shown in the detail of 
Fig. 19c may be spiked, bolted, or attached by means of lag screws, as deter- 
mined usually by consideration of the stresses in the lacing due to wind shear. 
For dead loads, it is well to assume that the individual timbers act as separate . 
columns, not held together by the fastenings. The lacing may be at 60 or at 45 
deg. with the axis of the column, depending on the judgment of the designer. 
In general, the writer prefers the 60-deg. lacing. 

21. Column Bases.—Except for temporary construction, building footings at 
the present time are constructed of concrete, reinforced concrete, or steel grillages 
incased in concrete. The statement may be made, therefore, thatthe first-story 
column of any building will rest on a concrete footing. A-base plate between 
the bottom of post and top of footing is a necessity for tworeasons: (1) To distrib- 
ute the column pressure over the footing without exceeding the safe unit bearing 
pressure for concrete; and (2) to prevent moisture from entering the bottom of the 
column and causing rot. For this purpose a wooden plate, preferably of red- 
wood or cedar, a standard metal column base, a cast-iron base, or a plain steel 
plate may be used. The latter is often found as satisfactory and more economical 
than the standard metal post base.. If a single plate is used, the thickness must 
be sufficient to give strength to the plate, in flexure, to distribute the load uni- 
formly over the footing, with a uniform distribution of pressure on the footing. 


Fia. 21.—Duplex steel post base. 


Fia. 22.—Typical details of construction with “Falls” post eapa and bases. 


Illustrative Problem.—Given a 12- X 12-in. column carrying a load of 130,000 Ib. 
Using a working value of 400 lb. per sq. in. for bearing on the concrete, a base of 130,000/400 
= 326 sq. in. is required, or 18-in. square. The plate will then project 314 in. from each 


face of column. The bending moment on the plate may be taken as (270,00°) (4%) (9) — 
130,000 : 
) (4) (694) = (82,500)(2.17) = 70,500 in-lb. This momént is resisted by the 
full width of base. As the plate is in effect a short, thick beam, a maximum flexural fiber 
stress of 20,000 lb. per sq. in. for structural steel may be used, giving a required section 


modulus of 3.53. Therefore S = (%)(18) (d?) = 3.53, or d = V/ 1.18 = 1.08, or al)46-iv 
plate. i 
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In detailing the base of column, it is well to set a dowel into the concrete and let 
the same project into the bottom of post. The size of dowel is a matter of judg- 
ment. For a 12-X 12-in. post, the dowel should be not less than 114 X 6 in. 

If the use of astandard column base is contemplated, the particular base should 
be examined to make sure its composition is sufficiently strong to distribute its 
load equally over the foundation. 

It remains to be stated that all metal bases should be well painted. The 
bottoms of columns should be given two coats of a good wood preservative. The 
top of the concrete footing should be set a few inches above the floor to prevent 
moisture standing around the bottom of the column. 

Figures 20, 21 and 22 show standard post bases, taken from manufacturers’ 
ratalogs. 


SECTION 5 
SPLICES AND CONNECTIONS FOR WOODEN MEMBERS 


By Henry D. DEWELL 


1. Nails—Wire nails are usually of steel, of circular cross-section without 
iaper, and with a head and point. In size they are designated as 8-D (8 penny), 
10-D (10 penny), etc., and, in class, as common, finishing, casing, barbed roofing, 
shingle, fine, cement coated, etc. 

Cut nails are of steel or iron, with a rectangular cross-section, and taper from 
head to point, the latter being cut square, ie., not pointed. “The sizes are 
designated as for wire nails. 

Spikes designate the large sizes of nails. 

The sizes of nails and spikes are given in Tables 1 to9 inclusive. For quantity 
of nails required in timber construction, see Table 10. 

Boat spikes are employed in heavy timber construction. They are made from 
square bars of steel or wrought iron, have a forged head and a wedge-shaped point. 
The common sizes and weights are given in Table 11. 

2. Screws.—Screws may be classified as (1) common wood screws, and (2) 
lag, or coach screws. 

Wood screws have slotted heads; the shank is smooth for a portion of its length 
adjacent to the head, the remainder of the length being threaded, and tapering to a 
point. Wood screws are usually of steel, but are made also of bronze and brass 
The ordinary wood screw has a flat head, but screws are also made with round 
heads. Wood screws are designated by gage and length. Given the gage 
number, the diameter of the smooth shank may be found from the formula 


d = 0.0578 + 0.013164 ° 


where d = diameter in inches, and G = gage number of screw. Table 12 gives 
the length and gage numbers of wood screws, flat head, bright steel. 

Lag screws are of heavier stock than the common wood screws and have a 
square head without slot. Table 13 gives the sizes, lengths, and weights of lag 
screws. 

3. Bolts.—Bolts, in timber construction, may be divided into two classes, (1) 
common, ordinary, or machine bolts, and (2) drift bolts. 

Machine bolts are of steel or wrought iron, of circular cross-section without 
taper, having a square head upset on one end, and the other end threaded to 
receive a nut. The length of a bolt is the length from underside or inside of 
head to end of thread. Nuts are usually square unless otherwise ordered, but 
hexagonal nuts may be obtained where desired. Table 14 gives the weights of 
100 machine bolts with square heads and nuts. Table 15a gives the values in 
tension of bolts at various stresses, based on the areas of the bolts at the root of 
‘bread. Table 15d gives the strength of round rods with upset ends. 
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TasLe 1.—Wirze Naits—Common 


Length, Diameter, Approximate 
inches inches number to pound 


072 876 
083 568 
102 316 
102 
115 
115 
124 
148 
148 
- 165 
. 203 
220 
238 
. 259 
284 


ooossessesseseso9 


Gage, Approximate 
number number to pound 


1,351 
807 
584 
500 
309 
238 
189 
121 
113 

90 
62 


TaBLE 3.—WirE Nat~s—Casina 


Length, Gage, Approximate 
inches number number to pound 


15% 1,010 
14% 635 
14 473 
14 407 
12% 236 


124 210 
11% 145 
104% 94 
104% 87 
10 71 

52 


46 
35 
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TasLe 4.—WIRE Naits—Fine 


Length, Approximate 
inches number to pound 


Taste 5.—WiRE NAILS—SHINGLE 


Length, Gage, Approximate 
inches number — number to pound 


14 
144 


TaBLE 6.—WIRE Natts—BARBED ROOFING 


Length, ai Gage, Approximate 
inches number number to pound 


TasLe 7.—Wirt Naits—Fritt Roorina (GALVANIZED) 


Length, Gage, Diameter of Approximate 
inches number head, inches number to pound 


4K 5 
1 % 


TasLE 8.—WIRE SPIKES 


Length, 5 Approximate 
inches Eparaoter number to pound 


tA 
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TasLe 9.—Cour Naits 


Length, inches 


Length, inches 


134 
1} 
134 
2 

234 
234 
3 


34 


Nails in pounds for various 
spacing of joists and 
studding 


Flooring, 1 X 4 

Flooring, 1 X 6 

Flooring, 1-X 6 

Planking, 3 X 6, 2 nailings 

Planking, 3 X 8, 2 nailings 

Planking, 3 X 10, 2 nailings 

Planking, 3 X 12, 3 nailings............ 
Planking, 2 X 6, 2 nailings 

Planking, 2 X 10, 2 nailings 
Finishing... 
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Tapie 11.—Boat Spixes—(Wrovucut Iron) 


Average number Average number 
100 lb. in 100 lb. 


1,500 
1,350 
PAse 
1,110 
1,025 
975 
913 
680 
650 
‘615 
605 
588 
470 
400 


aN 
x 


AN 

a 

x 
m 


X 
x 


—_ f 
NODWANMDMOCHOANDOCAN 


TasLE 12.—Woop Screws 
(Flat Head. Bright Steel) 


Length, 


G n 
anos age numbers 


ONBRMRAoOPA 


OHONAMERA WWD WD 
ODOWNIA AANA Aww 


© 


ONNINAOhwWwWNH Nee 


a 
rare 


* 


* 
ee 
co 1» 


to 
i=) 


* Sizes not usually carried in stock. 
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TaBiLE 13.—Lac Screws 
(Gimlet Point. Square Head) 


Diameter, inches 


Length, 5 
inches 78 78 *8 


Weight in pounds of 100 screws 


10. 
i 
ail 
13. 
15. 
18, 
20. 
22. 
25. 
2. 
30, 
32. 
36. 
41, 
45. 
50. 
54. 
59. 


OOoRONNHWONDA 
BSS MND AR A Ow 
NOOONWaARAWMRO SD 
coooocooorrRN WOOF 


et 


SCOmMOMOMNOWUNWADOANBDONOK 
CANONMAOCUANONANOSO 


67970 (9 1O) OO) O10 O'S 


26 
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Taste 14.—Macuine Bouts? 


Diameter, inches 


48 


Length, 


: Threads per i 
inches 


18 14 | 13 11 


Weight in pounds of 100 bolts with square heads and nuts 


10. 
iil 
12. 
13. 
15. 
ie 
19. 
21. 
24, 
26. 
28. 
30. 
32. 
34. 
36. 
38. 
40. 
44, 
49. 


16. 
lef 
19° 
21. 
24, 
27. 
29. 
32. 
35. 
38. 
40. 
43. 
46. 
49. 
51. 
54, 
60. 
65. 
ws 
76. 
82. 
87. 
93. 
98. 
104. 
109. 
115. 
120. 
126. 
131. 
137, 
142. 
148. 
153. 
159. 
164. 
170. 
175. 


me OD Or N & 


OH HANG AMAR OWN 


NUWOAMANWRHETWOMNAROMDRWOMHPNENOWRONMNONAAH RHODE 


4 
9 
5 
0 
1 
2 
2 
3 
4 
4 
5 
6 
6 
cai 
8 
9 
0 
1 
3 
4 
6 
7 
9 
1 
2 
4 
5 
7 
8 
0 
2 
3 
5 
6 
8 
9 
1 
3 
4 


ON WNHFOMNAATRPWNHHCHOWMNAMANNMNHROMAOKRDWAWHDNH DRO 
UMN OCHWOUNWHORDARNONMWOWREHOODODMDAMUPWNHOWHDWDNAAAK 


MTOR DOH MNOWRORNHMNONRAONHARDAMNOBAWORDWHRONPH ON 
ROBDNWMWOMNHANWAROTMHNINDAROUARHFONMAWHWHONTAWYH 


NOAUNIDWDDOOHNWHEATANWOOHNNWOAHRNNWWNHOORBHNAH 
DEKH OCOMDNAMTMPRRWNHPODOWDNAANWWOKDKDOMNWNNNNHEEO 


OR OR WOWOWNINNNNTHRMAHRAONOMTONONHKNORMR OD © 


1 See also table in Carnegie Pocket Companion. 
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Tas_e 15a.—Ternsite Streneru or Bouts anp Rounp Rops witHout Upset Enps 


: Strength of rod 
Diameter een of Weight per |———— —— - = = 
of rod theead lin. ft. | ¢12,5001b. |At 15,000 Ib. | At 16,000 Ib. | At 20,000 Ib. 
e per sq. in. per sq. in. per sq. in. per sq. in 
3 0. 294 0.376 848 1,018 1,088 1,360 
Ke 0. 344 0.511 1,160 1,393 1,489 1,860 
4 0. 400 0. 668 1,570 1,884 2,018 2,520 
Ne 0. 454 0. 845 2,022 2,427 2,590 3,240 
5g 0. 507 1.043 2,524 3,030 3,230 4,040 
4% 0. 620 1. 502 3,780 4,530 4,830 6,040 
: K% 0.731 2.044 5,250 6,300 6,720 8,400 
1 0. 837 2.670 6,880 8,240 8, 800 11,000 
144g 0.940 3. 380 8,670 10,420 11,100 13,880 
1% 1.065 4.170 Lt, 170 13,420 14,280 17,860 
134 1.160 5.050 13, 220 15,860 16,900 21,140 
1% 1.284 6.910 16,190 19,420 20,700 25,900 
15g 1.389 7.050 18,930 | 22,720 24,200 30,300 
1% 1.490 8.180 21,880 26,170 27,900 34,880 
1% 1.615 9.390 25,600 30,720 32,800 40,960 
2 1.712 10. 680 28,800 34,550 36,800 46,040 
244 1.962 13. 520 37,800 45,350 48,400 60,460 
24 Zelts: 16. 690 46,450 55,700 59, 400 74,300 
234 “ 2.425 20. 200 ‘ 57,750 69 , 200 73,800 92,380 
3 2.629 24.030 67,800 81 ,400 86,900 108 , 560 


Taste 15b.—StrencTH oF RounpD Rops wits Upset ENnps 


Strength of rod 


Diameter Diameter of | Weight per 


of rod upset lin. ft. | at 12,500 lb.| At 15,000 Ib. | At 16,000 Ib. |At 20,000 Ib. 
aay per sq. in. per sq. in. per sq. in. per sq. in. 


2,453 2,944 3,135 3,920 
3,106 3,727 3,980 4,980 
3,835 4,600 4,910 6,140 
4,640 5,560 6,940 7,420 
5,520 6,627 7,080 8,840 
6,490 7.790 8,310 10,380 
7,516 9,020 9,630 12,020 
8,630 10,340 11,040 13,800 
9,815 11,780 12,560 15,700 
12,425 14,900 15,910 19,880 
15,330 18,400 19, 650 24,540 
18,550 22,260 23,750 29,700 
22,080 26, 500 28,300 35,340 
25,910 31,090 33,200 41,480 
30,060 36,070 38, 500 48,100 
34,600 41,400 44,200 55, 220 
39,270 47,130 50, 300 62,840 
44,320 53,190 56,700 70,940 
49,700 59, 680 63, 600 79,520 
55,370 66, 450 70,900 88, 600 
61,350 73,620 78 , 500 98,180 
67, 600 81,200 86, 600 108, 240 
74,230 89, 080 95,100 118,800 


Sy 


a 


eT SO ae ed SS RTS TS I ae 


AKKKARAK 


1 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
2 
2 


KAKRAH 


* 
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4, Lateral Resistance of Nails, Screws and Bolts.—When spikes, screws and 
bolts are subjected to lateral forces in a timber joint, shearing and bending 
stresses are produced in the spikes, screws, or bolts, and the timber in contact with 
the metal is subjected to pressure. In timber construction, joints of this nature 
are of common occurrence, and it is necessary to have safe working values for 
such details. The factors entering into a theoretical consideration of the stresses 
produced in such a joint are many and complex, and in the determination of safe 
working values, recourse must be had to the results of tests. 

In the case of nails and screws a theoretical analysis of the stresses is not 
practical. Tests! have established fairly definitely the ultimate strength and 
elastic limits of such joints. 

The safe working value for common wire nails or spikes for resistance to 
lateral forces in timber joints of yellow pine or Douglas fir may be taken at 

p = 4,000d? 
where p = safe lateral resistance of one nail, and d = diameter of nail in inches. 

The working values for the common sizes of nails in accordance with this 

formula are given in Table 16. 


TaBLeE 16.—Sare WorkING VALUE FOR LATERAL RESISTANCE OF ONE NAIL IN 
YELLOW PINE or Dovetas FIR 


Binerot gall tue wc deena Ss See 6d 8d 10d 12d 16d 20d 30d 40d 50d 60d 80d 
Strength in pounds...............005 53 62 88 88 110 165 194 226 268 322 364 

All tests made on nailed joints indicate that the strength of the joint is 
approximately the same whether the nail be driven so that the compression on 
the timber is against or across the grain. The resistance of the joint is, however, 
decreased from 25 to 331% per cent if the nails are driven parallel to the fibers of 
the timber—for example, driving the 
nails into the ends of a stick of timber. 
A joint in which this condition exists 
is a header joint, frequently used in 
light joist construction. 

When one piece of timber is spiked 
to another, the penetration of the nail 
into the second timber should not be 
aio 0 is 030,040 O50 a — Nr the length of the 
Fia. 1.—Typical load-slip curve of nailed joint, pape een eng tLe EE 

Bureau of Buildings, City of Portland. of this. 

The slip of a nailed joint occurs at 
a comparatively small load, as may be seen from an inspection of the curve of 
Fig. 1, which is plotted from the published results of tests made by the Portland 
Bureau of Buildings. 

The elastic limit of a nail in lateral resistance in air-dry long-leaf yellow pine 
occurs at a value of approximately C = 7,000 in the formula, p = Cd?, and at an 


1009) reper carne [oa Ta cs a | 


g 
NU 


o88 88 


1 Tests for nails: Walker and Cross, Jour. Assn. Eng. Soce., vol. 19, Dec., 1897; Darrow aad Buch- 
anan, Proc. Ind. Eng. Soc., 1900; Morgan and Marish, Eng. Exp. Sta., Iowa State Coilege, Bul. No. 2; 
Tests made for Bureau of Buildings, Portland, Ore., Eng. News-Rec., vol. 79, No. 19, Nov. 8, 1917 nics 
vol. 79, No. 26, Dec. 27, 1917; also “The Timberman,” Portland, Ore., vol. 18, No. 12, Oct. 1917; 
“Tests Made to Determine Lateral Resistance of Wire Nails,”” Thomas R. C. Wilson, Eng. N. ebb Ree i 
vol. 75, No. 8, Feb. 14, 1917; Jacoby’s “Structural Details, ’ Dewell’s ‘‘Timber Framing.” “ 
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average slip of 0.028 in., as found by Wilson in the tests of the Forest. Service 
(see reference in footnote, p. 404). The Portland tests show higher values for 
both elastic limit and slip at elastic limit. 

5. Lateral Resistance of Wood Screws.—The lateralresistance of common 
wood Screws was investigated as thesis work by Kolbirk and Birnbaum at Cornell 
University,! using timbers of cypress, yellow pine and red oak. From the results 
of these tests, the following formula for the safe lateral resistance may be used for 
yellow pine and Douglas fir: 

p = 4,375d? 


Table 17 gives the safe working values in terms of gage numbers. In giving 
these values the assumption is made that the screw is imbedded in the second or 
main piece of timber approximately 6/9 the length of the screw. 


TasLE 17.—Sare LATERAL RESISTANCE OF Common Woop Screws with YELLOW 
PInE AND Dovugtas Fir 


Diameter, Safe lateral resistance, 


Gage of screw A 
inches pounds 


137 82 
163 116 
189 156 
216 204 
256 
314 
381 
451 
527 
512 
700 


0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0.8 


oO 
be 
So 
f=) 


6. Lateral Resistance of Lag Screws.—Two typical cases of joints may be 
made: (1) Boards or planks screwed to a timber block, and (2) a metal plate 
screwed to a block of timber. The writer made a series of tests on both types 
of joint.2_ From the results of these tests, and also from a theoretical considera- 
tion of the probable distribution of pressures of lag screw against timber and 
resultant bending moments in the lag screw, the following values for lag screws in 
lateral shear and bending are recommended: 


Sarg Lateran RuesisTANCcE oF ONE Lac ScrEW 


Metal plate lagged to timber ............-- $4- X 436-in. lag screw......... serve oreceess 1,030 lb, 
W- X Sin. lag screw.......ceccssecescessces 1,200 lb. 
Timber planking lagged to timber.......... H%- KX 4346-in, lag screw......... se cceccersens 900 Ib. 
16- X S-im, lag screw.......2-.eecceseerserns 1,050 Ib. 


7, Lateral Resistance of Bolts.—In a typical detail of wooden joint, such 
as is illustrated in Fig. 2, a number of assumptions may be made as to the dis- 
tribution of the bearing pressure of the bolt against the timber. Since as many 
different bending moments will obtain as assumptions of distribution of pressure 
are made, the resultant computed resistance of bolt to resist relative moment 


i Abstract of results published in Cornell Civil Engineer, vol. 22, No. 2, Nov., 1913. 
2 Eng. News, vol. 76, No. 3, July 20; No. 4, July 27, and No. 17, Oct. 26, 1916. 
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of the timbers will vary accordingly. Two assumptions will be considered here: 
(1) a uniform distribution of bearing pressures, and (2) triangular distribution of 
bearing pressures. . 

1. Uniform Distribution of Bearing Pressures—With this assumption, the 

bending moment in the bolt will be 

M = 36P(t'/2 4+ t”/4) 
where t’ = thickness of splice pad, and ¢’” = thickness of main timber. Under 
this assumption, the greater the thickness of side pieces ¢’ (see Fig. 2), the larger 

diameter of bolt required. Table 18 

gives the resisting moments of one bolt 

in flexure at various fiber stresses, 
P varying from 12,000 to 24,000 lb. per 
sq. in. 
; The working values of bolts for 
t—bolts in “double +p ical timber joints, as found by this 
method are very low, especially for 
joints with thick splice pads. Hundreds of such joints are giving service in 
which the bolts are working at more than the ultimate stresses as computed 
by this method. 

Bolts are usually driven with a tight fit in the holes and when such a condition 
exists, the pressure of the bolt on the timber is not uniform along the length of 
bolt, as has been determined by tests, and therefore the preceding value of 
bending moment on the bolt is incorrect. 


Fig. 2.—Typical bolted join 
shear.” 


TasLE 18.—ReEsistiInc Moments or Bouts 


‘Fiber stresses, pounds per square inch 
Section 


modulus 


12,000 16,000 20,000 22,500 24,000 


380 480 540 575 
669 830 930 995 
1,050 1,310 1,475 1,575 
1,570 1,960 2,205 2,360 
2,240 2,800 3,150 3,360 
3,055 3,820 4,300 4,585 
4,080 5,100 5,735 6,120 
5,295 6, 620 7,445 7,945 
6,735 8,420 9,470 10,105 
8,400 10,500 11,810 12,600 
10,335 12,920 14,535 15,505 
12,560 15,700 17,660 18,840 


‘The following method is proposed as offering a satisfactory method of com- 
puting the strength of such bolt joints: 

2. Triangular Distribution of Bearing Pressure on Bolts—The assumptions 
of this article are illustrated in Fig. 3 and are the result of a study of a series of 
tests of bolted joints made by the writer! The theory of bearing pressures 
may be stated thus: It is assumed that the distribution of load on the bolt is 


triangular in shape; that the unit pressure (pounds per linear inch of bolt) is a 
*See second footnote, p. 405. 
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maximum at the contact faces of the timbers, in amount equal to the strength 
of the timber in bearing,! and of approximately the distribution for the typical 
case, as shown in Fig. 3. It is also assumed that in the joint of Fig. 3, there is a 
definite minimum length ‘“‘m,”’ such that the moment resulting from the load on 

this length of bolt will just equal the flexural strength of the bolt. Further, it is 
assumed that in joints where the thickness of side timber is less than the limiting 
value ‘“‘m”’ the pressure distribution diagram, while maintaining the general 
triangular shape, is modified in respect to the relative dimensions “a” and “b” 
(Fig. 3) within the limits a = 0 and a = t’/3, and that the ratio a/t’ remains 
such that the resulting bending moment in the bolt bears the same relation to 
the flexural strength of the bolt as the maximum intensity of pressure on the 


Fiaq@. 4. 


timber bears to the unit strength of the timber in compression. The above 
theory assumes that the ratio of thickness of timber to diameter of bolts is 
comparatively large. As the ratio of diameter of bolt to thickness of splice pad 
‘increases, the pressure -distribution diagram on the length of bolt within the 
splice pad is assumed to change from a triangular shape (Fig. 3) through a trape- 
zoidal shape (Fig. 4) until the limiting case is reached, with a short thick bolt of 
uniform distribution of pressure along the length of bolt (Fig. 5). 

For the case illustrated in Fig. 3 there are two equal maximum bending 
moments in the bolt, occurring at points of zero shear. With the assumption 
that beyond a minimum value of ¢’ or width of splice pad, the strength of joint 
is independent of the length of bolt, the length, for which the strength of the _ 
bolt in flexure is equal to the safe load on the bolt as determined from the com- 
pression on the timber, may be determined by equating the bending moment 
resulting from such load to the resisting moment of the bolt. 


fy ES _ pmd 
M = oPim a eS 12 
whence if 
_ 4 (pmd 5 a) — 2Gs 
M = 5 (7p) (om) = 97 (dpm?) = 32 
and ae 
127 \ 44 


1 By strength is meant working strength. 
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where M = bending moment on bolt in inch pounds. 
p = maximum allowable unit bearing stress of bolt against timber. 
f = maximum allowable flexural unit stress in bolt. 
t’ = thickness of splice pad. 
d = diameter of bolt in inches. 
m = length of portion of bolt on which pressure exists. 

Using the same notation, when m is less than ¢’, the theory assumes that the 
ratio of the dimensions a and b changes, within the limits a = o anda = t’/3, to 
the end that the greatest strength of joint is obtained with the provision that 
the capacity of the bolt in bending and the timber in compression is maintained 
simultaneously. For these cases the bending moment may be expressed by the 
general formula M = Ct’2, and the total load on the joint by the general formula 
P = Kt’. In these formulas, M = moment on bolt in inch pounds, t’ = width 
of splice pad in inches, and C and K are factors to be obtained from Diagram 1. 

Table 19 shows the relation of C and K to varying ratios of a/t; for a bolt of 
]-in. diameter, for the case of a triangular pressure diagram. 


Il 


TABLE 19 
Ratio 
a/t’ C K 
0 433 1,300 
% 266 1.040 
Y% 163 866 
¥ 48 650 


DiacRam 1. - 
Slip in inches 


Se 
400 [ESN 
9 
: 2 
QO =) 
a c 
ie = 
5 x 
9 200 28 
2 D 
: : 
100 = 
0 


0 0.10 0.20 0.30 040 0.50 
Values of fi 


Diagram 1 shows the above variation of C and K with the ratios a/t’, for a 
1-in. bolt. By means of this diagram, the safe strength of a bolt in double shear 
for any thickness of splice pad may be found. The diagram is based on the 
values, p = 1,300 Ib. per sq. in. for the safe pressure in end bearing of the 
diametral section of the bolt in timber, and f = 16,000 lb. per sq. in. for bolts. 
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Illustrative Problem.—Given a joint with 6-in. center timber, and two 3-in. splice pads, 
bolted with 7-in. bolts. What is the safe strength of one bolt, allowing a maximum unit 
compression against ends of fibers of timber and a maximum flexural stress of 16,000 lb. 
per sq. in. in the bolt. 

From Table 18 the safe resisting moment of a 7-in. bolt at 16,000 lb. per sq. in. is 


1,050 in.-lb. Since Diagram 1 is for a bolt of 1-in. diameter, the equivalent moment for 


’ entering the diagram is fed = 1,200 in.-lb. 


0.875 
1,200 
9 


From the equation M = Cit’?, C = = 133.3. 


Entering the diagram, a vertical line through thc point on the dash and dot “‘C”’ 
curve for the value C = 133.3, intersects the full line ‘““K’” curve at a point giving 
K = 810 lb. Remembering that this value is for the case of a 1-in. bolt, the safe load 
for a %-in. bolt is 

P = Kt’ = (3%)(810)(3) = 2,130 lb. 

For the cases in which the pressure distribution on the bolt is trapezoidal, as 
in Fig. 4, Table 20 gives the values of C and K, in the formulas M = C(t’)? and 
P = Kt’, respectively, for various ratios of the minimum unit pressure to the 
maximum unit pressures, all for a bolt of 1-in. diameter. 


TABLE 20 
RatTIo ; 
p/p @ K 

0 433 650 
y¥ 650 812 
4 , 867 975 
34 1,084 1,138 
1 1,300 1,300 

DIAGRAM 2. 


DiacRamM FoR Finpina Sars Loaps on A Boutep Joint—Bout in ““Dousie SHEaAR.’’ DiaGRam 
y Drawn For 1-1n. Bout. 
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Diagram 2 gives the curves of these formulas for the trapezoidal distribution 
of pressure for a bolt 1 in. in diameter. These curves are to be used exactly as 
those of Diagram 1. 


Illustrative Problem.—Given a joint of yellow pine timber with 514-in. center, and two 
214-in. spliced pads, bolted with 1}4-in. bolts. What is the safe strength of one bolt in 
lateral resistance? 

From Table 18, the safe resisting moment of a 1}4-in. bolt at 16,000 lb. per sq. in. is 
5,295 in.-lb. To enter Diagram 2, which is drawn for a sep bolt, the value of 5,295 must 


ie divided by 14. The Saaivncnt moment is 5,295 X 3 = 3,530. From the equation 


3,530 
=C(’)3, C= 6.25 = 565. From Diagram 2 the value of K in the curve P = Kt’, 


eae to C = 565, is 1,500 lb. This value is for a 1-in. bolt. Therefore, the safe 
load for a 1}4-in. bolt is 


P = (1,500) (214) (14) = 5,625 lb. - 


The values of Table 21 have been worked from the preceding theory by 
means of Diagrams 1 and 2. 


TaBLE 21.—VALUE OF OnE Bott IN DovuBLE SHEAR 


Thickness side timbers, inches 


2 3 4 5 6 
Bolt 
Thickness center timbers, inches 
4 6 8 10 12 
5 1.060 1,295 1,465 1,465 1,465 
34 1,440 1,685 1,990 2,100 2,100 
% 1,925 2,135 2,475 2,845 2,850 
1 2,480 2,655 3,000 3,380 3,700 
11 | 3,120 | 3,235 3,580 4,025 4,520 
1% | 3,915 | 3,940 4,240 4,680 5,170 
13% | 4,840 | 4,690 4,955 5,415 5,970 
1% | 5,890 5,570 5,790 6,245 6,700 


Maximum fiber stress in bolt in bending, 16,000 lb. per sq. in. 

Maximum intensity of bearing pressure on wood, 1,950 lb. per sq. in. 

Bearing on wood, average on diametral section of bolt, 1,300 lb. per sq. in. 

Bolts in Single Shear —The safe values of bolts acting in ‘‘single shear” may be taken at one-half 
the values of Table 21. 

Bolts Bearing Across the Grain of Timber.—For ‘‘double-shear” joints in which the bolts bear across 
the grain of the timber, the safe values may be taken at five-eighths the values of Table 21. 

Metal Plates Bolted to Timber —The values of Table 21 may be used for joints in which steel plates 
are bolted to timber; in other words, a steel fish plate joint, provided that the values of this table do 
not exceed the safe loads as determined by bearing of the plate on the bolt, or shear in the bolts. 


8. Resistance to Withdrawal of Nails, Spikes, Screws, and Drift Bolts.— 
The resistance of nails, spikes, screws and drift bolts to withdrawal from timber 
is a function of the surface area of contact between metal and timber, and the unit 
resistance to withdrawal. Expressed algebraically, 

Pa vA 
in which ‘ 
P = total pounds required to move the spike, screw, or drift bolt. 
A = surface of contact between metal and wood. 
C = unit resistance to withdrawal. 
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The value of C depends upon the kind, quality, and condition of timber, 
condition of surface of nail, screw, or drift bolt, size of hole in which nail, screw, 
or bolt may have been driven or screwed, and direction of fibers of timber with 
reference to length of nail, spike, screw, or drift bolt. For practical purposes, 
C is a quantity determined solely by experiment. Ultimate values of ( for wire 

-and cut nails, boat spikes, and drift bolts are given in Table 22. These values 
are taken from a study of the numerous tests that have been made. The values 
for resistance to withdrawal as found by the tests vary so widely that, for safe 
working values, a safety factor of four should be used. 

9. Washers.—For the more common timbers employed in building construc- 
tion, the resistance to crushing across the grain of the timber is much smaller than 
resistance to end crushing. For this reason it is necessary to use washers under 
heads and nuts of bolts in timber construction to prevent the nuts and head from 
erushing into the timber when the nuts are tightened, and also when the bolts 
take their assumed stresses. 

There are five types of washers used in timber construction: (1) Cast-iron 
O.G. washers, (2) cast-iron ribbed washers, (3) malleable iron washers, (4) cir- 
cular pressed steel washers, and (5) square plate washers. 


TABLE 22.—ULTIMATE RESISTANCE TO WITHDRAWAL OF WIRE AND CuT Nalzts, 
Woop Screws, Lac Screws, Boat Spikes anp Drirr Bouts 
(All Quantities Expressed in Pounds per Square Inch of Contact between Metal and Timber) 


Yellow Douglas White White edsea 
pine fir pine - oak 
} » 
Crit als ue faye aetetono svaseleleusrels 500 500 300 1,200 300 
UE MANUS] ne lheveieineid auc bese tis 300 300 > 275 1,000 150 
AWWier@om at sh: irri ya ayes, custers (since wir 300 300 170 900 300 
AWViTG- NAGS? oslo ose ce sce omy i 250 250 100 800 200 
Wood screws... 6s. 0030-0+ mc 1,500 1,500 900 2,200 . 900 
Lag screws........ revpneiein a orate 800 800 500 1,200 
IBOSt BPG! ciecieieersioue eile 4/3 500 500 270 1,000 
IBoatispikestscsi cic soe sicia cree 370 370 200 750 
Dy IFt IDOLS reise. ctaie 2 ose spe s 0s 400 400 240 600 
Drift HOLS. 6.2, << 0:o cues ots oe 200 200 120 300 


1 Driven perpendicular to grain of timber. 

2 Driven parallel to grain of timber. 

3 Edge of point parallel to grain of timber. 

4 Edge of point across grain of timber. ; 

5 Driven in holes }4¢ to 3¢ in. less in diameter than drift bolt. 


For cases in which the axis of bolt is inclined to the bearing surface of the 
timber, bevelled cast-iron washers may be employed (see Fig. 11 and Table 28). 
The five types of washers mentioned are illustrated in Figs. 6 to 
10 inclusive and Tables 23 to 27 inclusive give detailed dimensions. &» 

In the case of bolts acting wholly in tension there can be no 
question of the necessity of washers. Washers should be prop- Fie. 6.—0.G. 
erly designed, both for strength and stiffness, and of proper size ee 
to limit the bearing pressure on the timber to the safe working 
value. For Douglas fir or yellow pine either the square plate washers, ribbed 
cast-iron, or cast-iron O.G. washers of equivalent area should be used. Attention 
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is called to the fact that in the malleable washer, the full area of the base of washer 
is not available for bearing. For example, the 34-in. malleable washer has an 
actual bearing area of about 4 sq. in., or an actual efficiency of approximately 
60 per cent of its nominal area. Even the cast-iron O.G. washers of Table 23 


Y, 


ad 


NJ 


footy ta=ey pooRY 


Fig. 7.—Cast-iron ribbed washers. 


stress the timber to approximately 750 lb. per-sq. in., for a unit stress of 16,000 
Ib. per sq. in. in the rod. 

When the bolt acts wholly in shear and bending, smaller washers, such as 
the malleable washers, are permissible, though not necessarily advisable. In 


o 


SSS SS 
Fie. 8.—Malleable iron Fie. 9.—Circular pressed Fie. 10.—Square steel 
washer. steel washer. plate washer. 


such instances it is often practically certain that the timber will shrink, and that 
the washers will never be tightened, and for this reason the use of malleable 
washers may be justified, in order to save expense. On the other hand, when 
there is a chance that some maintenance work may be counted upon in the 
shape of washer tightening, good construction will 
prescribe either a special cast-iron washer or a square 
plate washer, sufficient in size to meet the capacity of | 
the bolt in tension. 

In order to avoid special washers, malleable 
washers of larger size than the nominal size for the 
bolt used are sometimes specified. Such a pro- 
cedure is unwise for two reasons: (1) The holes in 
the larger washer are of such diameter with respect to 
the diameter of the head and nut of the bolt, that a 
| poor bearing between head or nut and washer results; 
HS ae recog aes and (2) the carpenter will invariably put stock sizes 

washer. of washers and bolts together if there is a chance to 
do so. 

The circular cut or pressed steel washer should never be used in timber con- 
struction, except between metal and metal. 


Bi 
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The selection of a washer as between a special size O.G., ribbed cast iron, or 
a square steel plate washer, will depend on the relative prices of cast iron and 
steel, availab‘lity of foundry and steel shops, and size of jobs. When large size 
washers are required and the job is a small one, the square plate washer will 


_ usually be found cheapest. 


No square plate washer should have a thickness less than one-half the diam- 
eter of bolt. A good rule is to add ¢ in. to the thickness thus found. 

When the center line of bolt or rod is not normal to the bearing face of the 
timber, the timber must be notched, or a bevelled washer used. If the section of 
timber is ample, a notch is the cheapest detail. The pressure of the washer 


TABLE 23.—WasHERS—O.G. Cast-IRON 


Weight per 100, 
pounds 


Diameter, inches | Thickness, inches 


Size of bolt, inches 


Area, 


square inches 


35 44 
75 56 
100 34 
145 1346 
185 KK 
285 : 1% 
375 1% 

14% 


2 


- Taste 24.—WasHEeRsS—CastT-IROoN RIBBED 
(See Fig. 7) 


Shape 


Size bolt Size upset | a base 


No. 
ribs 


| Not upset 
Not upset 
Not upset 


EPFaacacaaaaaaaaa 


DOAOMDAWANNINNNNAARVQAMWO 


against the timber is then inclined to the direction of fibers, and, consequentiy, 
a higher unit bearing pressure may be used, in accordance with the formula and 


values of Art. 1L 
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For the larger size of bolts and rods, notching the timber sufficiently to provide 
the required area for bearing may cut the stick beyond the safe limit. In sucha 
case, either a combination of a flat washer with a smaller cast-iron bevelled washer 
may be used, or a special cast-iron bevelled washer may be designed. The latter 
solution is much the better of the two. If this washer be made square or - 
rectangular, the component of the stress in the rod parallel to the face of the 
timber may be taken care of by setting the washer into the timber. In the 
former case, this component will produce bending in the rod or bolt. 


Tasie 25.—WasHERS—MALLEABLE IRON- 


Size of bolt, inches Weight per 100 washers Diameter, inches | Thickness, inches 


TABLE 26.—W ASHERS— W ROUGHT-IRON 


Size of bolt, No. in 100 Ib. Diameter, Size of hole, 
inches inches inches 


He 


> o a 


Sei NC ASIN BRIAR Ng Sd 
a 


ON PN ON RN SN RN ON 8 RN 


9 
8 
8 
8 
8 
7 
a 
7 
7 
7 
7 
5 
4 


csossssospessss9ss99999 
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TABLE 27.—WAsSHERS—SQUARE StTErL PLATE ° 


Unit Bearing Pressure—350 Ib. per sq. in. 
Unit Tension in Bolt or Rod—16,000 lb. per sq. in. 


Diameter of bolt or rod Diameter of upset Side of square washer Thickness of washer 


Not upset 3% 
Not upset 4 

Not upset 4 
434 
5 

544 
634 
7 

734 
844 
934 


Size rod 


10. Resistance of Timber to Pressure from a Cylindrical Metal Pin——When 
_a pin, bolt, etc. of circular cross-section bears against the ends of the fibers, the 
load on the pin is resisted by pressure of the timber against the metal, and such 
differential pressures are always normal to the surface of the pin. The differen- 
tial pressures may be supposed to be replaced, for practical purposes, by two 
resultant reactions, one parallel and the other perpendicular to the line of action 
of the applied force. The second of these resultant reactions tends to split the 
timber, since it produces tension across the fibers of the timber. Consequently, 
for the case in hand, the usual permissible unit bearing pressure against the ends 
of the fibers must be reduced. Also the particular detail must be investigated 
to make sure that the tension across the fibers due to the cross pressure is within 
the safe unit stress for the timber in question. 
Tests and theoretical considerations indicate that for a round pin or bolt bear- 
ing against the ends of timber, the safe average unit bearing pressure to be applied 
_ to the diametral plane of the pin may be taken at 24 the usual allowable compres- 
sion against the ends of timber. The resultant secondary pressure across the 
fibers may be taken at 1/9 the applied load. When the direction of the applied 
load is perpendicular to the direction of the fibers, the safe average diametral 
_ pressure may be taken at 4/0 of the permissible unit compression across the fibers. 
For the case of pins and bolts in tight fitting holes in dense Southern pine and 
Douglas fir, the values of 1,300 Ib. per sq. in. for end bearing and 800 lb. per sq. 


- in. in cross bearing may be used. 
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Illustrative Problem.—What is the safe load on a 134-in. bolt, bearing against the ends of the fibers 
of a 6- X 6-in. block of Douglas fir, and what is the force tending to split the block of timber? 

The safe load is 1344 X 6 X 1,300 = 1,950 in.-Ib. The force tending to split the timber is 1,950 X 
0.1 = 195 lb. 


11. Compression on Surfaces Inclined to the Direction of Fibers.—The 
allowable intensity of pressure on timber, when the direction of pressure is neither 
parallel nor perpendicular to the direction of fibers, was investigated by Prof. 
M. A. Howe on specimens of yellow pine, white pine, cypress, white oak, and 
redwood.! On the basis of these tests, Prof. Howe recommends the formula: 

r= q+ (p — g)(8/90°)? 
where 
allowable normal unit stress on inclined surface. 
allowable unit stress against ends of fibers. 
q = allowable unit stress normal to direction of fibers. 


ll 


ib 


ll 


Using the same notation, Prof. Jacoby in “Structural Details” develops the 

formula: 
= p sin? @ + q cos*#. 

Mr. Russell Simpson of the University of California, has recently made a 
series of tests, as thesis work, on the bearing values for inclined surfaces of 
Douglas fir and California white pine. He finds that Jacoby’s formula gives 
results closely approximating the test values at the elastic limit, while Howe’s 
formula holds for a constant indentation of 0.03 in. Diagram 3 gives the curves 
of the formulas of Howe and Jacoby for values of p = 1,800 lb. per sq. in., g = 350 
lb. per sq. in.; and p = 1,600 lb. per sq. in., g = 300 lb. per sq. in. 


DIAGRAM 3. 


DraGRAM FOR SAFE BEARING PRESSURE ON TIMBER SURFACES INCLINED TO 
DIRECTION OF FipeR, 
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Values of"r"in Ib. per sq. in. 
Solid line curves - Formula: r=p sin? @+q sin?@ 
Broken line curves-Formuta: r<q + (p-q)( &)* 


Working values for actual design of timber joints involving bearing on surfaces 
inclined to the direction of fibers should be based on the elastic limit. The full 
line curves of Jacoby’s formula are therefore recommended for design. 

12. Tension Splices.—The tension splice in timber building construction 


occurs usually in the lower chord of a roof truss. This detail is probably the 
1Eng. News, vol. 68, No. 5, and vol. 68, No. 10. 
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most troublesome to design and frame efficiently of all timber joints. A detail 
that is efficient on paper is often very unsatisfactory when viewed in the field. 
Any detail that depends for its action on the simultaneous bearing of more than 
two contact faces is to be avoided if possible, although it is often impracticable 


_ to so limit the design. Again, that detail which is so designed that the bearing 


faces of splicing members and the bearing faces of the spliced or main timbers 
may be pulled together in the field after the joint is framed, has a very decided 
advantage over any other type of tension splice. The ideal splice, just described, 
will be found to give a low efficiency when measured in terms of effective area of 
main timbers for resisting tension. However, in many cases, such inefficiency 
may well be allowed, in order to secure certain definite action of splice joint. 
Importance of the connection, cost of materials, quality of workmanship to be 
anticipated, possibility of only occasional or no inspection after completion, are 
all factors that should be carefully considered before deciding upon the particular 
type of tension splice to be adopted. 

The following types of tension splices will be considered and a detail joint of 
each type developed for a typical example: 


(1) Bolted wooden fish plate splice, (2) Modified wooden fish plate splice, (3) Bolted 
steel fish plate splice, (4) Tabled fish plate splice, (5) Steel tabled fish plate splice, (6) 
Tenon bar splice, and (7) Shear pin splice. 


It will be assumed that a 6- X 8-in. Douglas fir stick must be spliced to safely 
stand a total stress of 40,000 lb. Specifications of steel structures often call for 
the detail of splice to be of sufficient strength to develop the strength of the 
members. The same specification may be applied to the timber joint, although 
it is customary to design the splice for the computed stress in the member. 

For the case under discussion the safe working stress in the timber for tension 


_will be taken at 1,500 lb. persq.in. The required net area for tension is therefore 


40,000 
1,500 


= 26.7 sq. in. 
12a. Bolted Fish Plate Splice.—The bolted fish plate splice is shown 


in Fig. 12. The size of bolts will be ie ~ Ze 


computed in accordance with the 
(e186 Bolts 
Me WP /2 + v’’/4) SKS, Ae om 


formula 

where P is the total load on on bolt; ¢’ 

is the thickness of splice pad, or fish 
plate; and ¢’”’ is the thickness of main 
timber (see Art. 7). This formula B gmnces OOF = 44 


assumes the load on each bolt to be Fie. 12.—Bolted wooden fish plate splice. 


uniformly distributed along its length. 


Assume 134-in. bolts, and splice plates 3 X 8 in. With bolts spaced in pairs, the net 
width of splice plate will then be 8 — (2) (134) = 414 in. The required thickness of one 
plate is then a! = 2.97, showing that a 3-in. thickness is sufficient. Assume 6 bolts 


9 . 
required. The load on one bolt is then 40,000/6 = 6,667 lb. The bending moment on 


one bolt is (6,667 /2) (4 x3+ 4% X 6) = 10,000 in.-lb. With a flexural stress of 24,000 
27 : 


~ 
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lb. per sq. in., the required section modulus of one bolt = 10,000/24,000 = 0.416 in., and 


the required diameter of bolt = ~3/0.416/0.098 = ~/4.26 = 1.62 ae 
The unit bearing pressure on the diametral section of bolt = 7.625) ©) = 685 lb. per 


sq. in., which is about one-half the amount allowed. The minimum distance between bolts 
must next be computed. This distance will be taken as the sum of (a) computed dis- 
tance necessary for shearing along the grain of the timber, (b) computed distance giving 
required area for transverse tension, and (c) diameter of bolt. 


ae 4 
Total shearing area required...............<- = 88 = 44.44 sq. in. 
OT Gishances(@)\- caterers cacletparceved vee aes ad “2 Er PEs Ke RRO: Sede win 
Area required for transverse tension........... = a = 4.44 sq. in. 
or distance (b)...-..-. per ee Meee: S. = == eats Reems 0.74 in. 
Wiameter Of Dole (6) sae siad Ae crewses ole Sewer eee ee eee tels encore 1.63 in. 
Minimum. spacing of; boltsc.s.t. «ciate cue <Pcitedstareys a ek Kocher eee neioeen aan ear 6.07 in. 


The spacing of bolts will be made 64 in. 


120. Modified Wooden Fish Plate Splice.—In the modified wooden 
fish plate splice, the size of bolts will be reduced to 1 in., and the value of each 
bolt taken at 2,655 lb., in accordance with the values of Table 21, p. 410. 


._, .. 40,000 
The number of bolts required is 2,655 7 


14 1-in. bolts will be used, giving a load of 2,857 lb. per bolt. 
Spacing of bolts: 


: 3 PRS on 5 
(a) Distance required for shear (50) 2) | =. 1.58 in. 
(6) Distance required for transverse tension = (2,857)(0.1) — Ono. 
; (150) (6) 
(Qa Distancerof bolticia tees carck eee ee eee =" 1 00)an. 
2.90 in. 
Spacing of bolts will be made 3 in. The detail is shown in Fig. 13. 
zh or an ore eae 
eae aee | 


Fie. 13.—Modified wooden fish plate splice. Fie. 14.—Bolted steel fish plate splice. 


12c. Bolted Steel Fish Plate Splice.—TFigure 14 shows a bolted steel 
fish plate splice. The bending in the bolts is reduced from that in the first type, 
due to the smaller lever arm. The section of steel plate must be sufficient for 
tension, and for bearing on the bolts. Otherwise, the computations are similar 
to those of the bolted fish plate splice. 


‘ 


‘ 40,0 
Net section of steel plate = es = 2.67 sq. in. 
Assume two 1)4-in. bolts in pairs. Then net width = (2)(1%6) = 4.875 in., and 


: F ; 2.67 : otis ; 
required thickness is (2) (4.875) = 0.28 in., requiring a 5{6-in. plate. Assume six bolts. 
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As before, each bolt must take 6,667 lb. The minimum diameter of bolt required with a 
546-in. plate at 15,000 lb. per sq. in. in bearing is 34 in. Assuming a uniform distribution 


of pressure along the length of bolt, the bending on bolt = (8:88 ) 34x %6+34 x6)= 
5,520 in.-lb. At 24,000 lb. per sq. in., the required diameter of bolt from Table 18 is seen 


to be 13€ in. 


‘i 6,667 
Aly is —— > = i 
he unit pressure of the bolt on the ends of the fibers is (1.375) (6) 810 lb. per sq. in. 


The spacing of bolts may be figured as before, and will be less than that computed in the 
detail of the bolted fish plate splice by the difference in diameter of the bolts. The spacing 
will be made 6 in. 


12d. Tabled Wooden Fish Plate Splice.—The detail of a tabled 
wooden fish plate splice is shown in Fig. 15. The points to be investigated in 
this detail are: (1) Net section of main timber and splice pad; (2) bearing between 
splice pad and main timber; (3) length of table of fish plate for shear; (4) tension 
in bolts; and (5) possibility of bending on splice pads if bolts become loose because 
of shrinkage of timbers. 


Fig. 15.—Tabled wooden fish plate splice. 


Net section of main timber required, as before, 26.7 sq. in. 


: 40,000 : 
Net section of fish plate required, as before, @) (1,500) = 13.4 sq. in. 
? 


Allowing for two 34-in. bolts, net depth of fish plate = 7,——_,, = 2.06 in. 
(8— 144 

40,000 

1,600 


Depth of cut into main timber = Bo = 1.57 in. Depth willbe made 134 in. It 


Total bearing area required between fish plate and main timber = =a 25) Sd. in. 


will be necessary to use an 8- X 8-in. timber, instead of a 6- X 8-in. stick, with 4- X 
8-in. fish plates. 

Total net depth of fish plate 2) in. inaes 

Shearing area required for table of fish plate = @) (150) = 133sq.in. Lengthof table 


8 ; , 
The action of this joint produces a bending moment in the fish-plate which must be 


resisted by the bolts. The resultant stress in the fish plate acts at the center of the uncut 
portion, while the resultant of the pressure between fish plate and main timber is at the 
center of the table. This couple produces a moment, in this case, of 
(20,000) (4) (24 + 134) = 40,000 in.-Ib. 
The lever arm of the bolts in the center of the table about the end of table is 844 in. Using 
0 5 : f F 

two bolts, the stress in each bolt is nee = 2,353 lb. A }4-in. bolt is sufficient for his 
stress, but bolts less than 5-in. diameter are not advisable in a timber joint. The required 


area of washers is 73s = 6.72 sq. in., which area would be supplied by a 3-in. circular 


Z 32 34 * 
washer. The washers shown are square steel 3¢ « 336 & 334 in 
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If the timber should shrink and the bolts remain loose, each fish plate would be subjected 
to the full bending of 40,000 in.-lb., except as the friction of the ends of the table against 
the main timber might reduce such bending. The section modulus of the net section of 
fish plate is (4) (8) (234) = 6.75 (correct for two bolts). The extreme fiber stress due to 


bending would then be aU) = 5,926 lb. per sq. in. To this stress must be added the 


6.75 
: 2 . 20,000 : A 
uniform tensile stress, which is (8) Qi) ~ 1,110 lb. The maximum fiber stress woul 
7 


therefore be 7,036 lb. per sq. in., an amount nearly equal to the ultimate strength of the 
timber. For this reason, the joint should be well spiked together, and in particular the 
fish plate should extend at either end beyond the table, to allow a number of spikes to be 
driven here. If the cut at the ends of the tables be made with a bevel towards the center 
of the joint, the same result will be obtained. 


12c. Steel-tabled Fish Plate Splice-—The most economical and 
practical detail of the steel-tabled fish plate splice consists of steel splice plates 
with steel tables riveted to the 
plates, as shown in Fig. 16. The 
points to be investigated are: (1) 
Necessary net area of plate to 
resist tension; (2) required thick- | 
ness of tables to keep the bearing 
of tables against the ends of the 
fibers of the timber within the safe 
working stresses; (3) number of 
rivets between tables and fish plate; (4) distance between table, limited by 
longitudinal shear in the timber; and (5) bolts required to hold tables in the 
notches in the timber. 


S BAF Tables! ‘2 ’Bolts* 
Fie. 16.—Steel-tabled fish plate splice. 


The 6- X 8-in. main timber will be sufficient for this type of splice. 
40,000 


Net area of steel plates = 15,000 = 2,07 Sq. In. 

Assume 8 rivets in one row. Then net width of plate is 8 — (3)(34) = 5.75 in., and 
required thickness of plate is eve =0.23in. A 4-in. plate will be sufficient for tensile 
strength. Bearing area required for tables = + ao =) 25 sq. in. 

Assume 4 tables on each fish plate. Required total thickness of tables is a8 = 0.78 


in. Make the depth 13%6 in. = 0.815 in. 

Rivets required in each table, limiting value of one 34-in. rivet in bearing at 20,000 lb. 
per sq. in. on }4-in. plate being 3,750 lb. = eR 216i 

Use three rivets and make table 134, X 3 in. 

The distance between end of main timber and first table, and the distance between 
tables, must be sufficient for longitudinal shear in the timber. Total shearing area re- 

: 40,000 2 ; 267 
quired = FEE 267 sq. in. Distance between tables = @@® = 8.35 in. Call this 
distance 9 in., making the distance center to center of tables 12 in. 

As in the case of the wooden fish plate splice, the bending moment to be resisted by 
bolts is the load transmitted by one table times one-half the combined thickness of fish 
plate and table, or 


M = (10,000) (4) (1346 + 34) = 5,300 in-lb. 
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Two bolts will be placed against the outer edge of table, making the lever arm of the bolts 
3}4in. The stress in one bolt is then es = 760lb. Two %-in. bolts will be used for 
2 


each table. 


12f. Tenon Bar Splice.—The tenon bar splice is one of the oldest 
splices used, though not seen so 
frequently today as formerly. It 
is probably the simplest and most 
effective tension splice that can 
be made. The detail is shown in 
Fig. 17. The points to be com- 
puted are (1) size of rod for ten- 
sion; (2) width of bar for proper 
bearing against the timber, and 
also for the hole for the rod pass- 
ing through the ends; (8) depth 
of bar for bending; (4) distance of 
bar from end of timber to provide sufficient bearing area;and (5) net section of 
timber. To give general stiffness to this joint, Fig. 17 shows the addition of two 
2- X 8-in. splice pads bolted with 34-in. bolts. 


Fig. 17.—Tenon-bar splice. 


40,000. 
(2)(16,000) 
1.25 sq. in. A 1}4-in. rod has an area of 1.295 sq. in. at the root of thread, and this size 
rod will be used. Since the rod must be placed at such a distance from the timber that 
the nuts may be tightened, and since it is desirable to keep the length of the bar as small 
as possible, hexagonal nuts will be used. (It is obvious that the bending moment on the 
bar increases with the distance between center lines of rods.) The long diameter of a 
1)4-in. hexagonal nut is 234 in., hence the distance from the side of timber to the center 
line of rod will be made 14 in. , 

y Size of bar required: The pressure of the timber against the bar will be assumed to be 
uniform. Hence the bending moment on the bar will be (20,000) (134 +4 x8) = 
(20,000) (3%) = 70,000 in.-lb. Using a fiber stress of 24,000 lb. per sq. in. in bending, 
since the bar is a short beam, the required section modulus is er = 2.92 in. 


The bearing area required is Oy = 25sq.in. The required width of bar is therefore 


An 8- X 8-in. main timber will be assumed. Size of rod area required = 


2 = 3.13 in. Since a 3-in. bar is a stock size, a width of 3 in. will be used. This width 
will give a full bearing for the hexagonal nut, and will allow 19{6 in. of metal on each side 
of the hole. If a 6- X 8-in. timber were used, the required width of bar would be 4}4 in.,- 
which would reduce the section of timber below the allowable. 


The depth of bar must now be computed. The section modulus Lébd? = 2.92 in., 


when d = Nee) = ee) = 4/5.84 =2.4in. The bar size will be taken at 


24 X83 X14 in. 
40,000 


The shearing area required between the bar and end of timber is 18002 267 sq. in. 


: - 267 é 
The distance required between the bar and end of timber is therefore 2) 16.8 in., 
say 17 in. 


12g. Shear Pin Splice.—In the shear pin splice, the 6- X 8-in. main 
timber will be sufficient. This splice is shown in Fig. 18. The stress is trans- 


\ 
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mitted across the joint by means of the circular pins of hardwood or steel. These 
pins are driven in a bored hole with a driving fit for the pins. The joint is a 
comparatively easy one to frame. The bolts take some tension, due to the 
couple of the forces acting on the pins. The working values for the pins are taken 
from Art. 10. 


The splice pads in this detail are 3- X 8-in. timbers. The pins are 2 in. in diameter, of 
extra heavy steel pipe. The total net sec- 
tion of splice pads is then 4 X 8 = 32 sq. 


in., giving a unit stress in tension of 
40,000 - y : 

49° 1,250 lb. Using the working value 
of 800 lb. per.lin. in. of pin, the safe value of 
a2- X 8 in. pin is 6,400 lb. The number of 
40,000 
6,400 


pins required is then = 6.25. Six pins 


will be used. 
The tension in the bolts will be taken at 
Fic. 18.—Shear pin splice. one-half the total tensile stress, or 20,000 lb. 
Eight 5¢-in. bolts will be used, giving a work- 
ing value of 2,500 lb. per bolt. The bolts will be placed in pairs, endways between the 
pins. The pins will be placed 6-in. centers. 


13. General Comparison of Tension Splices.—The tenon bar splice, when it 
can be used, is to be recommended. It is direct in its action; shrinkage of the 
timber cannot destroy its effectiveness; there being but one bearing surface, the 
splice will surely act as designed; the two sections of timber can be drawn tightly 
together in the field; and the splice is almost fool-proof. 

The wooden tabled fish plate splice is also effective where there is but one table 
in each splice pad either side of the joint. In those joints where more tables are 
necessary, however, there enters at once the possibility, and even the probability, 
that all the contact faces will not act simultaneously. In other words, the 
effectiveness of the splice in such a case depends wholly on the skill and care in 
workmanship. In this detail, also, shrinkage of the timber adds an uncertainty 
as to the strength of the joint. 

The bolted steel fish plate splice makes a neat appearing splice for exposed 
work, and is much in favor on that account. For a moderate stress in the timber 
to be spliced, it is fairly economical. 

The steel tabled fish plate splice is open to the same objection as the wooden 
tabled splice. The bearing surfaces of the steel tables are very likely to be 
uneven, making a close fit between steel and timber almost impossible. On 
paper, the joint is neat and effective and adaptable to almost any case. Unless 
rigid inspection in the shop and field is maintained, the actual joint is likely to 
be disappointing. The bearing edges of all tables should be milled; the holes in 
the tables should be drilled, and tight riveting secured. Careless and inferior 
workmanship in the steel shop on the metal splice plates is to be expected. 

The shear pin splice is effective and simple; its greatest drawback is the effect. 
of shrinkage in the timber which will allow the pins to become loosened. This 
splice should not be used with unseasoned or partially seasoned timber, unless 
it is absolutely certain that the bolts will be kept tight as the timber seasons. 

The bolted wooden splice is effective, but cumbersome, and unsuited for large 
stresses, due to the unusual size of bolts. 
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The modified wooden bolted splice is satisfactory for comparatively small 
stresses and when rigid inspection can be counted upon to see that the bolts 
are driven in close fitting holes. For large stresses, the required number of bolts 
will be excessive. 

Architectural appearances may prohibit certain types of splices as being 
unsightly. The bolted steel fish plate splice and the tabled steel sish plate 
splice are the neatest in appearance, and for this reason are extensively used in 
exposed work. 

14. Compression Splices.—Compression splices naturally divide into two 
divisions: (1) Those joints which take only uniform compression at all times, and 
(2) those joints which, while compression is the principal stress, may be called 
upon at some time to take either flexure, or tension, or a combination of both. 

Some of the compression splices used 
in construction are shown in Fig. 19. 
These joints, in the order lettered, are (a) 
the butt joint, (6) the half lap, and (c) the 
oblique scarf. 

The butt joint differs from all the other 
joints in that it has but one surface of con- 
tact. For this reason, it is superior to all 
the others, where uniform compression 
alone is to be transmitted. The efficiency 
of all the other joints depends wholly upon 
the skill and care of the carpenter who 
frames the joint. In other words the butt @) (4) 
joint for the condition named is the simplest, Fre. 19.—Compression splices. 
and therefore the best. Indeed, the splice 
plates, if bolted, or bolted and keyed, may make the butt joint suitable for 
carrying both tension and flexure. 

The oblique scarfed splice is stronger in flexure than the half lap. In the 
half lap joint, however, there is more timber in straight end bearing than in the 
oblique scarf. 

In constructing compression joints in timbers which are vertical in 
position, the bolts through one end of the splice pads, if such exist, should 
be placed after the upper timber has come to a bearing on the lower timber; 
otherwise the bolts may receive a heavy load before the timbers come to a full _ 
bearing. 4 

15. Connections between Joists and Girders.—When possible, joists should 
rest upon the tops of girders, and not frame into the sides of the girders. The 
former construction, however, involves a loss in head room in a building, increased 
height of building walls and columns. It also involves more shrinkage, since 
the shrinkage is directly proportional to the depth of timber. In the case of a 
building with masonry walls and timber interior, the construction of joists 
resting upon the girders will, with green or unseasoned timber, result in unequal 
settlement of the floors. The inner ends of the outer floor bays will settle the 
amount of shrinkage of joist plus girder, while the outer ends will settle only the 
amount of shrinkage of the joists, since the joists frame directly into the masonry. 
The considerations of equal settlement and gain in building height will usually 
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dictate the use of joist hangers in a building with heavy masonry walls. Hangers 
resting on top of girders will not reduce shrinkage effect. 

In a building of the mill-building type with wall posts and girders, and corru- 
gated steel or wooden sheathed walls, the increased height due to framing the 
joists on. top of the girders will be offset by the saving in the cost of joist hangers. 

The joists should extend over the full width of girder, and be toenailed into 
the girders. When the joists break over the girders they should lap at least 12 
in. and be well spiked together. Solid bridging of a depth equal to the depth of the 
joists, and of a width not less than 2 in., is usually placed between the joists, and 
directly over the center of girder. Such bridging holds the joists firmly in posi- 
tion, and also acts as a fire stop. This construction is shown in Fig. 20. 

15a. Joists Framed into Girders.—In very light construction the 
joists, when framed into the sides of a girder, are sometimes only toenailed. In 
other cases, especially when the joists frame into only one side of the girders, such 


SN 


Fie. 20. Fie. 21. 


girder built up of several vertical pieces, the outer piece is spiked into the ends of 
the joists, as in Fig. 21. All such joints are makeshifts, and extremely unreliable. 
As has been pointed out in a previous article (see Art. 4), nails driven into the 
ends of timbers—i.e., parallel to the direction of fibers—have a low strength. 
Further, there is always the danger of the nails thus driven causing the joists to 
split. 

Sometimes a strip is nailed or bolted to the sides of the girder, upon which the 
joists rest, as in Fig. 22. If properly designed, such strips will he not less than 
4 in. wide and 4 in. deep, bolted, not nailed to the girder. The bolts should be 
sufficient in number to take the reaction of the joists, and should be not less than 
214 in. from the bottom of girder. 


Illustrative Problem.—Given a floorbay 14 X 16 ft.; live load of 60 Ib. per sq. ft.; girders _ 
spanning the shorter side of the floor bay. Assume double thickness of flooring 1-in. T 
and G finished floor over 1-in. rough floor. Working fiber stress is flexure 1,600 lb. per 
sq. in.; working unit stress in longitudinal shear 150 lb. per sq. in ; working unit stress 
in cross bearing 300 lb. per sq. in. 

Weight of floor construction, exclusive of girders: 


Plooring 35 ease tee Meg ee ee ee ae ee 6 
JOIStS iter co ke ee medal aces Ta 5 
Bridging is, ich tire eachos an oe eee es 1 
Total.dead logd'-s3.. sae. ccc se eee 12 
Pave Load sanisud Ban wide yee an Sere ene nee 60 
Total loddtyscatte< soan tone a Pee ie ee eae 72 lb. per sq. ft. 


With joists 16-in. centers, and counting the clear span for joists as 15 ft., the ‘following 
figures result: 
Total load on one joist = (15)(114)(72) = 1,440 lb. 
Bending moment = (14) (1,440) (15) (12) = 32,400 in.-lb. 


Been : _ 32; vi 
equired section modulus 1,600 20. 


¥~ VAR 
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Assume joist 2 X 10 in., actual section 15g 97, actual section modulus 24.44. 

For a 15-ft. span, this size is the minimum for deflection. In the computation for girder 
size, the live load may be reduced 20 per cent, making total load 60 lb. per sq. ft. 

Load = (14)(16)(60) = 13,440 Ib. M = (34) (13,440) (14) (12) = 282,000 in.-Ib. 

Required section modulus = S = UALS 176. 

1,600 : 

An 8- X 14-in., finished section 7}4 X 13}, has a section modulus of 227.8. An8- X 
12-in. girder, finished size 744 X 11}4, would have a section modulus of 165 under the 
required amount. The reaction of one joist is 720 lb., requiring a bearing area of 729% 99 = 
2.4 sq. in. The bolting strip will be 4 xX 4 in. 5g-in. bolts will be used, and 
the working load per bolt will be taken at 900 lb.! Since the load per linear foot of girder 
is 16 X 60 = 960 lb., the bolts must be spaced 99% 69 (12) = 11-in. centers, or 13 bolts 
per girder. 


In the above illustrative problem, the depth of joist plus the depth of bolting 
strip just equals the depth of girder. This relation does 
not always hold, as girder depth is often but little more 
than the depth of joist. To avoid having the bottom 
of joists lower than the girder, joists are often notched as 
shown in Fig. 23. Such construction is not good, since the 
strength of the joists is greatly reduced by notching. The joists tend to split in 
the corner of the notch, due to the difference in stiffness on either side of the 
vertical cut. 

In some cases, the ends of the joists are framed with tenons fitting into sockets 
or recesses cut into the girder. This type of framing is to be condemned on 
account of the serious weakening of both joist and girder. 

15d. Joist Hangers.—The most satisfactory manner of framing joists 
into the sides of girders is by the use of joist hangers. There aremany stock types 
of these, among which may be named the Duplex, Van Dorn, Ideal, Lane, National, 
and Falls. Some of these different types are shown in Figs. 24 to 27 inclusive. 


~A stock joist hanger should not be used without investigating carefully its strength 


and the amount of bearing given to the joist. Referring to the figures illustrating 
the different types, the fact should be noted that the Duplex hanger will result 


i 

‘ 
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Fie. 24.—Duplex Fie. 25—Van Dorn pat- Fic. 26.—‘‘Ideal’’ Fie. 27.—‘ Falls” 
joist hanger. ented steel joist hanger. single hanger. joist hanger. 


in less settlement of floor than any of the other types, since the connection of 
this hanger, unlike all the others, is on the side of the girder, and, hence, is affected 
by the shrinkage of one-half instead of the whole depth of girder. The published 
tests of joist hangers, as given in the various manufacturers’ catalogs, will bear 
close scrutiny. Often in the effort to prove the merits of the particular hanger, the 
exact loads carried by one hanger are not always clear. Sometimes, also, hard- 


1From Table 21, p. 410, 5é-in. bolt ‘double shear” with 4- and 8-in. timbers, good for 1,465 lb. in 
end bearing. For side bearing, safe load = 54 X 1,465 = 915 lb. 
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wood is employed in the tests, in order to avoid failure of the joist by crushing of 
the fibers. The Duplex hanger unquestionably has many advantages over other 
hangers. It is practically certain that all the other hangers will fail by the hooks 
over the girder crushing the fibers of the timber on the corner of the girder and then 
straightening out. 
15c. Connection of Joist to Steel Girder.—When steel girders are 
used with timber floor joists, the types of connection are similar to those discussed 
for wooden girders, i.e., the joists may frame on top of the steel girder (usually an 
I-beam) or into the side of the girder. 
Buildings with this combination construction, in which the joists simply rest 
on top of the I-beams, without any attachment whatever, are sometimes seen. 


Fig. 30. 


I 


In such cases, the I-beam is supported laterally only by friction between the timber 
and steel. This practice is to be avoided. To secure a definite connection 
between the joists and girder, a wooden strip may be bolted to the top flange of 
the I-beam, and the joists toenailed to this wooden strip, as in Fig. 28. The 
principal objection to this construction is the weakening of the I-beams from the 
holes punched through the flange. => 

When the joists frame into the sides of the I-beams, they are often, for light 
loads, supported by the lower flanges of the I-beam, as in Fig. 29. Obviously the 
weak point of this detail is the small bearing of the joist on the steel. To over- 
come the difficulty, timbers may be cut to rest snugly against the flange and web, 
and bolted through the web. The joists may then be nailed into these timber 


a 
Fie. 31.—Van Dorn Fia. 32.—Duplex I-beam hanger. Fie. 33.— Duplex 
I-beam hanger. I-beam box. 


strips, as illustrated in Fig. 30. The supporting timber should be of sufficient 
width to extend under and beyond the vertical cut of the notch in the joist for 
the upper flange. 

A serious difficulty in constructions of this nature is the problem of supporting 
the flooring over the upper flange of the I-beam. If such flooring rests on the 
joists and the upper flange of the I-beam, the shrinkage of the joists will produce 
a high place in the floor over all the steel beams. To overcome this difficulty 
small strips, say of 114 X 2-in. timber, may be spiked to the sides of the joists 
to carry the floor over the girder. 

Joist hangers, notably the Duplex and Van Dorn hangers, may be obtained 
for connection between timber joists and steel girders (see Figs. 31, 32, and 33). 
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The method of support shown in Fig. 30, however, will be found very satisfac- 
tory and generally cheaper than the joist hangers. 

16. Connections between Columns and Girders.—The connection between 
timber columns and girders involves consideration, not only of strength of columns 
and of supports for the girders, but also of general stiffness of the building, since 
the posts and girders are generally counted upon to form the structural frames for 
resisting lateral forces, as wind and vibration of machinery. Columns always 
splice at or near the floor lines, hence the connection of girder to column includes 
the consideration of column splice. Continuity of the columns is always to be 
sought, both from the standpoint of stiffness and reduction of shrinkage. In total, 
the objects to be gained in the connection of girders and post are: (1) Continuity 
of column for stiffness and reduction of shrinkage; (2) reduction of column area 
from a lower story to an upper story as determined by floor load; (3) sufficient 
bearing area for girders on the supports; (4) continuity of girders at the column for 
stiffness; and (5) provision for girders releasing from column, in event of aserious 
fire, without pulling the column down. All these provisions are not attainable in 
every case, and the nature of the building may not warrant the expense of securing 
all these objects. 


Fia. 34.—Defective details of column and girder connections. 


In the discussion of this subject, a distinction must be made between the 
ordinary building, including both frame buildings and buildings with masonry 
walls, or corrugated steel walls, and the special type of building known as ‘“‘mill 
construction” or ‘‘slow-burning construction.” The first class consists of those 
buildings which have the ordinary joist and girder construction, either with or 
without plastered ceilings and interior columns encased with lath and plaster. 
This class will be treated in the following paragraphs. _ 

For the purpose of illustrating these principles, some details of connection of 

columns and girders will be briefly discussed. Figure 34 shows three defective 
details, which, nevertheless, are often seen. It is almost certain that in Fig. 34a 
the girders have not sufficient bearing across the fibers, and that with full load, 
crushing will result. In b the bottom of the upper post will crush the fibers of 
the upper side of the girder, and a worse condition will prevail under the bolster, 
unless the latter is hardwood. Even then, if the posts are not working at a very 
low unit stress, crushing of the bolster will result. The shrinkage in both a 
and b will be considerable, and nearly double in 6 what it will be ina. The 
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detail of c with the upper post resting on a hardwood bolster is the best of the 
three details, although shrinkage has not been eliminated. ; 

For many buildings, the details shown in Fig. 35 will provide satisfactory 
connections. All of the desirable conditions enumerated previously are fulfilled, 
with the exception of release of girders in case of fire. The vertical bolster blocks 
are set into the lower post and 
bolted, or bolted and keyed to 
the sides of the column with 
circular pins or with the rec- 
tangular iron keys. In each 
of the three details, the girders 
may be given sufficient end 
bearing by properly propor- 
tioning the thickness of bolster 
block; the bolster has end bear- 

Fic. 35.—Details of ing on the post, and no timber 
column and girder con- in eross bearing intervenes 
nections. : 

between the two sections of 
post. Partial continuity of post, sufficient for general 
stiffness of building, is secured by means of timber 
splice pads in detail c without sacrificing the girder 
ties. The splice plates of the girder across column may 
be of steel. This will avoid the use of wooden fillers under 
the girder splice pads. A further modification of these 
details to allow the girders to release in case of fire may be made by using dog- 
irons instead of the girder splice pads. 

The section of bolster is to be determined by requirements of girder bearing; 
the amount the bolster is set into the post by computations for end bearing; 
its length should be not less than 12 in., and preferably not less than 16 in. The 
size of bolts may be determined by taking moments about the center of the bearing 
on the post. The keyed and bolted bolster is proportioned as for the shear-pin | 
tension splice. 


Illustrative Problem.—Assume the problem of Art. 15a. Floor bay 14 X 16 ft; 
girders 8 X 14 in., joists 2 X 10 in., first story height 16 ft. Assume the detail to occur 
at the second floor of a four story building. The load in the upper column will be taken 
at 30,500 lb., the first story column will then take 30,500 lb. plus the second floor load. 
The live load will be 60 per cent of 60 = 36 lb. per sq. ft., which, with a dead load of 12 lb. 
per sq. ft. will give a total unit load of 48 lb. per sq. ft., and a total increment of column load 
for the second floor of 10,800 lb. The first story column load will then be 41,3001b. The 
upper column section wilt be made an 8- X 8-in., and the lower sectiona10- X 10-in. The 
girder reaction is 6,720 lb. (For design of girder and its connections, live load is 80 per 
cent. (60) = 48 Ib. per sq. ft.) At 300 lb. per sq. in. the required bearing and thickness of 
bolster must be 22.5/7.5 =3in. The bolster size will be made 514 x 916 X 1 ft. 4 in. 

The required area in end bearing is oie = 4.2, or with a width of 914 in. the bolster 
must be set into the post 4.2/9.5 = 0.44 in. Actually the dap will pounds 34 in. The 
upper bolts will be placed 3 in. below bottom of girder. Taking moments about the center 
of bearing of the bolster on the dap, and neglecting the lower bolts, M = (6,720) (234) = 
18,500 in.-lb. This overturning moment will be resisted by compression of the lower por- 
tion of the bolster against the post, and tension in the two upper bolts. This pair of bolts 
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is 13 in. above the seat of the bolster in the post, and the effective lever arm of these bolts 

may be taken at 34 of their height above the bolster seat. The tension in either of the 

two bolts is then 

— __18,500 
(2) (13) (34) 

The maximum intensity of pressure between the bolster and post need not be investigated, 

as it will be very small with the length of bolster used. 


Dp = 950 lb. 


Attention is called to the details of Fig. 35, in that the normal spacing of the 
joists has been modified at the posts, to bring a joist either side of the post. When 
these joists are either spiked or bolted to the post, and in addition a short piece of 
joist is spliced across the butt joint of the joists where such joint occurs at the 
post, a simple and inexpensive construction is secured which gives considerable 
stiffness to the building frame. 

16a. Post and’ Girder Cap Connections.—The bolster connections 
above discussed are usually impractical to employ, if ceilings exist, as the bolster 
will project beneath the ceiling line. In such cases, and in other cases where the 


etre Wins 
Fre. 36.—Duplex malleable iron Fie. 38.—Duplex steel post 
and steel combination cap. post cap, No. 3. cap. 


above construction may be deemed unsightly, metal post-caps of cast iron, 
wrought iron, or steel are used. Standard pust-caps, usually of pressed steel, are 
made by the manufacturers of joist hangers, and may be purchased in stock sizes. 
Typical details of girder and post connections, using standard post-caps, are given 
in Figs. 36, 37, and 38 taken from manufacturers’ catalogs. The prices of these 
caps based on the unit cost per pound of steel are rather high, and it may often 
be possible to build up structural post-caps that will give satisfaction at a lower 
cost. Sometimes short pieces of I-beams or heavy channels, unsuited on account 
of length for any other purpose, may be purchased cheaply, and used for post- 
caps for cases in which it is only necessary to frame girders into two opposite 
sides of the posts; in other words, in the use of a two-way connection. 

A four-way post-cap is one which provides for beams on four sides of the posts. - 
Four-way post-caps with joist and girder construction always result in unequal 
settlement of the floor. The joists, being supported on or by the girders, will 
settle an amount equal to the shrinkage in the depth of the girder, while the joists 
framing into the post and resting on the post-cap will not settle. The use of 
joist hangers between joist and girder will not do away with this settlement, 
although the use of that type of hanger which connects into the approximate 
center of the girder will reduce the settlement to that due to the shrinkage of 
one-half the depth of girder. 

Cast-iron post-caps must be carefully designed to take care of the flexural 
stresses. A typical cast-iron post-cap is shown in Fig. 39. 


Illustrative Problem.—Assume girder 12 X 16 in. on a 14-ft. span, upper story post 
12 X 12 in. and lower story post 14 X 14in. The actual section of sized girder will be 
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1144 X 1514. Using a working stress of 1,800 lb. per sq. in., the safe load is 39,469 Ib., 
say 40,000. The reaction is then 20,000 lb. At 300 lb. per sq. in., the required bearing 
20,000 
300 
in. long, say 6 in., and will project 5 in. over the face of the 14- X 14-in. post. The moment 
on the post-cap may be assumed to be a maximum at the edge of the upper story post, 
with a value M = (20,000)(3) = 60,000 in.-lb. For cast iron, the working unit stress in 
flexure will be taken at 4,000 lb. per sq. in. The required section modulus of cap must 
60,000 
therefore be “4,000 
this moment. Assuming a thickness of metal of 1 in., the depth of side must be d = 
V/ (734) (6) = 634 in. The thickness of seat must now be computed. With a uniform 
bearing, the seat may be computed as a beam with fixed ends, or M = (142)(W1); the pro- 


67 
area is = 67sq.in. With a width of 1144 in., the cap must have a seat 775 = 5.8 


= 15. The sides of cap form two beams of rectangular section resisting 


Fig. 39.—Details of column and girder connection with special cast-iron post cap. 
jecting width of plate is 5 in. The load on this portion is 44 X 20,000 = 16,667 1b. The 
length will be taken at 1214 in., or between the centers of sides. Therefore M = (}{2) 


(16,667)(12}4) = 17,860 in-lb. The section modulus required is “OO 


width being 5 in., the depth must be d = 3 (4.34) = 2.28 in. The base must therefore 


= 4.34. The 


be supported by ribs. Two ribs will be introduced. The bearing plate will now be 
assumed to take only one-half of the bending, one-half the load being transmitted by the 
rib to the vertical collar around the post. The thickness of base and collar must then be 
sufficient for each to sustain 6,650 in.-Ib. Since both the projecting seat and the collar 
are fixed along one edge, the allowable unit stress in bending will be increased 50 per cent. 


A : : 8,333 : : 
The required section modulus is then 6,000 = 1.39, or with a width of 5 in., the required 


thickness is 1.29. A thickness of 114 in. will be used. 


SECTION 6 


DESIGN OF REINFORCED CONCRETE MEMBERS 


By Arruur R. Lorp anp W. Stuart Tarr 


Reinforced concrete members are sharply distinguished from wooden or 
steel members in that, in the typical concrete structure, the various members are 
necessarily built monolithically and react upon each other. The determination 
of the proper external moment acting upon any member is therefore more difficult 
in reinforced concrete than in any other type. In this volume, however, we 
assume in treating of the design and detailing of reinforced concrete members 
that the loads, reactions, moments and all restraints acting upon each member 
are perfectly known and that our problem is limited to the proper design of mem- 
bers under such fully determined conditions. In practical designing work the 
designer must commonly determine the precise conditions governing each mem- 
ber as a part in a monolithic structure. This much more intricate problem is 
_ treated in the volume entited ‘‘Reinforced Concrete and Masonry Structures.” 

Even the design of the fully conditioned member of reinforced concrete is 
more complicated than that of any member of homogeneous material. The 
combination of two unlike materials in a single member makes necessary several 
computations in design which are not required with wooden or steel members. 
_The use of proper diagrams and tables will greatly facilitate the computations 
and may be said to be practically indispensable. The designer should, however, 
become thoroughly familiar with the design of reinforced concrete members 
from the formulas alone and in the examples in this section we have frequently 
shown the complete design as well as the abbreviated design in which tables and 
diagrams are used to save work. A few of the more fundamental tables and dia- 
grams in continual use are given in this volume and these have been selected or 
prepared with especial care. Diagrams involving several consecutive computa- 
tions (and in which several intermediate scales are necessarily suppressed) have_ 
been avoided. In practical design several simple diagrams, used in. conjunction 
with a design summary sheet, have been found much preferable to the complex 
diagrams. In actual structures members of one kind will commonly be so nearly 
of a size that certain design steps will be identical and the use of the simple dia- 
grams as compared with the more complex reduces the labor and reduces as well 
the danger of making mistakes. 

The principal reinforced concrete members, the elements, as it were, of which 
reinforced concrete structures are composed, are the following: 

(a) The rectangular beam in flexure (of which the solid one-way slab is a 
special case) resting upon aligned supports and reinforced for tension only. 

(b) The T-beam in flexure (of which the ribbed slab is a special case) resting 
upon aligned supports and reinforced for tension only. 
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(c) Same as (a) or (b) but reinforced for compression as well as tension. 

(d) The slab in flexure supported along its four edges and reinforced in two 
directions. 

(e) The flat slab in flexure supported directly upon columns. 

(f) Members subject to direct axial compression. 

(g) Members subject to direct axial tension. 

(h) Members subject to direct stress and flexure combined. 

(¢) Balanced cantilever slabs, or footings. 

Each of these classes of members will be treated separately with the necessary 
information for design given in compact form together with some examples of 
design computations, 


RECTANGULAR BEAMS AND ONE WAY SOLID SLABS 


A rectangular beam as a structural member may be a separate beam simply 
supported or partially fixed at its ends, a single span of a continuous beam, a single 
span in a rigid frame structure, or a cantilever projection. In order to design the 
beam completely, the moment and shear must be known or readily obtainable 
for any section along its length. 

1. Formulas.—For this case the commonly used straight-line formulas have | 
already been developed in Sect. 1 in the chapter on ‘‘Simple and Cantilever 
Beams.”’ The symbols used in these formulas are given in Appendix A with the 
following exception: 

K = factor expressing the ratio of the resisting moment of a beam or slab to 
bd*. If followed by the subscript c it is based upon the resisting moment as limited 
-by the compression in the concrete. If followed by the subscript s it is based 
upon the resisting moment as limited by the steel in tension. Without subscript, 
it commonly represents the condition of balanced reinforcement when K, = K,. 
(Subscripts for M have the same significance as noted above.) : 

The formulas, as developed in Sec. 1, or deduced therefrom, are as follows: 


k= : f (1) 
ds nf. 
fek 
t= al — By (2) 
f. = HE (3) 


Formulas (1), (2) and (3) apply to any type of reinforced concrete beam in 
which the values of f., f, and n are known since they depend solely upon the 
straight line theory of stress variation. They are derived from the similar tri- 
angles of Fig. 1. 

The remaining formulas given below apply to rectangular beams with tensile 
reinforcement only. 
Position of the neutral axis 


k = 2 pn + (pn)? — pn (4) 


k 
J Sih as 7G) 


Arm of resisting couple 
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Steel ratio for balanced reinforcement (when both f, and f, are used at their full 


allowable values). 


pee 
* ts She \ 
f, Nog, = 1) 


Steel ratio in general 


For over-reinforced beams 
M = M, = 0.5f.kjbd? 


M. : 
K = K. = pan = 0.5 fol (9) 


bd 


For under-reinforced beams 


M = M, = pf.jbd? = f.A.jd 


M, : 
K = K, <= bd? =H ini) (12) 


Concrete area 
{in compression 


‘ 
“Steel area A, in tension 


Section Tension and 
of Compression 
Member Stress Diagrams 


Fig. 1.—Stress distribution in rectangular beams. 


Compressive unit stréss in extreme fiber of concrete 


2M _ 2p, 
Je = Riba? = i 
Tensile unit stress in longitudinal reinforcement 
M M 


fa = Aid = pjbd? 


Area of tensile reinforcement 


M 
A, = fad =e pbd 
Bond unit stress on longitudinal bars 
VY 
(Me Lojd 


28 


(6) 


(7) 


(8) 
(10) 


(11) 


(13) 


(14). 
(15) 
(16) 


(17) 


434 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 6-2 


Shearing unit stress (as a measure of diagonal tension) 


V V 


° bd us) jv ( 
Tensile unit stress in web reinforcement consisting of series of bars 
V'a V's sin a _ Va _ V’ssina a1 
im Tage Ap ee ey 
Tensile unit stress in web bars bent up in single plane 
Vy’ = WE 
foe A, sina 2) Jag fo sin @ (23) 


In Fig. 1 the distribution of tensile, compressive and shearing stress over the 
cross-section of a rectangular beam is indicated and some of the symbols used 
in the above formulas illustrated. Table 1, p. 466, gives values of p, K, k, j, kj, 
i ke 
nf ¢ and nd —k) 
and f, and considering that n = 15, 12 and 10. Diagram 1 gives values of K, 
k, j, and p for various values of f. and f,, considering that n = 15. 

2. Span Length.—The span length is commonly considered as the clear span 
between supports when the beam is cast monolithic with substantial supports, 
or the center to center distance between supports (but not to exceed the clear 
span plus the depth of the beam) when the beam is not monolithic with its 
supports. Span lengths are somewhat arbitrarily fixed by city ordinances and 
vary considerably, but the best practice is given in the 1921 Joint Committee 
report. 

3. Shear and Moment Diagrams.—Where the load on a beam is other than 
uniformly distributed throughout its length, it is always desirable to make a load 
diagram, and the graphical representation (to scale) of the shear and moment at 
all sections expedites design and aids in securing accurate results. Figure 2, 
which combines the load, shear, and moment diagrams for a single beam, is an 
example. Certain relations should be noted in this figure. The algebraic sum of 
the loads on either side of any section x-x (or between any two sections) gives the 
change in the ordinate to the shear diagram between the reaction and the section 
(or between the two sections). Also, the algebraic sum of the areas under the 
shear curve between any two sections is equal to the change in ordinate to the 
moment diagram between the two sections. From these relations the shear 
diagram is readily constructed by summing up the loads across the beam, and in 
like manner the moment diagram is easily constructed by summing up areas 
under the shear diagram across the beam. The reactions (the end ordinates of 
the shear diagram) and the moments at the beam ends (the end ordinates of 
the moment diagram) depend upon external forces and restraints and must be 
known as a condition prerequisite to design of the member. As an aid to design, 
it should be noted also that the moment passes through a maximum or minimum 
value at sections where the shear passes through zero. The moment diagram 
locates accurately the points of inflection (M = 0) and since the steel area A, is 
proportional to the moment, it indicates the limiting points for bending or termi- 
nating bars. The shear diagram indicates the distance over which web reinforce- 


for balanced reinforcement with various combinations of f. 
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ment may be required, and a simple graphical construction for locating the spacing 
and position of stirrups may be superimposed upon either the shear or moment 
diagram. 

For the most common case of all—namely, that of beams under uniformly 
distributed load—the load-shear-moment graph is not generally drawn, since the 
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Moment Diagram 
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Fic. 2.—Load-shear-moment graph. 


design formulas for this case are simple and the limits have been tabulated and 
diagrams prepared that facilitate design to an even greater degree. 

4. Selection of Working Stresses.—The working stresses to be used in design 
are determined by the building ordinances where the building is to be erected, by 
the owner’s specifications, or by the designer’s judgment, as the case may be. 
Commonly used standards are given in the accompanying table. 


436 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 6-5 


Desien Srresses By VARIOUS SPECIFICATIONS 


a 


Working stresses permitted 
ANCoT Chicago New York 1921 J. C.4 
fc—ordinary fiber stress................+-.- 0. 375f'c 0.35 f’. 0. 325f’c 0. 40f’c 
fe—adjoining supports of continuous beams..| 0.41 f’e 0.41 f’e 0. 375f’e 0. 45f’c 
fo direct Compressloniae ein nein 0.25 f’ct On2 fier 0.25 f’, On2iice 
u—bond unit stress: 
plaintbarsnccns eins cia sso olomere ate 0.04 f’% 0. 035f’. 0.04 f’c 0. 04f%e 
Geformedsbarsiawece + ttoe ailinieone ere 0.05 f’c 0.05 f’. 0.05 f’e 0. O5f’e 
s—shearing unit stress: 7 
no web { (long. not anchored.)........ 0.02 f’e 0.02 f’. 0.02 f’e 0. 02f’e 
steel dong anchored.) csccee cect lt Osc iiren man liiere tote cesers (amen | enter an setae 0. 03f'e 
limit with web reinf. and long. anchored| 0.12 jf’. 0. O67f’. 0. 075f'8 0.12f’e 
fs—unit stress in steel: 
structural, cradesnascem es aciciee incite elo 16,000 16,000 16,000 16,000 ‘ 
intermediate: grade... .sea-n.neee se 16,000 16,000 16,000 18,000 
hard igrade:. scastevincrrsies a create eecets 18,000 18,000 16,000 18,000 
cold drawn wire.a.k wn. sn aerecl seen ae 18,000 18,000 20,000 18,000 


1 A.C. I. and Chicago allow 50 per cent increase in stress in case not over 50 per cent of total area is 
under load. 

2 For J. C. allowance on partially loaded columns, see Formula (80), p. 499. 

3 With web reinforcement to take entire shear. 

4The somewhat higher stresses of the 1921 J. C. Report are based on test values of the strength 
of the concrete in compression and not on assumed strengths. 


At the support of continuous or restrained beams an increase in the compressive 
unit stress is commonly permitted, for the amount of which various specifications 
should be consulted. This allowance is permitted because the extra high stress 
intensity occurs over an extremely short length of beam only, due to the very 
rapid decrease in the negative moment at the ends of beams. Under such condi-. 
tions the less highly stressed concrete on either side restrains these fibers and 
enables them to carry much higher stresses than they could normally sustain. _ 

5. Assumption of Beam Weight.—In designing a rectangular reinforced 
concrete beam the size and hence the weight of the beam itself is always an 
unknown quantity and must first be assumed. With a little experience a very 
close guess can be made. The depth of the beam will ordinarily be limited by 
architectural considerations. The width of a rectangular beam is ordinarily 
made from ¥% to 34 of d. The assumed dead weight of member must be added 
to the given loads, its reactions to the given pecHone and its probable end 
moments to those given. 

6. Steps to be Taken in Design.—The remaining stepe in the design of a 
rectangular beam are as follows: 

(a) From the maximum end shear (= reaction) calculate the value of bd 
by Formula (19). It is generally advisable to use two values of 2, covering a 
range within which the designer wishes the final value to lie. - 

(6) From the maximum moments, positive and negative, determine the value 
of bd? by Formula (10) taking K from Table 1, p. 466, for the stresses specified. 
Now study the values of bd and bd? secured above and select values of 6 and d to 
suit both. Check the assumed beam weight against this selection. It may be 
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necessary at this point to repeat the work thus far a number of times to obtain 
consistent results, but experience will soon reduce this to a single trial. 

(c) Find the area A, of tensile steel required for positive and negative moment, 
using Formula (16). Either part of the formula may be used, taking the value 
of j or of pfrom Table 1. jis very commonly taken as 7g for rectangular beams 
and slabs, without material error. The number and size of bars may be taken 
from Tables 5, 6, and 7, pp. 472, and 473, respectively. 

(d) Compute the bond unit stress by Formula (17). The two critical sections 
will commonly be: (1) At the face of the support for the tension steel at the top of 
the beam, and (2) at the point of inflection for the tension steel at the bottom 
of the beam. If the bond stress is too high it may be decreased by the use of 
smaller rods or the allowable bond increased by hooking the ends of the rods. 

(e) Compute the shearing unit stress and design the web reinforcement. This 
is discussed in Art. 7. 

(f) Determine the total depth of the beam by adding in the necessary thick- 
ness of protective concrete. This.is discussed in Art. 8. 

7. Design of Web Reinforcement.—The most economical web reinforcement 
consists of that portion of the longitudinal steel which lies in the web in passing 
from the upper to the lower plane. Where a considerable number of bars are 
bent, a very effective system of web reinforcement may be provided by proper 
detailing. The stress in this steel may be computed by Formula (20) or (22), 
depending upon whether the rods are bent in several sets or all in one plane. 
To resist the negative moment properly this steel must ordinarily reach the upper 
level at some distance out from the face of the support (see Fig. 7, p. 455, and 
Art. 25), and this leaves a portion of the beam immediately adjacent to the sup- 
port without web reinforcement. There may also be another portion, if shearing 
stresses are high, between the bent bars and the center that will need web rein- 
forcement. To cover these portions, vertical or inclined stirrups are usually 
introduced, the stress being computed by Formula (20). Inclined stirrups and 
bent bars are more logical web reinforcement than vertical stirrups, since they 
take tensile stress from the first loading of the beam, whereas vertical stirrups 
become effective only when the concrete begins to show fine tensile cracks. In 
other words, vertical stirrups only jump to the rescue when the concrete starts to 
fail in diagonal tension. However, they do effectively prevent that failure and 
hold the cracks to much the same minute size as the tension cracks which are 
similarly restrained by the longitudinal reinforcement. Vertical stirrups have : 
the preference in the field over inclined stirrups on account of the ease with which 
they may be placed and the support they afford the longitudinal steel before the 
concrete is placed. Tests show that the ultimate strength of beams is not affected 
by the direction of the stirrups within the limits of 45 deg. and somewhat beyond 
90 deg. to the longitudinal steel. The deflection will be somewhat greater with 
vertical stirrups.+ 

The shearing unit stress permitted on the plain concrete, v,, is commonly 
specified as 0.02f’. to 0.025f’. (but not to exceed 40 to 50 Ib. per sq. in.). The 
total shear carried by the concrete at any section will be v.bjd, while that remain- 
ing to be taken up by the web reinforcement will be V’ = V — v-bjd. Some 
specifications call for two-thirds of the total shear to be taken by the web rein- 


1 Vertical stirrups are of importance in design for torsron also. 
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forcement which would make V’ = 24V. The design of stirrups by formulas is 
laborious, and graphical methods are usually resorted to. For the case of uni- 
formly distributed load, Diagram 5, pp. 476 and 477, gives the number and spacing 
of stirrups, either vertical or inclined, with a minimum of effort. This diagram is 
based on a working stress in the concrete, v., of 40 lb. per sq. in. 

The total number of stirrups required to reinforce the web of any beam is a 
function of the area of its shear diagram and hence also a function of the ordinates 
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Fie. 3.—Graphical solution for stirrups. 


to the moment diagram. In Fig. 3 a load-shear-moment graph for a beam has 
been drawn and on the shear diagram that portion of the shear accounted for by 
the concrete at a unit stress v, is shown. At the left end there remains an area 
ABDC which must be carried on web steel. By Formula (20) the area V’s 


; : ; : frArjd é 
carried by a single stirrup is V’s = ia The total number of stirrups required 
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at the left-hand end will therefore be ae ae sina. For vertical stirrups, 
sin a becomes one and drops out. The number at the right end is found in the 
same way from the triangular area EFG. Since the area V’s will commonly be 
expressed in inch pounds, the distances along the shear diagrams must be reduced 
to inches to avoid confusion. The stirrup section A, will represent the area of 
two legs in the common U-type of stirrup. On the moment diagram the area of 
the shear curve ABHO is thesum of the ordinates M, and M. z. TheareaCDHO = 
(v-bjd)x, where x is the length of beam at that end requiring web reinforcement. 
The area ABDC is the difference, and the formula for the total number of stirrups 
at either end may be written 
ee (M,) ae — (v.bjd)x ee (24) 
The + sign must be so selected as to give an arithmetical sum of the moments. 

The spacing of stirrups can be determined graphically from the moment 
diagram. This method of determining stirrup spacing is exact when the stress 
ve on the concrete is taken as one-third or any other fixed proportion of the total 
shearing unit stress. For the usual assumption of a fixed value of v, independent 
of the shearing unit stress on the member, the results are approximate but the 
error is small. For concentrated loads, the error becomes negligible, and it is 
for this case that this method is chiefly used, since the case of uniform load is 
more easily designed from Diagram 5, pp. 476 and 477. To determine the stirrup 
spacing from the moment diagram, compute the area ABDC and plot it to any scale, 
as the line H./, with H in the moment curve, and draw the closing line AJ. Now 
divide HJ into a number of equal parts twice as great as the number of stirrups 
required at the left end of the member. From the first, third, fifth, etc., of these 
points draw lines parallel to AJ and their intersection with the moment curve 
locates the position of the stirrups which must be scaled parallel to the axis of the 

“beam. The moment curve must be plotted accurately to permit of this determi- 
nation. The number of stirrups found above is the minimum that may be used, 
except that certain ones may be omitted in portions of the beam fully reinforced 
against shear by bent-up longitudinal bars. Additional stirrups are often 
required to comply with regulations as to maximum spacing, etc. 

Some designers strongly favor the use of bent-up bars exclusively as web 
reinforcement and such an arrangement is welcome in the field. Generally this 
would involve the addition of at least one bar to the steel area over the support, ~ 
since a single bar can hardly be placed so as to be effective in tension and at the 
same time properly reinforce the end of the beam against diagonal tension. It 
is somewhat difficult to specify the right position for this first or end shear bar 
on account of lack of adequate test data on this type. 

The 1921 J. C. specification is perhaps the best at the present time for bars 
bent up in a single plane. This specification provides that the upper point of 
the bend shall lie over the face of the support or over the support itself, while the 
lower part of the bend shall lie at that section on which the unit stress v, equals the 
limiting value for plain concrete. These two points thus determined, the angle 
a is fixed, and the area of the sloping steel is computed by Formula (23). 

The design of web reinforcement consisting of bent-up longitudinal bars 
is commonly made as follows: Determine the maximum shear at the face of the 
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support and also the distance from the face of the support to a vertical section 
on which the shearing unit stress, v, by Formula (18) does not exceed the allowable 
value for plain concrete webs. This distance is the “run” of the first bent bar 
and the “‘rise” is known from the beam depth and the embedment of the bar top 
and bottom. Determine the ratio of run to rise from the upper part of Diagram 
4, p. 475, or otherwise. With this ratio enter the lower part of Diagram 4 and 
read the total shear carried by the available bar (or bars) at this slope, based on 
Formula (23). If V — (v.bjd) exceeds the allowable shear for the available bars, 
as just determined from Diagram 4, additional bars must be bent up or other web 
reinforcement provided to take the remaining shear. If other inclined bars are 
added, the distance from the face of the support to the section where the shear 
is fully provided for by the web steel and concrete already designed, becomes the 
new ‘“‘run” and the process is repeated to select the proper size of bar at the new 
slope that will make up the deficiency in the total shearing resistance. If stirrups 
are added, they may be figured by Formula (21) taking the shear on the stirrups 
V’ as the deficiency at the stirrup location. Stirrups should provide web rein- 
forcement over the length between the support and the section where the defi- 
ciency in the bent-up bars disappears. 

Diagram 7, p. 479, may be used for determining the length of the sloping 
portion of bent bars. 

8. Depth of Concrete below Horizontal Reinforcement.—The thickness of 
the protective coating of concrete over the reinforcement varies for different 
purposes. The minimum requirement is that to prevent the admission of 
moisture to cause corrosion and this depends upon the size of reinforcement used. 
With large bars and with large percentages of steel, cracks become larger. For 
slabs, therefore, a protective cover of 14 to 34 in. clear over the bar is ample while 
for beams with large concentrations of heavy bars 114 in. is the minimum. Very 
commonly some degree of fire protection is also desired and for ordinary exposures 
the cover over slab bars should be not less than 34 in., and over girder bars not 
less than 1144 in. For severe fire exposures these figures should be increased to 1 
and 2 in. respectively. Furthermore, certain aggregates! used in concrete manu- 
facture go to pieces under rapid temperature changes. Proper fire protection 
where such aggregates (granite is a good example) are used involves the addition 
of an extra inch of cover reinforced with a light mesh placed 1 in. under the surface 
to prevent spalling. It is not necessary to make-any deduction in the width of 
beam, 6, for fireproofing, but the bars should be kept away from the surface at 
least 144 in. 

For concrete members exposed to the weather at all times not less than 114 
in. of cover is required on walls and slabs and not less than 2 in. on beams 
and columns. 

9. Designing of Solid One-way Slabs.—Solid one-way slabs are designed in 
exactly the same manner as beams, a strip of slab 1 ft. wide (b = 12 in.) being 
treated as a beam. ‘The steps are identical with those given for beams, except 
that A, represents the steel area in a 12 in. width of slab due to a certain size of 
bar at a certain spacing, instead of the steel area due to a certain number of bars. 
If A; is the area of one bar, the spacing in inches to give any total area A, in a 


1 Quartz-bearing minerals especially, also sandstone. 
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12A, 


width of 12 in. will be 7 ae The minimum protective cover of 4 in. of concrete 


should be used only when positive devices are specified to insure that this clear 
cover is obtained. 

10. Bar Spacing and Supporting Devices—Bar Sizes.—The specification of 
adequate spacing and supporting devices to hold the reinforcing bars in their 
designed position while the concrete is being placed is properly a part of the 
design and should be shown on the details. 

Present day practice has largely standardized ten bar sizes for use as con- 
crete reinforcement and many of the largest steel bar manufacturers will 
furnish only these sizes. To avoid the necessity of substitution it is best to 
use only standard sizes in design and in the tables in this volume only such 
sizes are given—see Tables 5, 6 and 7. For column ties and stirrups an 
eleventh size, namely 14’’¢, is also readily obtainable. 

11. Minimum Spacing of Bars in Beams.—The particular ordinance or 
specification under which the design is made will invariably contain many 
limitations on the details of the design and these vary widely in different cases. 
Some city ordinances have not been revised adequately for periods of 10 to 20 
years. The practice of the building department is often more liberal than the 
letter of the code. The minimum spacing of bars in each layer is commonly 
specified. This is governed properly by the size of the aggregate, the size of the 
bars, and the bond stresses. The aggregate must pass readily between the bars 
and not form pockets to destroy the possibility of bond development. This 
establishes a minimum clear spacing generally specified as 114 times the largest 
aggregate used, but never less than 1 in., and never less than 114 times the greatest 
cross-sectional dimension of the bars. Beyond these minimums the concrete 
between the bars must have sufficient area to transmit, in 
horizontal shear, the increment (or decrement) in the 
tension received from the bars through bond stress. 

In Fig. 4 the concrete on the section AB (of unit length) 
must be able to resist a horizontal shear equal to the sum of 
the bond stresses on the perimeter of the lower bar and the 
semi-perimeter of the upper bar. This consideration is the 
basis of the allowable clear spacing worked out in the 
accompanying table, in which the rapid increase in the spacing with many layers 
of bars is well shown. 


Fig. 4.—Spacing of 
longitudinal bars. 
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The above values are based upon a bond unit stress of 100 lb, per sq. in. and upon a horizontal shear- 
ing unit stress of 200 lb. per sq. in. If the actual maximum bond unit stress is greater or Jess than 100 
Ib. per sq. in., the clear spacing will vary in proportion, except that the minimum spacing based on oe 
of aggregate and on size of bar must be maintained in all cases. This table contemplates the use o 


34 in. stone as the maximum s1ze. 
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The bending up of some of the bars before the point of inflection is reached 
will generally transfer the critical section for the lower steel from the point of 
inflection to the point of bending. Since the shear is much lower here than at 
the face of the support, the spacing may be less than the values in the table, as 
noted. 

If both ends of the bars are hooked, the clear spacing may be reduced to the 
greatest cross-sectional dimension of the bars, the other limitations remaining as 
before. Bars, both ends of which are bent up and carried into the adjoining 
spans, may properly be considered as equal to bars with hooked ends in this 
respect, insofar as the portion of the bar taking positive moment is concerned. 

For rectangular beams the critical section as to bar spacing is at the face of 
the support for the steel taking negative moment and at the point of inflection 
for the steel taking positive moment. If the top of the beam at the support 
is monolithic with the floor slab, forming a T-beam, only the section at the 
point of inflection remains critical. 

12. Bars Carried Through to Support.—The design sometimes results in a 
large number of bars for either positive or negative moment but not for both, 
so that some of the bars may be terminated short of the support. Every beam 
should have a number of bars carried straight through in the bottom to the 
support. The minimum is generally considered to be one-fourth of the bars 
required for positive moment at the center, but it is much more common to see 
one-half of the bars carried through in this manner. The bond at the point of 
inflection is the determining factor, formula (17) being the proper one to use to 
figure the number of bars required at the allowable bond stress. The length 
of these straight bottom bars is commonly taken as the distance center to center 
of supports. 

13. Points Where Horizontal Reinforcement May be Bent.—Having deter- 
mined the minimum number of bars which must continue in the bottom, the 
points at which bars may be bent up are determined from the moment diagrams 
remembering that the steel area required is directly proportional to the moment. 
By dividing the maximum positive moment ordinate into as many equal parts as 
there are bars required at the center and projecting these parts horizontally to 
the moment curve, the points at which successive bars may be bent is readily 
determined. A similar construction upon the negative moment ordinate shows 
where bars may be bent down and completely fixes the best bending of the bars. 
Diagram 6 gives the proportion of the total steel area which may be bent up or 
terminated (considering moment only) at any point on the span for several 
moment conditions. At least two bars and at least one-fourth of the total 
number of bars are commonly carried straight in the top from the support to the 
quarter point of the clear span (or to the point of inflection if farther from the 
support). When the reinforcement for negative moment cannot be carried 
into the adjoining span, in the usual manner, special anchorage must be provided 
for it at the end of the beam, generally. taking the form of hooked ends with the 
diameter of the bend not less than eight times the diameter of the bar. In frames 
the bars are bent down into the columns. 

14, Size of Web Reinforcement Bars.—Web reinforcement bars in general 
and vertical stirrups in particular are required to develop very high tensile 
stresses in very short embedded lengths. This means high bond unit stress and 
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severe anchorage requirements and requires the use of small rodsin ordinary beam 
depths. It is a very common fault to use too large stirrups, and some of the objec- 
tion to vertical stirrups is really objection to this abuse. A 14-in. vertical stirrup 
in a beam of 12 in. depth is no more effective than a 3¢-in. stirrup and the proper 
size to use in this beam would be 34-in. The stirrup of large diameter simply 
slips. The 1921 J. C. report contains the rule, based upon tests, that the size of 
web bar should be such as to develop not less than 40 per cent of its total design 
tension by bond in a depth equal to 0.4d. Fora plain round vertical stirrup in 
2,000-lb. concrete, this limits the maximum stirrup diameter to d/50, while a 
deformed bar could be d/40 in diameter, considering that f, is taken as 16,000 lb. 
per sq. in. in both cases. Many designers advocate lower stresses in web rein- 
forcement, even as low as 10,000 lb. per sq. in. in extreme cases. This requires 
much more web steel but it may properly be used in the form of somewhat larger 
bars. The use of 16,000 lb. per sq. in. is fully warranted by tests results, with the 
size limits stated. In Diagram 5, p. 477, at the bottom, the minimum values of 
d, for which stirrups of various size may properly be used, are stated. 

15. Anchorage of Web Reinforcement Bars.—Each end of each web reinforce- 
ment bar should be provided with end anchorage in one of three ways: 

(a) By continuity of the web bar with the longitudinal bar. 

(6) By carrying the web bar about at least two sides (a 90-deg. angle of bend) 

of a longitudinal bar (the web bar continuing). 
(c) By making a semi-circular hook of the end of the web bar, thus engaging 
an adequate portion of concrete to prevent its pulling out. 

Using (a) the bends should be made to a radius not less than four bar diameters 
to avoid excessive stress in the concrete locally at points of bend. Using (6) 
or (c) the web bar should come as close to the top and bottom of the beam as the 
protective cover requirement 
will permit, and the end of the 
bar should be not nearer than 
eight times its own diameter 
from its high or low point. 
The radius of bend in (c) should 
be not less than four bar diam- 
eters. Figure 5 shows prop- 
erly detailed stirrups for rec- 
tangular beams. It is not important in a rectangular beam which end of a- 
stirrup, bent as shown, is uppermost if both ends are adequately anchored. 
Type “a” is the common form of vertical stirrup. Type oe is required in 
some cities when the steel in the compression face is designed to take com- 
pression. Type ‘ec’ is more commonly used for inclined stirrups, while type 
“dq,” with the hooks turned outward, is the common stirrup for T-beams. 
Sharp bends should be avoided to prevent overstress in the concrete with 
resultant crushing locally at such points. Inclined stirrups, kept within the 
size limits given above, will not need to be mechanically attached to the 
longitudinal steel, as tests indicate that slipping occurs only with bars of larger 
size. 

Some steel manufacturers have placed upon the market unit frames in which 
the stirrups are made of continuous wires or small rods, looped about the top and 


(a) (6) (c) (a) 
Fia. 5.—Stirrup bending details. 
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bottom bars, and spaced to meet the design. These are excellent details but for 
some reason have not come into general use. 

16. Rules for Stirrup Spacing.—The spacing of stirrups is governed by rules 
developed from test data which set limits of an arbitrary nature in addition to 
the limits arising from the diagonal tension on the member. The Joint Commit- 
tee report of 1921 is representative of the best present-day practice. The spacing 
a (see notation, Appendix A) between inclined stirrups should not exceed 34d at 
sections where stirrups are required by the shear, while with vertical stirrups a 
maximum spacing of 144d is recommended. For very high shearing stresses the 
Joint Committee reduces these limits to 4d for inclined stirrups and to 14d for 
vertical stirrups. Common practice does not live up to these standards in general 
but allows about 50 per cent greater spacings. With very high shearing stresses, 
say in excess of 120 lb. per sq. in., no liberties should be taken with Joint Commit- 
tee specifications. The maximum distance from the face of the support to the 
first stirrup should not exceed 14d (Joint Committee) measured on the axis of the 
member. Common practice doubles this allowance at times. Stirrups inclined 
less than 30 deg. to the vertical are classed as vertical stirrups in applying these 
rules. 

17. Beam Sizes Influenced by Formwork.—The dimensions of concrete 
beams are frequently influenced in practical design by the formwork. The beam | 
bottom form is made up of plank which must be cut to fit the beam width, unless 
this width is made to fit the plank. Widths of 55¢ in., 75¢ in., 95¢ in. and 115 
in. permit the use of one-piece plank bottoms without stripping or filling, while 
widths of 1314 in., 1514 in., etc., are suitable for two-piece bottoms for wider 
beams. Adherence to such a program will also avoid the common error of 
making an immense number of different beam sizes. A reasonable number of 
different depths and widths of beams will be economical even though some con- 
crete is used at less than its allowable compressive unit stress. Forms frequently 
cost more than either the steel or the concrete. 

18. Camber in Forms.—Beams deflect due to shrinkage of the concrete in 
hardening and due to plastic (inelastic and hence permanent) deformation in the » 
concrete under long continued loading, as well as due to the load on the beam at 
any given instant. Forms should therefore be cambered and the amount of 
camber should take into account all of the causes of deflection. Measurements 
of completed floors show that the usual allowances are too small. This may be 
said to be a matter for the contractor to handle rather than the designer, but it 
frequently happens that the designer is the only person connected with the job 
who is competent to compute the proper camber and that he should take it upon 
himself to see that it is done. 

19. Construction Loads.—When designing members for very light loads, it 
is sometimes advisable to investigate the effect of such loading as is liable to 
come upon them during the construction of the building of which they are a 
part. The engineer must at times protect himself against the carelessness or 
ignorance of some man on the job who is looking for a space to tuck away a couple 
of carloads of gypsum or partition tile. The safe load, in some easily under- 
standable units, should be plainly marked on the drawings at least. 

20. Temperature Reinforcement.—Individual members are rarely of such 
length and proportions as to require temperature reinforcement and this subject 
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is treated in the volume on “Reinforced Concrete and Masonry Structures.” 
A partial treatment will be found under the design of walls in Art. 63, p. 504. As 
parts of a long building, members may require temperature design and the designer 
must not overlook this possibility. 


Illustrative Problem.—To design a rectangular beam, freely supported, of 20-ft. span 
resting on 12-in. brick walls, carrying a uniformly-distributed load of 1 ,850 lb. per ft. The 
total depth of beam is limited to 36 in. A 2-in. proteetive cover over the principal rein- 
forcement is to be provided. f, = 650, fs = 16,000, and n = 15. 

For solution in detail see Design Shioet 1. The following notes refer to that design 
sheet: (a) Deductions for effective depth are 2 in. (protective cover) plus 24 in. (half of bar 
dimension); (6) instead of revising the moment computation above, the revised load is 
introduced in this way as a correction; (c) selected from Table 5, p. 472; (d) clear span is 
20 ft. less 1 ft. (wall) = 19 ft.; (@) Bistnice ain Diagram 5 is distance frou the face of sup- 
port to point where » = tz, = 40 lb. per sq. in. 

Illustrative Problem.—To design a rectangular beam to carry two concentrated loads 
of 10,000 lb. each, applied 5 ft. from either end of 18-ft. clear span, and also to carry uni- 
formly distributed loads amounting to 375 lb. per ft. between the concentrated loads and 
750 lb. per ft. between the concentrated loads and ends of span. The left reaction from 
this loading is fixed (by adjoining span conditions) as 15,750 lb. and the right reaction as 
14,750 lb. A bending moment of —33,250 ft.-lb. acts upon the left end of member and 
one of —24,250 ft.-lb. acts upon the right end. Use 1921 J. C. stresses, assuming a 2,000-lb. 
concrete.! 

For solution see Design Sheet 2.' The following notes apply to that sheet: (a) Based 
on usual assumption of wl?/12; (6) weight of reinforced concrete is commonly assumed 
to be 150 lb. per cu. ft.; (c) spacing of bars taken from table on page 441; (d) sign of moment is 
neglected—reinforcement is in top of member; (e) this steel area will be designed when 
steel available from adjoining span is known; (f) by inspection, bond is higher at right 
support and only one computation is necessary; (g) in evaluating Formula (24), p. 439, 
the length z is here given in feet because the nioments are stated in foot-pounds, and the 
whole then multiplied by 12 to reduce to inch-pounds, 

Illustrative Problem.—Check the design of a rectangular beam, as given below, and deter- 


_ Inine magnitude of all principal stresses, using 1921 J. C. specifications and assuming a 


2,000-lb. concrete.! The beam is 12 in. wide and 24 in. deep, with 2 in. cover over the 
main bars. The reinforcement consists of four 34-in. round deformed bars of medium 
grade steel of which two are bent up at eachend. There are 8 3g-in. round vertical stirrups 
at each end spaced 4 in., 2 at 6in., 2 at 8in., 2at10in.,and12in. This is one of a series 
of spans, all alike, making up a continuous beam. The clear span is 18 ft. and the super- 
imposed load 1,500 lb. per ft. 

For solution see Design Sheet 3. The following notes apply to that sheet: (a) Some 
specifications require wl?/12, but this is not a controlling item in this design; (5) this 
computation indicates that very low stirrup stresses have been used in this design—num-_ 
ber of stirrups could be reduced; (c) » = 72 (approx.) at 1st stirrup less (»- = ) 40 leaves 
32 lb. per sq. in., to be taken by stirrup. 

Illustrative Problem.—To design a fully continuous floor slab for a superimposed load 
of 150 lb. per sq. ft. The span is 8 ft. Use A. C. I. stresses.1 Assume a 2,000-lb. con- 
crete and hard grade plain bars. 

For solution see Design Sheet 4. The following notes apply to that sheet: (a) See 
discussion of critical section for bond stress under beams; (b) the ratio 10/12 is introduced 
in Formula (17) to give the shear for one straight bar, these bars being spaced 10 in. on 
centers in the usual arrangement where alternate bars are bent up; (c) compressive stress 
in the concrete and diagonal tension are practically never critical in solid slabs like this and 


are rarely figured. 


1 See table on p. 436. 
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DESIGN SHEET 1 


Assume dead weight of beam as 450 #/ 
Total dedd ahd live load s=450\497,880,— 30084 


Bee Stee 12) _ ” 
M =“ = (2,300) (20)2( =) 1,380,000" # 


For fe = 650, f; = 16,000 and n = 15 (from Table 1) 
p. = 0.0077; 7 = 0.874, say 74; k = 0.379; and K = 107.5 


_ _@,300)(10)- _ 119 
By (19) bd = (80 to 120) (4) ~ 219 to 329 
_ 1,380,000 _ ‘ : 
At center, by (10) bd? = AGT Bee 12,830/"2 
(a) 12,830 Hh " 
= — = ” => —___ = 
d = 36 214 33.5 » By G0) 6 (33.5)? 11.45”, say 1156 
, , 
Weight of beam = (1154) (36) (ja — 436"! p + LL =2,286"/ 
_ 2,286(0) 1,380,000 eis 
At center, by (16) As = 2,300 (16,000) (34) (83.5) ~ 2.94 . 
=2-1 7 and 2-34 AO) 
At face of support, the number of bars required in bottom, 
V (2,286) (9.5) Ba” 


by (17), So = 


ujd ~ (80)G@4)(8.5) ~ 7° 
Carry 2-10 and 1-34’'9(2o = 10.350’) straight through in bottom. 
Bend up 1-34’¢ to top of member of each end. 
_ $'(@,286)(:5) fa” 
By (18) at end = (11.62) (74) (83.5) ~ 64 
From Diagram 5, a= O19) Goa) 1457 7 
A» = (0.34)(2.94) = 1.002 = 5-34” ¢ U-stirrups. Use 8. 
33.5 


Size of stirrups Roe a 0.67" = 5¢’"6 maximum 
Stirrup spacing in terms of a = 0.065a, 0.145a, 0.178a, 0.258a 
Stirrup spacing in inches = 216", 6”, 734”, 11” 


Total depth of beam = 33.5 + 34 + 2 = 36” 
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DESIGN SHEET 2 


Assume dead weight of beam = 250 */ ; 
Correction for dead weight. 


a 


Superimposed : 
Item eee Dead weight Total 
Worbrenotonie sertisie facut Ata ae c om 15,750 2,250 18,000 
RCM UIrCACH ONS. Mier Like es oi eee ee 14,750 2,250 17,000 
entemomentinne ce. Ga k: tie, ome. —33 ,250 —6,750(a) —40,000 
Ue LiGm NOE CIIt =e ee ee hota ckin cer —24 ,250 —6,750(a) —31,000 


Bo Bn Bills ie eal Se 
Figure 2 is the load-shear-moment graph for this member. From this figure maxi- 
mum moment at center is 44,700’ #. 


For fs = 18,000, f. = 800 and n = 15 (from Table 1) 
p = 0.0089; 7 = 0.867; k = 0.4; and K = 138.7 


Ory ae ; 
By (19) bd = ep 190)0.807 = 173 to 2502 
Mt center! by (10) par = 44,700) (12) _ 3 arons 
138.7 
Try b = 115¢”. By (10) d? = & 870 _ d = 18.25", say 19” 


1: 62 
bai — 11-6256 19. — 221.) ORS ee (19) above. 


150\ (>) #/’ 
Beam weight = (11.62) (21) 144 = 254°" . Assumption O.K. 
(44,700)(12) ae ee 
At center, by (16) A, = (18,000) (0.867) (19) ~ 1.81 = 6—5 "6 bars. 
Width of beam = (6 154) 4+ 6 43 = Tig” 1156 O.K. 
(40,000)(12) | ,,"2(e) 
At left end, by (16), A, = Gs, 000) (0.867) (19) 1.63 
: EGE, OOO) C12) ge tia” : 
At right end, by (16) A, = (18,000) (0.867) (19) ~ 1.26 = 4—5,"4 bars 
4 17,000 eae 
At face of right papneee by (17), w= (1.96) (0.867) (9) =o #/ 
16,200 one 


At left point of inflection, by (17), u = 3(1.96),(0.867) (19) 


u = 132 is O.K. with deformed bars with hooked ends. 
u = 168 is too high. Carry 4—5¢’’¢ bars through in bottom, u = 126 
This is O.K. with deformed bars with hooked ends. 


18,000 


'Q wv 
At left end, by (18) = GrENeeenIS = 94/9" ox. 


Ww 
Max. stirrup size = 1% = 0.38” = %"¢ A, = 0.22087 for 1-34 6 U 


No. of 34/6 U-stirrups at left end, by (24) OR 
37,500 — (—40,000) — (40) (11. 62) (0. 867) (19) 6) y Age 
(16,000) (0.867) (19) (0.2208) 
No. of 34” ¢ U-stirrups at right end, by (24) = 
41,500 — (—31,000) — (40) (11.62) (0.867) (19) (5) x12 =7 
(16,000) (0.867) (19) (0.2208) 


Total depth of beams = 19 + 546 + 134 = 20 13(6”, say 21”. 
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DESIGN SHEET 3 


Live load per foot of span = 1,5007 
# 
Weight of beam = 12 X 24 X ee ae i 
1,8008/” 
Ee 
b = 12" d = 24 —2 — 33 = 21.62" A, = 4X 0.44 = 1.76 
2 
Moment at-center = a S iz) (1,800) (18)2 = 438,000 * 
2 
Moment at ends = eo = (4 (1,800) (18)? = 584,000 "F 
_ 584,000 = t/a" 
Approx. steel stress, by (15) fe = (L.-76) (14) (21.62) ~ 17,500 
_ _ 584,000, _ 
At end, by (9) i = G2) @1.62)2 ~ 104 
; 1.76 
By (7) fi (12) (21.62) = 0.0068 
aA tHe 
From Diagram 1, with p = 0.0068 and K = 104, fe= esot/ 0 fo SRS 17,4008/9 : 
= (0), 
1,800) (9) > #/o”’ 
Att ( 
.\t face of support by (17) U me: 42) (0.88) (21.62) ~ 90 
(1,800) (0.4) (18) £/o"” 
At = 
Yo point of span by (17) Ri 71 (0.88) (21.62) 144 
(1,800) (9) # 
By (18 SNS? ae 
ys) “= (9) (0.88)(21.62) ~ 
te 
G A 
Witi 


By (24) and preceding text, 


Shaded area = (32)¢(12) (0.88) (21.62) (*) = 175,000’ 


175,000 
(16,000) (0.2208) (0.88) (21.62) ~ 2-6 each end?. 
» —ve)bjds _ (30) (12) (0.88) (21.62) (7) 


( iy 
By (20) fp = = # : F 
waa) Avjd (0.2208) (0.88) (21.62) aha : “in COED eee 


No. of 3¢”’ ¢ U-stirrups = 


support. 
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DESIGN SHEET 4 


For A. C. I. stresses, f. = 750, fs = 18,000 and n = 15, Table 1 gives j = 0.872,k = 
0.3846 and K = 125.7. 


Assume a 4-in. slab, weight = aot/ Be 


; 1507/0" 
Superimposed load on slab = ——+—— 
200%/0’ 

Moment at center (or supports) = Se = ( ) (200) (8)? = 12,800” # 

12 12 z 
12,800 
= ” Phe Ey eee ds = uw = wea 
b 12”. By (10) d (12) (125.7) 8.5/2 d 2.9” 4” slab O.K. 
12,800 


= 0.2670"/" 


d = 3.05”. s= 
Use 3.05 By (16) A (18,000) (4) (3.08) 


(12) (0.1104) _ 
0.267 - 

Same moment and same reinforcement required at supports. 

Try bending up alternate rods and lapping to quarter points. 

(200) (0.4) (8) (10) ) ie9t/2” 

(1.18) (34) (8.05) (12) 


This bond is higher than ordinances allow, but is commonly allowed with well anchored 
bars. To conform to the ordinances all the bars would be carried through in the bottom 
and additional $g’’ round bars at 5’’ centers provided in the top of the slab over supports. 


_ 2004) _ ao #/n” 
~ “2) (44) (8.05) — 


Spacing of 3g” round bars = 5” on centers 


At #49 point of clear span, by (17) u 


At tace of support, by (18) (c) 


(2) (12,800) ne iw 
(0.385) (0.875) G2) (8.05)2 68 #/0 


Total slab thickness = 3.05 + 0.19 + 0.75 = 3.99” 


By (14), compression in concrete, fo = 


T-BEAMS AND RIBBED ONE-WAY SLABS 


In reinforced concrete structures the slabs and beams are poured in one opera- 
tion and the two are in fact monolithic. The compression occurring in the top of 
the beam near the center of the span will be resisted by the slab directly over the 
beam and for a considerable distance on either side. Thus the effective section 
resisting positive moment of the vast majority of beams in actual structures is a 
T-section and such beams are called T-beams. In ordinary tile-and-concrete-jovst- 
construction and in open-joist construction the same co-action of slab and rib 
occurs and these types must be designed as T-beams. 

A T-beam as a structural member may be a separate beam, a single span in a 
continuous beam or in a framed structure, or a cantilever projection as in foot- 
ings. Furthermore all T-beams with end restraint must be treated as rectangu- 
lar beams over some part of their length. In order to present a T-section in 
flexure for both positive and negative moment, a beam must have an I-shape. 
Such beams do occasionally occur but the usual case of a T-beam member 
involves design as a T-beam only for positive moment near the center and design 

as a rectangular beam for negative moment at each end. So 

21. Formulas.—Certain additional notation becomes necessary in designing 
T-beams. This notation is given in Appendix A. 

2g 
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Figure 6 shows the distribution of stress over a T-beam section and illustrates 
some of the symbols used in the formulas. In this figure the portion adhe is 
called the flange, the portion fgnm is called the stem, and the portion bcnm is called 
the web. 

If the slab is thick and the beam shallow, kd may be less than ¢t and the neutral 
axis lies within the flange. This condition is commonly designated as Case I 
in T-beam analysis. Since the concrete in tension is neglected in flexure the 
stress distribution and formulas for positive moment are identical with those for 
rectangular beams given in Art. 1, p. 432, except the following: 

V jet, NS 
For negative moment b’ must be substituted for 6 in all formulas and the design 
made for rectangular beams at the support where there is no flange available for 
compression. Very commonly this negative moment section will have com- 
pressive reinforcement and in this case the design becomes that of a doubly- 
reinforced rectangular beam. 


fe oncrete in compression 
\ a 


°o fet ” (ie 


“See! area As 
Section Stress Diagram Enlarged: Detail of (6) 
(a) (6) () 


Fig. 6.—Stress distribution in T-beams (Case IT). 


If the slab is sufficiently thin so that kd is greater than ¢ and the neutral axis 
lies below the flange entirely, as illustrated in Fig. 6, the area of concrete available 
to take compression is less than in a rectangular beam of size bd and new formulas 
must be developed. Two cases, (Gase II and Case ITI) arise under this condition. 
In Case II the small amount of compression in the stem between the neutral 
axis and the under side of the flange is neglected. The stress in this portion is 
low as shown in the stress diagram, Fig. 6, decreasing to zero at the neutral axis, 
and the width affected is only the width of the stem. The principal formulas for 
design are derived in the same manner as for rectangular beams. 


Xitee 
pn + 0.5 i} 
Position of the neutral axis k = Sena a (27)! 
pn + d 
For balanced reinforcement values of k may be taken from Table 1 
es 2(5) 
Arm of resisting couple 7 = 1— 5 - (28)! 
d t 
ek — 3(4) 


1See footnote on p. 451 
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t\. 
: ; bet: d 
Percentage of reinforcing steel p = nee ( _ ) (29)! 
For neutral axis at lower face of flange with balanced reinforcement 
wold ) 
. (4 1 (30) 
u 
. Sit d 
For over-reinforced beams M = M, = fj (Ye | — a (31)! 
t 
ead 
eK =Jg(4) | — & (32) 
for under-reinforced beams M = M, = A,f,jd (33) 
M, , 
M 
A, Aas 
fad (35) 


Formulas (1), (2), (3), (40), (43) and (44) also apply to Case II. Values of 
K,j and p for T-beams with various ratios of ¢ to d may be taken directly from 
Table 2, p. 468. 


1 Formulas (27), (28), (29) and (31) are derived as follows from Fig. 6(c): 
From similar triangles abc and ab’c’ 
ab ab’ (F ) 
— = — orz = t{ — 
z t a 
Substituting values of k, fc and t/d, we have 


te te t s t 
(28 9)--() 
Bfe , 3fc t ¥ t 
eee es ee 


id =d —z Hence j = 1 — = 


(28) 


Equating the total tension to the total compression, we have 


eae se ae _ 


which reduces to é 
p= fe [1-2] (29) 
; 
Substituting 4 Ate By 
ten 
a pn + 0.5 (5) 


t 
pn +a 


ees 
oe Je d 
neal) 
or M = ta(j aa a) (31) 


27) 
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A third case is distinguished when the compression in the web below the 
flange is taken into account (Case III). The Joint Committee gives formulas for 
this case as follows: 

Position of neutral axis 


_ |2ndA, + (0 — b)? is (nA, + (6 — b’)t}? nA, + ~ — b’)t (36) 


kd 5 oye 
Position of resultant compression 
__ (kat? — 240) + [kd — 6 + 36(kd = 9)" = 
or t(2kd — t)b + (kd — t)?b’ 
Arm of resisting couple jd = d — z (38) 
Compressive unit stress in extreme fiber of concrete 
2Mkd 
fe = (kd — Hot + (kd — tj @® 
Tensile unit stress in longitudinal reinforcement 
M 
Te oa A, id (40) 


These formulas are very cumbersome to use. Equalaccuracy may be obtained 
by considering the T-beam, Fig. 6, as made up of a rectangular beam benm plus . 
a T-beam (made up of the sum of abmo and cdrn). The two parts. will affect 
the value of p and K (for balanced reinforcement) in proportion to their widths. 
In other words, if K, and p, are the values from Table 1 for rectangular beams 
and K, and », the values for a T-beam (Case II) taken from Table 2 (for the 
proper value of ¢/d), then, for the combination 


K= K,(F) Sie le ee) (41) 

cr p= (5) + 02>") 2) 
Also ee : (43) 
and 
A, = pbd (44) 


Approximate formulas for Case II may be obtained by considering that the 
average value of the compressive unit stress over the flange can never be less 
than }4f., and the depth z to the resultant of the compressive stress can never 


t 
be greater than 5° The arm of the resisting couple will always be greater than 


t : : 
(d — 5): Approximate equations result: 


m= Ag(a—3) | (45) 

or Soa (46) 
f. (4-5) 

v.-ya( dae 


PAPO 
bt (a us 5) (48) 
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These formulas are used in rapid estimating work but should not be used for 


‘ cm 5 
design. In the case when q 18 very small the error is considerable, as a consider- 


able portion of web concrete is then neglected in compression and the average 
1 


stress is greater than 5 f.. When the neutral axis lies in the lower surface of 
res: 
the flange, the true value of z is 3 instead of 5 and the formulas become wasteful. 


22. Steps in the Design of a T-beam.—The steps in the design of a T-beam 
are much the same as in the design of a rectangular beam, the principal difference 
being in the numerical values of k and p. The weight of beam to be assumed, | 
however, is only the weight of the stem, as the flange weight is commonly in the’ 
superimposed load. The steps are: 

(a) Determine the value of b’d by Formula (26). 

(6) Determine whether or not the design of the beam comes under Case I. 
The value of ¢ will have been determined previously in the design of the slab. 
(It may, of course, be changed, if found desirable, to aid the beam design.) The 
value of d will generally depend on architectural considerations and is therefore 
known or can be readily assumed. Use Formula (80) to determine the limiting 
value of dfor Case I. If d by (30) is equal to or greater than the value indicated 
by external conditions, the beam is Case I, and the design may proceed exactly 
like a rectangular beam except that Formulas (25) and (26) replace Formulas 
(18) and (19). If d by (80) is less than the value indicated by the external condi- 
tions, it is a Case II or Case III T-beam and the design proceeds as follows: 

(c) Determine the value of bd? by Formula (48). For Case III the value of K 
is found using Formula (41) in a cut-and-try process in which experience creates 
skill. For Case II the value of K and p may be taken from Table 2. 

(d) Determine p from Formula (42) for Case III, or from Table 2 for Case IT, 
and determine A, from Formula (44). Decide on the number and size of bars 
and check to see if they can be placed in the width b’. If two layers are necessary, 
the value of d may be reduced and a re-design may be required. 

(e) Investigate the bond stress on the longitudinal steel. Article 25 takes 
up this matter in more detail. 

(d) Design the web reinforcement exactly as for a rectangular beam of 
width b’. 

(g) The protective cover for the reinforcement in the stem of T-beams should 
be the same as for rectangular beams. In the upper portion of a T-beam, the 
protective cover may be reduced to that in a slab, remembering that this cover 
will ordinarily be above the slab steel which rests upon the beam steel. Where 
plaster is applied directly to the concrete, the fire proofing cover may be reduced, 
according to some ordinances by one-half the thickness of the plaster but not 
more than }4 in. 

23. Brackets and Haunches.—The preceding outline of steps to be taken in 
design applies to the T-section under positive moment at midspan in which the 
wide flange is in compression and the stem in tension. The two ends of the T- 
beam where the stresses are reversed must now be designed for negative moment 
as rectangular beams. If brackets or haunches are not permissible, this design 
may fix the values of b’ and d for the entire beam. Brackets are made by deep- 
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ening the beam from the point where the ordinary depth is sufficient to take the 
compression, increasing to the column. Haunches are made by increasing 0’ 
from the same section to the column. The use of either bracket or haunch de- 
creases the shearing stress and permits of decreased web-reinforcement. Either 
one adds to the expense of the formwork considerably, and where a reasonable 
amount of compressive reinforcement will serve the same purpose it is generally 
used in preference to brackets or haunches. 

24. Use of T-beam Diagram.—The best T-beam design and review diagram 
for Case Il with which we are familiar is Diagram 2, p. 469. In using this dia- 
gram the usual calculations for shear and bond must be made to complete the 
design. The proper proceeding in reviewing designs using this diagram is as 
follows: 


The values of p, t/d, K(= =) and k are established in any review problem. 


(a) Enter upper part of diagram with p, ¢/d and K and determine f;. 

(b) Enter lower part of diagram with p, t/d and f, and determine f.. 

To use Diagram 2 for design, proceed as follows: 

(a) Assume depth and weight of member and correct given moments and 
shears to include effect of the weight. The assumption of depth establishes d and 
t/d very closely, the slab thickness being known. 

(b) Enter lower part of diagram with f,, f. and t/d and determine p. 

(c) Enter upper part of diagram with t/d, p and f, and determine K. 


(d) From the relation K = x compute b.: 


(e) From Formula (26) determine b’ and design the web reinforcement. 

(f) By Formula (17) investigate the bond at the point of inflection. 

(g) Check the assumed weight and revise design if necessary to correct same 
or to secure proper proportions of member. 


25. Discussion of Stresses in a T-beam.—Let Fig. 7 represent a T-beam 
member with the longitudinal reinforcement as shown in (a), the uniform 
load as in (0), the shear curve as in (c) and the moment curve as in (d}. 
The moment curve shown is drawn in accordance with the almost universal 
specification that for a continuous beam of equal spans uniformly loaded the 


maximum positive moment at center of intermediate spans shall be taken as Le 


and the maximum negative moment at the corresponding supports at the same 
value. (The 1921 J. C. report recognizes a positive moment of ee for this case 
which is more reasonable.) These two values are not for any one condition of 
load on the adjoining spans but represent maximums at the two principal sections 
under all possible loadings. The moment curve is therefore composed of two 
portions, one representing positive moments at their maximum values and the 
other representing negative moments at their maximum values. The shear 
curve is the same for both cases. The point of inflection is seen to have possible 
positions as far from the support as point 5 and as near to it as point 3. Assume 
that the depths are so selected as to give eight bars at the center and eight at the 
support. Since A, is proportional to M, a graphical construction may be made 
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showing the moment carried by each set of two bars and this has been done. 
Starting at the center of the beam it is seen that considering moment only two 
bars of the bottom reinforcement can be bent up or terminated at point 6, two 


aati : 
(6) 


Clear span 20*+0" 


Se Me MT i IS ACTA NOP, 


Bar a 

Se Neutral axis 
Bending |} Reese een ae 
fa) Pas <a 


“2 bars elin bottorn--- 


'+2.000,000 intb. 


LS 
Moment § e 
Diagram G 5 eS 
and Stress |_| YY 7% cs 
in Bars Mvea af 
(a) 2 8,000 NS) 

§ 


; 4,500,000 ir7-/b. 
~2,000,000 /rr/b. 


Lond on bottom bars 


SS Z | 200 
Pan i ~ 40200 
Shear te 
oe Zu NBS 5 
and Bond Ls 
Unit Stress [ 
(co) 


Bond stress 


: fi == 
all bars straight ee 
Le oa a 


LS gC a fa) G 


Fic. 7.—Study of stresses in beam. 


more at point 5, two more at point 4, and the last two at point 3 where the posi- 
tive moment becomes zero even in the extreme case of loading on adjacent spans. 


456 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 6-26 


Similarly considering the upper reinforcement from the support towards the center, 
and taking account of moment requirements only, the eight bars required at the 
end can be reduced to six at point 2, to four at point 3, to two at point 4 and 
entirely cut off at point 5 where the negative moment becomes zero at the other 
extreme. As has been mentioned, (Art. 12) good practice requires that at least 
one-fourth of the bars required at the center be carried through in the bottom of 
the beam to the support and bond considerations frequently raise this proportion. 
These are the two bottom bars that otherwise would be terminated at point 3. 
At the top, also, practice has standardized very largely on carrying at least one- 
fourth of the bars to the quarter point of the clear span instead of stopping at 
point 5 which is 0.21L from the face of the support. The intervening bars could 
be bent (for moment) as shown in Fig. 7b and would provide an efficient arrange- 
ment of web reinforcement except for sections close to the support and possibly, 
if the shearing stress is high, beyond the outer bent rod. 

In Fig. 7d curves have been drawn showing quite closely the tensile unit 
stress in the various pairs of rods as it varies from the center to the support figured 
by Formula (15), and in Fig. 7c the bond unit stress variation is shown in a 
similar manner, figured by Formula (17), Note that by applying Formula (17) 
to sections between the point of inflection and the support the bond stress on 
the tensile (upper) reinforcement is found. The lower reinforcement is in com- 
pression and its bond stress islower. A study of Fig. 7c indicates that the eriti- 
cal section for bond in intermediate spans of continuous beams under the usual 
moment specifications will commonly be found at a section at a distance of {o 
of the clear span from the face of the support. 

26. Bond Considerations.—At the end of simple beams, and at the outer end 
of beams continuous at one end only, the section at the face of the wall support 
may be critical for bond and very commonly the bottom rods will need to be 
hooked over such supports. The top steel will almost always require hooks over 
the end support. It is a safe and at present practically universal rule to provide 
tension steel in the top at the ends of all concrete members thus avoiding the 
possibility of cracks forming at that point and destroying the shearing resistance 
of the beam at its critical section. 

In Fig. 7 all bars have been bent up and used for negative reinforcement as far 
as practicable. It sometimes happens that a portion of the reinforcement at 
either the center or the support is not needed at the other section of maximum 
moment value. Such bars are terminated where they are no longer needed for 
tension. Large bars should always end in a hook bent to a diameter not less than 
eight times the bar diameter to minimize the slipping. Even an elementary 
consideration will show the designer that exceedingly high bond stresses must 
occur at such rod ends and that some slip is bound to occur. It is also true 
in most cases that where a bar is bent from the lower to the upper plane, the bond 
stress at the neutral axis will be so high as to cause some slipping and the actual 
tension in such rods will rarely decrease to zero as shown in Fig. 7d. In this 
case the opposed tensions above and below the neutral axis tend to balance each 
other so that high bond stresses are justified in design. Their magnitude is never 
figured since the anchorage is exceptionally good. The bending of such bars, 
however, should be gradual to avoid high stresses in local compression at the 
points of bend. The radius of bend should be not less than four bar diameter. 
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27. Lateral Spacing of Longitudinal Bars.—The lateral spacing of the longitu- 
dinal bars for positive moment is governed by the same condition set forth in Art. 
11 for rectangular beams. For negative moment, however, the minimum 
spacing can be used in the bars in all layers since there is ample concrete in the 
flanges of a T-beam to take the horizontal shear. 

28. Critical Sections.—For T-beams the critical section in horizontal shear is 
across the stem at the under face of the flange and adjoining the support. The 
intensity is the same as the intensity of the vertical shear and is figured by For- 
mula (25). The same web reinforcement will provide against both vertical and 
horizontal shearing stresses in all usual cases. Other sections where caution is 
sometimes urged in T-beam design are the two sections through the flange in 
the planes of the sides of the stem. In the writer’s opinion these sections are 
almost never critical, since the shear is very low at the center where the tee is used 
and at the support the T-beam becomes a rectangular beam. Reinforcement 
must be provided to take the cross bending of the flange as a slab across the stem, 
where this is not provided as a part of the slab design. Such a case occurs where 
beams of T-shape are separate on one or both sides, the flange being provided 
solely to increase the compression area. ; 

29. Ribbed Slabs of the One-way Type.—Ribbed slabs are T-beams with or 
without fillers of such a character as to increase their strength. Figure 8 shows 
several common types. Hollow clay tile greatly increase the strength in compres- 
sion and shear and also the rigidity. (Where the tile are laid with staggered 
joints, the thickness of one web may 
properly be added to the width of the 
concrete joist as effective in shear, 
and one half of the thickness of the 
top slab of the tile may be added to a) 
the concrete as effective in com- 
pression.) Gypsum tile are similarly 
effective to a less degree. Metal 
domes are commonly considered as 
forms only, even if they are left in 
place permanently. The design of ) 
ribbed slabs is precisely the same as 
that of T-beams as outlined above. 
Diagram 8 gives information of value 
in selecting trial dimensions. 

30. General Proportions of T- 
beams.—Tests have shown conclu- 
sively that the slab is effective as a Fig. 8.—Types of ribbed slab construction. 
compressive flange in T-beams to 
a very great distance from the stem. City codes and the ideas of those who some- 
times write specifications have become ‘“‘set”’ at various stages in our developing 
knowledge of this matter and vary widely. The latest Joint Committee report 
permits the use of the adjoining slab for a distance on either side of the stem equal 
to 8 times the slab thickness. Of course, not more than one-half the clear distance 
to the adjoining T-beam is available and a limitation that b shall not exceed 14 to 
1% of the span length of the beam is commonly recognized in design. For beams 


Gypsum Tile Fillers 
© 
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having a tee on one side only the effective width of slab acting with the beam should 
be reduced to four to six times the slab thickness, depending on the depth of 
the beam and the ratio of ¢ to d. The important considerations are: (1) the 
moment produced on the unsymmetrical beam section when the center of 
action of the compressive stresses is moved from its usual position directly above 
the center of action of the tensile stresses, and (2) the torsion due to unbalanced 
external loading. A rational design is very difficult and is seldom if ever made, 
but the designer remains responsible for keeping these moments to reason- 
able amounts. The slab thickness should bear a sensible relation to the 


effective depth of the beam. Table 2 includes the range of ‘ properly used for 


design. For ribbed slabs without fillers some ordinances limit the width of flange, 
b, to 34 of the distance center to center of joists as a maximum, but if the slab 
is properly reinforced and of proper thickness no special limitations are necessary. 

In ribbed construction the stem will commonly be wider at the support (to 
resist diagonal tension) than at the center. This is accomplished in clay tile 
construction by using smaller tile at the ends of rows or in gypsum block construc- 
tion by sawing off standard blocks to give the necessary joist flare. In metal 
forms the flare is provided by the shape of the forms themselves. The required 
flare at the ends of joists should be called for on the details in all cases. 

In hospitals and hotels it frequently becomes necessary to limit the depth of 
the main girders to that of the ribbed slab between. In such cases the ribbed slab 
must be made unusually deep unless very exronatas girders with heavy compres- 
sive reinforcement are resorted to. 

31. Reinforcement for Shrinkage Stresses.—Most materials in hardening are 
subject to shrinkage and if the section is irregular, asin a T-beam, severe shrinkage 
stresses may be present at the three planes of juncture of flange and stem, and 
flange and web. Reinforcement should always be provided across these sections. 
The slab steel and the stirrups or ties for compression steel are generally present 
in adequate amount, but where a designer in some special case dispenses with 
either of these reinforcements he must provide a suitable system of ties across such 
sections. The proper amount is a matter of judgment depending on the relative 
proportions of the parts. Certain proportions of parts, as in cast iron, reduce 
the destructive effect of shrinkage to a minimum. 


Illustrative Problem.—The beams in a floor are spaced 4 ft. on centers and the slab is 
6 in. thick. The total superimposed load, including slab, is 1,800 lb. per ft. The clear 
span is 18 ft. 6 in. and the moment coefficient at the center is fixed by ordinance as wL?/12, 
The total depth of beam is limited to 24 in. Design one beam as a T-beam at the center 
using fe = 700, f, = 18,000 and» = 15. : 

For solution see Design Sheet 5. The following notes apply to that sheet: (a) Since 
16.25 is less than 21.5, the neutral axis falls below the flange; (6) this is the more accurate 
but much more laborious solution but is followed when a number of beams are to be designed 
at one time, all having the same value for ¢ and d—it is also used when the slab is very thin 
and the stem very wide, a case in which the other method is quite wasteful; (c) if this value 
had not checked that assumed, a new assumption and re-computation would be necessary; 
(d) average of minimum spacing for 7¢- and 34-in. round bars; (e) this is the solution com- 
monly used, and is quite accurate for usual proportions of stem and flange; (f) when pinched 
for flange width a solution by Case III will reduce this width somewhat. 

Illustrative Problem.—A T-beam is subject to a bending moment at the center of 
3,000,000 in.-lb., including the moment of its own weight. The stem width is 12 in. and 
the total depth is 30 in. The flange thickness is 514 in. and: the total available width is 
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56 in. Reinforcement consists of four 1}4-in. square bars in one layer, centered 3 in. 
above the bottom of the beam, and two 1}4-in. square bars in a second layer, centered 7 in. 
above the bottom of the beam. The reinforcement is bent up at the ends. Find the 
stresses in concrete and steel. 

For solution see Design Sheet 6. 

Illastrative Problem.—Design an open joist (ribbed slab without fillers) floor for a 
superimposed load of 75 lb. per sq. ft. on a clear span of 20 ft., using A.C.I. specifications 
for 2,000 lb. concrete and structural grade steel.!_ Joists are to be on 24-in. centers. This 
floor is for the center bay of a building five bays wide. 


DESIGN SHEET 5 


#/" 
Assume weight of stem, below flange, as 200 
# tL 
‘ 1,800 u 
Superimposed load = aa 
2,000 
With one layer of bars, d will be approx. 24 — 21g = 21.5” j = ste = 0.28 
(2,000) (9.25) , ”" ” 
eh Ne Lie Lah ba—AO 95 
By (26) b’d (100) (0.86) 216 Assume 10”, say 95¢ 
(18,000 SO N 
=> oS = oa t Cc is 
By (30) d 6( are 1) 16.25 ot Case 


Moment at center = (35) (2,000) (18.5)? = 685,000’"" 


(0) 
Solution as Case III T-beam 
For f; = 700, fs = 18,000, n = 15 and 4 = 0.28, from Table 2, K lies between 107.9 
and 113.1, and p lies between 0.00675 and 0.00716. 


i wr 635,000 

Try K = 111, By (43) =qiyor a; = 138 
9.6 mee (c) 
By (41) K = (113.1) (33) + (107.9) (i bars) 
9.6 5 ee aR 
By (42) p = (0.00716) (x33) + (0.00675) (3) = 0.00705 
é a 
By (44) A. = (0.00705) (13.3) (21.5) = 2.027 = 2-14" and 2-34" 
(a) ; 
Widthoafstem —3 (x 2 )4 8,-4.3" = 93," _984"OLK, 
150 

Weight of stem, below flange = (9.62) (18) Ga = 180 0.K. 


(2,000) (0.4) (18.5) _ .-#/o”" 
“ = 51)(0.86) (21.5) ~ 25” 


(2,000) (9.25) - i #/o” 
At face of support, by (18) i) = (9.62) (0.86) (21.5) 104 


From Diagram 5, a = (0.31) (13.5) (12) = 69” 
Ay = (1.28)(2.02) =-250" = 195g" U<stirrups 


At {0 point of span, by (17) 


21.5 . 
Max. stirrup = at 0.43” = 34” 
Stirrup spacing in terms of a = 0.043; 3 @ 0.104; 0.145; 0.212 
in inches = 38", 3 @ 734”, 10”, 1434” 


(e) 
Solution as Case II T-beam 


For j = 0.28 K =107.9 p = 0.00675 (From Table 2.) 
5 = 885,000 (f) 
_ By (43) . ~ (07.9) (21.5)? 


Oo , , 
By (44) As = (0.00675) (13.8) (21.5) = 2.00 = 2-726" and 2—34"o 
The balance of the design is the same as Case III above. 


1 See table on p. 436. 


ll 


= 13.8” 
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DESIGN SHEET 6 


For this steel arrangement d = (approx.) 25” 


{= 5.5"— 


M _ 3,000,000 _ 


” 


: = ie = 0.22 A,=(4) (1.256) + (2) (1.5625) = 8.197 
8.19 
2 BAe 000585 
P = [5G (a5) = 90058 


K 


bd? 


(56) (25)2 ~ °° 


t 
Enter upper half of Diagram 2 with these values of K, p and a 


f. = 16,6007/ 2” 


Enter lower half of Diagram 2 with p, 5 and fs 


f, = 6254/9 
1228 ees 


Spacing of bars in bottom layer = ———-=————._ =_ 13” clear 


3 


Steel should be re-arranged. 


DESIGN SHEET 7 


A.C.I. Specifications: +M = —M =“2* jf, = 750, f. = 16,000, n = 15, k = 0:413 
= 40 

Assume weight of slab as 60 #/0" 

: 
Superimposed load ses 
135 

Load per joist = (2)(135) = 270 ay 

Try 8” joist and 2” slab. d = 10-14 — 3 =8.12" 4 = 545 = 0.246 
From Table 2, K = 115.7, p = 0.0082, 7 = 0.894. 

M = (3) (270) (20)? = 108,000” # 

By (10) ne ee = 14.15 

By (44) As = (0.0082) (14.15) (8.12) =0.940"" = 2-34" bars per joist 
By a7 u = CU) = 1017/0", Use deformed bars 


(2.356) (0.894) (8.12) 


By Table 5 width of beam = b’ = (2)(134) + (2)(34) + 1.12 = 5.62” at center 


6 
By (26)‘ b’ = 
stirrups 


Weight of floor 


At support —M 


Rectangular section K = 133.5. By (10) b’ = 


Make joist 6’’ wide from center to quarter point flaring to 10” 


(270) (10) : ; ee 
(40) (0.894) (8.12) ~ 9.3’ required width of joist at support without 


NM 


(202) +8 (606) + 040.8) = 14/9 og. 


252 ” 
= — 108,000 (575) => —101,000”’ a Acs = 6:84— = 2-346 


101,000’7# 


= (133.5) (8.622 ~ 10.2") 


wide at support. 
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For solution see Design Sheet 7. The following notes apply to that sheet: (a) Assum- 
ing one 34-in. square bar éarried through straight in bottom; (6) stirrups are rarely used 
in ribbed slabs, but joists are flared from the quarter point to end of span; (c) d = 8.62, 
as only the cover for a slab is required for top steel; (d) this difference of 18 lb. per ft. 
between actual and assumed weight should be taken into account—in this case it permits 
the steel to be reduced by using two 34-in. round bars (area = 0.88 sq. in.) where the 
uncorrected value of A, was 0.94 sq. in. (joist width computation is corrected). 


BEAMS AND SLABS REINFORCED FOR COMPRESSION 


Cement is cheaper than steel for reinforcing concrete against compression 
and the designer should realize that compressive reinforcement of beams and 
slabs always exacts its penalty of added cost, both in the construction of the 
work and in the labor of design. ‘There are many cases where the use of com- 
pressive reinforcement is justified, however. In the design of T-beams at the 
support (really rectangular beams as has been pointed out) it may be less ex- 
pensive to put in compression steel than to build forms for brackets or haunches. 
This is commonly true when the necessary amount of compressive reinforcement 
can be secured by simply lapping across the support the usual straight bottom 
bars from the beams on either side. . 

32. Formulas.—Additional symbols are required for the formulas used in 
the calculation of double-reinforced beams. The symbols used in the formulas 
that follow are as given in Appendix A with the following additions: 


K, = factor expressing ratio of resisting moment of member with balanced 
reinforcement (but without compressive steel) to bd?. 

Kz = factor expressing ratio of resisting moment of couple formed of C’ 
and its balancing tension to bd?. 


K = factor expressing ratio of external moment to bd? = K, + Ko. 

p1 = steel ratio for member with balanced reinforcement. 

2 = steel ratio for the tensile steel added to balance the compression 
steel. 

p = total tensile steel ratio = pi + po. 


‘Stee/ area Ag 
Section Stress Diagram 


Fig. 9.—Stress distribution in doubly reinforced beams. 


In Fig. 9 some of the above symbols are illustrated, and relationships are shown 
permitting the ready derivation of Formulas (57) to (61) inclusive, which are 
commonly used in design. : 
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The usual formulas expressing the relationships in rectangular beams rein- 
forced for compression are given by the Joint Committee as follows: 


Depth to the neutral axis k = \2n (p + p’ T)+ n(p + p')? — n(p +p’) (49) 


For balanced reinforcement k may be taken from Table 1. 
Depth to resultant compression 


sid + 2p’nd’ = ‘aah 


z= q 
k2 + 2p'n (4—- _ 

d 
Arm of resisting couple jd =a —2 (51) 


This is commonly assumed as j = 0.86 in design. - 
Compressive unit stress in extreme fiber of concrete 


6M 


fe = (52) 
Seles ee 
2 2 oe Sas 
bd | 3% — k? + k aha 1 d 
Compressive unit stress in longitudinal reinforcement 
ec 
f.’ = nfe \ (53) 
Tensile unit stress in longitudinal reinforcement 
M M 
fu ibd? Aga (54) 


Formulas (17) to (23), inclusive, for bond stress and web reinforcement apply 
to double reinforced beams the same as to ordinary beams. 

These formulas have been re-written! so as to facilitate their use in design, 
and Tables 3 and 4 are based upon this treatment. 
Percentage of tensile reinforcement 


K k? k ad’ 
+ = — 
See B, 3 >) on 
a i 


Percentage of compressive reinforcement 
1 - h, 
ee =i | 


Tables 3 and 4, pp. 470 and 471 ee: give values of p and p’ for various 
/ 


P 


K 
values of — i and 5 and for . equal to 0.1 and 0.2. 


A simpler set of formulas is based on the combination of a flexural member 
with balanced reinforcement and a couple composed of the compression in the 
compressive reinforcement and the tension in added tensile reinforcement to 

1 By Mr. Ralph R. Leffler of Chicagu. 


i te Be i 
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balance. On this basis the formulas take very useable form and are applicable 
to T-beams as well as to rectangular beams.! 


M 


Factor for external moment K Sher (57) 
Factor for compression reinforcement couple K2 = K — K; (58) 
Percentage of added tensile reinforcement 2 = ear (59) 
(i, 
Total percentage of tensile reinforcement p = p, + po (60) 
Percentage of compression reinforcement p’ = prs (61) 
pak a 


Values of k, pi, 7 and K for rectangular beams may be taken directly from Table 
1, p. 466, or for T-beams from Table 2. These are the formulas to use in design 
whenever the actual condition does not fall within the limited range of Tables 
3 and 4. 

33. Steps to be Taken in Design.—In the design of a rectangular beam with 
compressive reinforcement the values of 6 and d are limited and known; otherwise 
compressive reinforcement would not be used. The steps in design are as 
follows: 

(a) Determining b’ from the shearing unit stress by Formula (18) taking j = 

0.86. 

(6) Compute K by Formula (57) and also K/f, and K/f.. 

(c) Check to see that n and d’/d are within the limits of Tables 3 and 4. If 

so, determine the value of p and p’ by interpolation from these tables. 

(d) Compute A; (= pbd) and A’ (= p’bd) and determine the number and size 

of bars. 

(e) Check the bond unit stress on the tensile reinforcement by Formula (17). 

(f) Complete the design of web reinforcement as in a rectangular beam. 

In case the values of n or of d’/d, found under (c) above, are outside the range 
of Tables 3 and 4, the design can be made by solving equations (55) and (56). 
For this purpose the value of & is taken from Table 1. 

If a T-beam is to be designed with compressive reinforcement, or if a rec- 
tangular beam is beyond the range of Tables 3 and 4, the steps in design using 
Formulas (57) to (61) are as follows: 


1 Formulas (59) and (61) are derived as follows from Fig. 9, considering only the couple composed of 
C’ and its balancing tension 7’: 


d’ 
k ara a d’ 
M2 = Kxbd? = Zale E k )( a 7) . (a) 
, 
= pofbd? (2 a" 7) BS 
From (6) ; : 
Pr as ae (59) 
; ( : ) 
: , Sik 1 
From (a) and (b) p’ =pe2 ae . = 
; q | 
Th eft 
aon d’ (61) 
Tg 
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(a) Check the shearing unit stress by Formula (18). 

(b) Compute K by Formula (57) and Ke by Formula (58) taking the value 
of K; from Table 1 or 2. While consulting this table, also record the 
values of k and 7. 

(c) Compute the value of pe by Formula (59) and of p by (60). 

(d) Compute the value of p’ by Formula (61). 

(e) Compute A, (= pod) and A’ (= p’bd) and determine the number and 

size of bars. 

(f) Check the bond unit stress on the tensile reinforcement by Formula (17). 

(g) Complete the design of the web reinforcement. 

34. Designing Details.—If it is desired to cut off the compressive reinforce- 
ment short of the point of inflection, the compressive unit stress must be computed 
by Formula (53) or Diagram 3, p. 474. This diagram gives the embedment 
necessary for any compressive unit stress at any specified bond unit stress. 

After the steel areas have been determined at the center and at each end of 
the member, considerable study is frequently necessary to determine the most 
effective way of arranging and bending the bars to provide these areas with the 
least waste. Unless the load is uniformly distributed the load-shear-moment 
graph will be found a most useful aid in detailing a beam with compressive rein- 
forcement. From this graph the location of the section where the compression | 
steel is no longer required is easily found, using Formula (57) rewritten as follows: 

M, = K,bd? (62) 
in which M, is the value of the ordinate to the moment curve at that section. 

The tension and web reinforcement is detailed in the same manner already 
described for rectangular and T-beams. 
The compression steel is generally 
required to be tied in the same manner 
as the longitudinal steel in a tied column. 
For this purpose 14-in. round ties at 8 in. 
on centers are not always sufficient. A 
safe rule is to use sufficient ties so that 


Section Elevation 


Compression Tie and (o) 


Stirrup Combined Compression Tie Only their cross-sectional area per foot of 
Ties for Compression Steel length of member shall not be less than 
Fig. 10.—Ties for compression steel. 10 per cent of the area of the com- 


pressive steel. The spacing at the sec- 
tion of maximum stress should be not over 8 in. and the tie area may be decreased 
as the stress decreases, where such refinement is warranted. Figure 10 shows 
details of the proper bending of compression ties. . 

When compression reinforcement is used in an isolated beam (as between two 
elevator shafts), care must be taken that the beam is not made too slender for its 
span. In general the width of an isolated beam should be not less than 149 of 
its clear span. If necessary to reduce the width below this figure, the compressive 
unit stress in the concrete should be reduced in accordance with the formula 


Per cent reduction in stress = 3L/b — 90 + = - *¢63) 


Illustrative Problem.—To design a beam whose web dimensions are limited to 36 in. 
wide by 14 in. deep, for a concentrated load at the center of 20,000 lb. and a uniformly 
distributed superimposed load of 850 lb. per ft. over the entire 20-ft. clear span. At the 
center, 4 2}4-in. slab permits of a total effective flange width of 64in. This beam is the 
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middle span of a continuous beam of five equalspans, the adjoining span being loaded in 
an identical manner. Design the T-section at the center and the rectangular section at 
the support for f, = 700 and f, = 18,000. 

For solution see Design Sheet 8. The following notes apply to that sheet: (a) Moment 
coefficients taken from three-moment diagrams; (b) moment coefficients taken from 1921 
J. C. Specifications; (c) allows for 2é-in. slab rods over 1}4-in. compression bars; (d) allows 
for 5g-in. slab rods over 1-in. tension bars; (e) from table on page 441; (f) seven 1}4-in. 
square bars in compression, or equal area. 


DESIGN SHEET 8 
Moment due to concentrated load(*) 


At center -+M = (0.13) (20,000)(20)(12) = 625,000 


At support —M = (0.119) (20,000) (20)(12) = 572,000 
Moment due to uniform load(°) 


mg 
rH 


Weight beam = 4507 
Superimposed load = s50"/ ; 
1,300°/ 
At center  +M = (13¢,¢)(1,300)(20)2 = 390,000 
At support —M = (1249)(1,300)(20)? = 520,000 7 
Total moment at center = 41,015,000 7 
Total moment at support = — 1,092,000" 


T-beam Design: 
For f; = 700, fs = 18,000 andn = 15, from Table 1 or Table 2, k = 0.368, d = 14” — 


Fras 2.5 he 
2—56 = 11.87", 5 = 11.37 = 0-22. 

From Table 2, Ki = 97.6, p1 = 0.0060, 7 = 0.907 
rate + Om oy", © — 228 25 90 
= Ks Sed oe gee 

1,015,000 
ur — eS A 

K at center (b = 64”) (64) (11.37)2 = 123 

By (58) Ke =K — SOW 123 — 97.6 = 25.4 

By (59) Pp. = 18,000 (— 0.20) = 0.00176 

By (60) p = 0.00176 + 0.006 = 0.00776 


Ae = (0.00776) (11.37)(64) = 5.657 
= 7-1'¢ bars, tension 


1 — 0.368 
Fie —————— 
By (61) p’ = 0.00176 (4 — 0.20 Z 
= (0.00661) (11.37) (64) = 4812 = 6-1'’¢ bars, compression 
Rectangular ne Design: 
cat support = 14 —1 — 44 — 5¢(4) = 11.87” 


1,092,000 
K at support = (36) 1.87)2 = 216 


d’ =2 + % = 2.62’ 


= 0.00661 


d’ 2.62 
oT Oe 
By (58) Kz = 216 — 113 = 103 
103 
By (59) Pp. = 18,000(1 — 0.22) = 0.00734 
By (60) p = 0.0072 + 0.00734 = 0.01454 id 
A, = (0.01454) (11.87) (24) = 414" = 6-176 bars, tension 
= 0. 368 
By (61) p' = 0. 00734 (shar 368 — 0.22 = 0.0312 
A’ = (0.0312) (11.87) eae ee 8.904 = 7-114 > bars compression 
Width required at support = (6) (2. 66) °° (7) le2s) ts = 27.2" C.K. 


(10) (1, a + 10,000 #ya" , 
0 us cee - Seaselee? ae 
By (17), at }{o0 point mG 00) (aya. 37) * = 59 


Cp eagttnns, 
opis: 


enn nnn nnn nnn ere nnree nnn ennnarenenensones 


2P 
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TasBLE 1.—RECTANGULAR BEAMS 


fa ke 
n é Yo k* j kj P K ihe. | w=) 
15 16,000 650 0. 379 0. 874 0. 330 0.0077 107.5 1. 64 0.0405 
700 0.396 0. 868 0. 344 0. 0087 120.4 1652 0.0437 
750 0.413 0. 862 0.356 0.0097 13335 1.42 0.0468 
800 0. 429 0. 857 0. 367 0.0107 146.9 1. 34 0.0499 
850 0.444 0.852 0.3877 -0.0118 160.6 1.26 0.0531 
900 0. 458 0.848 0. 387 0.0129 Lw45 1.19 0.0561 
18,000 650 0.351 0.883 0.310 0. 0063 100.8 P85 0.0361 
700 0. 368 0.877 0. 323 0. 0072 113.1 1.72 0.0388 
750 0.385 0.872 0.335 0. 0080 157 1.60 0.0416 
800 0.400 0. 867 0. 346 0.0089 138.7 1.50 0.0444 
850 0.415 0. 862 0.357 0.0098 151.9 1.41 0.0471 
900 0.429 0. 857 0. 367 0.0107 165.4 1. 34 0.0500 
12 16,000 850 0.389 0. 870 0.338 0.0103 143.2 i leas & 0.0531 
900 0. 402 0. 866 0.348 0.0113 £5655, 1.48 0. 0560 
950 0.415 0. 862 0.357 0.0123 170.0 1.41 0.0591 
1,000 0.428 0. 857 0. 366 0.0134 183.5 1.33 0. 0623 
1,050 0, 441 0. 853 0.375 0.0145 197.3 Vo27 0.0658 
1.100 0. 453 0.849 0. 384 0.0156 ZANSS 127 0.0690 
1,150 0. 464 0.845 0. 392 0.0167 225.8 1.16 0.0721 
1,200 0.474 0. 842 0. 398 0.0178 239.8 Lit 0.0750 
18,000 850 0.361 0. 880 0.318 0.0085 134.3 ig 0.0471 
900 0.375 0.875 0. 328 0.0093 146.8 1. 67 0.0500 
950 0. 388 0.871 0. 337 0.0102 59q5) 1.58 0.0529 
1,000 0. 400 0. 867 0. 346 0.0111 233 1.50 0.0556 
1,050 0.412 0. 863 0.355 0.0120 186.3 1.43 - 0.0583 
1,100 0. 423 0.859 0. 363 0.0129 199.4 oe 0.0610 
1,150 0.434 0.855 0.371 0.01388 Perf sheehl 0.0639 
1,200 0.444 0. 852 0.378 0.0148 226;:3 eds 0. 0665 
10 16,000 1,050 0.396 0. 868 0. 343 0.0130 180.3 1.53 0. 0656 
1,100 0. 407 0. 864 0.351 0.0140 193.5 1. 46 0. 0687 
1,150 0. 418 0.861 0. 359 0.0150 216.9 1.39 0.0718 
1,200 0. 428 0. 857 0.366 0.0161 220.4 1.34 0.0749 
1,250 0.438 0. 854 0.373 0.0171 234.0 1.28 0.0780 
1,300 0.448 0. 851 0. 380 0.0182 247.8 1.23 0.0811 
1,350 0.457 0. 848 0. 387 0.0193 261.8 o8 19 0.0843 
1,400 0. 466 0.845 0.393 0.0204 276.0 Pyi4 0.0875 
18,000 1,050 0.368 0.877 0.323 | 0.0108 170. 4 1. 72 0.0582 
1,100 0.379 0.874 0.3382 0.0116 182.9 1. 64 0.0610 
1,150 0. 390 0.870 0.339 0.0125 195.5 157 0.0638 
1,200 0. 400 0. 867 0. 346 0.0133 208.3 50 0. 0666 
1,250 0.410 0.863 0.353 0.0142 BPA) 1.44 0.0694 
1,300 0.419 0. 860 0.360 0.0151 234.5 = 1°39 0.0722 
1,350 0. 428 0.857 0.367 0.0161 247.8 1. 34 0.0750 
1,400 0.437 0. 854 0. 373 0.0170 261.4 1.29 0.0778 


* Applies to any type of beam. 
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Diagram 1. 
Vauuss or f., f., p, K, k aNDj ror RECTANGULAR Beams WITH TENSION STEEL ONLY. 
n=15 
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TaspuLe 2.—T-BEAMS 


15 
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DIAGRAM 2. 
Dersten D1aGram For T-BEAMS. 
(CaseII)! n = 15 
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TaBLE 5.—AREAS AND PERIMETERS OF 1, 2, 3 on 12 Bars 


Ag (sq. in.) Size of bar Yo (sq. in. per in.) 

1 2 3 12 No. of bars 1 2 3 
0.1104 (0.22 0.33 1.32 oo 1.178 2.36 3.53 
0. 1963 0. 39 0. 59 2.36 Wo 1.571 3.14 4071 
0. 2500 0.50 75 3.00 wo 2.000 4.00 6.00 
0. 3068 0. 61 0.92 3.68 SE 1. 964 3.93 5.89 
0. 4418 0. 88 L433) 5. 30 34 2.356 4.71 7.07 
0. 6013 1. 20 1. 80 Ue Pe) Kyo 2.749 5.50 8.25 
0. 7845 1.57 2.36 9.41 1 ¢ 3.142 ~6. 28 9.42 
1. 0000 2.00 3. 00 12.00 ul Tes} 4.000 8.00 12.00 
1. 2656 2.53 3.80 15.18 140 4.500 9.00 13. 50 
1. 5625 3.12 4.69 18.75 140 5.000 10. 00 15. 00 


TasLe 6.—AREAS, PERIMETERS AND WEIGHTS, COMBINATION OF Four Bars 


Bar sizes : 

As Zo | Weight 

(sq. in.) | (sq. in.) (Ib.) 

Vage tit enaniter sd arsou | toe Were le Naa per in. | per ft. 
4 0.78 6.28 2.67 
2 2 a 0. 89 7.14 3.03 
9 oa 2 1.00 7.07 3.42 
4 Z 1.00 8.00 3.40 

2 3 i Fig ta 7.93 3.79 

4 1.23: 7.86 4.17 

2 2 fos 7.85 4.34 
2 me 2 1.38 Sa vAl 4.70 

2) Oe 1.50 8. 64 5.09 

D, 2 ide) 9.50 5.79 

4 5 Ey A 9.42 6.01 

2 re 2 1. 82 9.43 6.17 

2 2 2.09 10. 21 7.09 

a ae 2 2.18 10. 21 7.40 

4 : 2.40 11.00 8.18 

2 at 2 2.45 11.00 8.34 

2 2 Pa 11.78 9.42 

2, 50 2 2.88 0 Be fs 9.80 

4 a ‘ 3.14 12.56 10. 67 

2) 2 3.20 13.49 10.89 

2 Ps 3.57 14, 28 12.43 

2 ; 2 3.74 14.49 12.69 

4 4.00 16. 00 13.60 

2 si 2 4.10 x 15. 28 13.94 

2 2 4.53 17.00 15.41 

2 tr rs 4.70 16. 28 15.96 

4 5.06 18. 00 17.21 

2 ee 2 5.138 18. 00 17.42 
2 e 5. 66 19. 00 19. 23 
4 6.25 20.00 21.25 
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TaBLeE 7.—AREAS, PERIMETERS AND WEIGHTS, CoMBINATION oF Stx Bars 
Ce ee ee 


Bar sizes ‘A Zo Weight 
8 . 

Cee (sq. in. (Ib. 
34 ¢ i @ 1¢ foes Maia, per in.) | per ft.) 
OG ORG) |) Ay ie 9.01 
3 3 3.13 15. 31 10. 64 
6 : 3.61 16.49 12. 26 
3 3 3. 63 16.49 12.50 
2 4 4.02 17.27 13. 67 
, 3 3 4.16 UCL 14.138 
3 3 4, 32 19. 07 14.71 
6 a3 4.71 18. 84 16. 00 
3 3 4.80 | 20.24 16. 33 
2 4 4.88 | 20.71 16. 60 
4 2 5.14 | 20.56 17.47 
2 3 4 5. 20 21.50 iNet EE 
3 3 5. 36 21.42 18. 20 
3 od 50 3 5. 60 21.74 19.04 
4 2 5. 67 21. 56 19, 27 
6 6.00 24.00 20.40 
3 3 6.15 22.92 20.91 
2 as 4 6.26 | 23.50 | 21.30 
4 2 6.53 | 25.00 | 22.21 
3 3 GAO |, 2.60 |) Sil 
3 On 3 7.04 24.42 23.94 
4 2 7.13 26.00 24,22 
6 7.60 | 27.00 | 25.82 
3 We 3 7.69 27.00 26.14 
2 4 7.82 | 26.28 | 26.58 
4 2 8.19 28.00 27.84 
2 4 8.25 28.00 28.05 
3 3 8.48 28.50 28. 84 
2 4 8.78 29.00 29.85 
5) 9.38 30. 00 31.87 
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DIAGRAM 3. 
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DiaGcram 4, 
SHEARING ResisTANCE OF Bent-up Bars AT VARIOUS SLOPES. 


Sec. 6-34] 
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DiaGram 5. 
NUMBER AND SPACING OF VERTICAL STIRRUPS UNDER UNIFORM LOAD. 


Ratio of length requiring stirrup3,@, to clear spar,L 
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Shearing unit stress, v,at end of beam 
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DIAGRAM 6. 


PROPORTIONAL PART OF LONGITUDINAL STEEL PERMITTED BY MOMENT TO 


BE BENT DOWN NEAR SUPPORT. 


Notr.—By reversing terms bent and straight in left-hand legend, the proportional 
part of longitudinal steel permitted by moment to be bent up at sections away from the 


center may be determined from this diagram. 
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Distance from bend point to support in inches 


Sec. 6-34] REINFORCED CONCRETE MEMBERS 479 


D1acraM 7. 


LENGTH OF SLOPING PorTION oF LONGITUDINAL Bram Bars. 
Norz.—Set straight edge on any two known quantities and read concurrent value of third 


quantity. 
oo 
AY 
asl 100 
g 
Sota 
90 
Oy 
CY} 
0 
: $ 3 
xs = 
8) 
& +30 ss v 
R Q 80 “ 
SS 
t s 
AY aS 
‘ x 704% 
e 2S Q 7Q 
. & 72 aN 
ns BN mS) 
ce 
4 Ss é 
CES cos 
NN Q 
x 9 GO % 
iS. x 2 
S NS 
S SS 
5 
40 ye 
30 
, 30 
20 
10 
20 
10 


For small values use some multiplying factor for increased accuracy of reading. 
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D1aGRam 8. 
APPROXIMATE DIMENSIONS OF RIBBED SLABS AS GOVERNED BY SHEARING 
Stress or 40 Ls. per Sa. In. 


Superimposed Load in lb per sq.ft 


9 
25 § : & S 5 
2 
II AT 
a) aw can ew comer 
ey, Saas? Sey 2 SS ed 
As SEP 


rae 
t[——] Oven Jolsts 
ay on errs, 


no flare 


LL a ae 
oa | —— Sr. open joists 


€51n.on ctrs. 
Ginat ends. 


Total thickness of floor in inches 
Total thickness of floor in inches 


Clay tile 
Fin. jorsts 
léinon ctrs. 


Superimposed load in /b. per sq.ft 
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TaBLE 8.—WEIGHTS or Rispep SLAB CONSTRUCTION 


Tile and concrete construction Open joist construction 


ae) 


‘i Box 
oist width 
Depth Weight Depth Weight 
Width ne Width | e8San s 
c e. ce. toc.| Per Per CS c fh c.| Per Per 
Tile | Cover Joist? foista foot | sq. ft. | Box | Cover | joist? | .. t Hi) foot. jl eq: ft. 
Gin.) | Gn.) | Gm) | “Gy |of joist} of oor] Gn.) | Gn.) | Gn.) cae of joist | of floor 
(b.) | db.) Gene dbs) 
4 + 2 4 16 66 50 fy ee oe es 4 24 80 40 
4+ 3 4 16 82 62 5 25 90 43 
56 + 2 4 16 72 54 Sn 1S 4 24 104 52 
5 + 3 4 16 88 66 5 25 915 55 
6 + 2 4 16 78 58 10 + 2 4 24 88 44 
5 Mf 86 61 5 25 100 48 
6 + 8 4 16 90 68 10""+ 3 4 24 112 56 
5 17 103 73 5 25 125 60 
8 +0 4 16 59 44 6 26 138 64 
6 18 75 50 12: + 2 4 24 96 48 
8 + 2 4 16 91 68 5 25 110 53 
6 18 a bi Cae 74 6 26 124 57 
8 + 3 4 16 107 80 12 + 3 4 24 120 60 
6 18 129 86 5 25 135 65 
10 + 0 4 16 72 54 6 26 150 69 
6 18 92 61 15) =F 2 5 25 125 60 
10 + 2 4 16 104 78 6 26 142 66 
6 18 128 85 : Us HE 159 71 
10 + 32 4 16 120 90 15 + 3 5 25 150 72 
6 18 146 97 6 26 168 73 
12 +0 4 16 84 63 7 27 186 83 
6 18 108 72 18 + 8 6 26 186 86 
8 20 132 80 7 27 207 92 
12 2 4 16 116 87 8 28 228 98 
6 18 144 96 Pp se 8} 6 26 204 94 
12 + 3 4 16 132 104 8 28 252 108 
6 18 162 108 10 | 30 300 120 
| 
a Se ee ES 


1 Width of joist in shear may be taken as 1 in. larger than joist width. 
2 Width of joist in shear may be taken as 1 in. larger than joist bottom width if joists are flared at 


top as shown above. 
Three-inch cover is required to embed conduits where no separate floor finish is used with open joist 


construction. 


SLABS SUPPORTED UPON FOUR EDGES 


When designed in accordance with the provisions of most city codes, the two 
way slab supported at its four edges, is uneconomical and its use is therefore 
limited. It has long been known, however, that such slabs possess a surprisingly 
high load-carrying capacity and it is the convinction of engineers familiar with 
tests that such members should be figured as slabs and not as beam strips. The 
design of such members is therefore in a period of transition, the old formulas 
being in disrepute while no agreement has been reached among engineers generally 
as to the proper moment coefficients to use in the light of recent test data. 

31 
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35. Beam-strip Method of Design.—Considered purely as a member, using 
the beam-strip method of design, with the bending moment diagram fully known, 
there are no new design problems involved. The formulas are the same as those 
stated for one-way slabs in Art. 1, p. 432, and the design procedure is the same, 
except that the weight of the slab is considered to be distributed between the two 
sets of reinforcing bars in the same proportion as the superimposed load. For 
square slabs the load is considered as equally divided between the two directions. 
For rectangular slabs, the Joint Committee report of 1916 recommends the fol- 
lowing division of the load between the long and short directions: 


pa = 05 


in which r = proportion of total load carried by shorter span. a = length of 
longer span. 6b = length of shorter span. 

Figure 11 gives the distribution of the load between the long and short 
directions in accordance with the above formula. 


The formula r = or is an average of a number of formulas in general use 
and is considered by many to represent the actual distribution of load more 
closely than the Joint pean formula. 

Bag tes 


% of load-long direction 
% of load-short direction 


fratio of a, side to short side 
Fria. 11.—Load distribution in rectangular slabs. 


When designing by present beam-strip methods, some allowance is made for 
the decrease in moment near the supported edges. A common allowance is to 
permit of a 20 per cent reduction in total steel area, effected by an increased 
spacing of the bars in the outer quarters of the panel. 

36. Slab-analysis Methods of Design.—The proper design of such slabs by 
true slab-analysis methods has not yet been standardized and various proposals 
are continually being made. The designer is advised to consult an analysis by 
Prof. Westergaard of square and rectangular slabs. 

37. Detailing the Reinforcing Steel.—In detailing the reinforcing steel for 
two-way slabs, considerable confusion in the field may he avoided by using 
straight bars in the outer quarters of the panel and only bending up the bars 
near the center. Bent-up bars at the corner run afoul of each other. The steel 
for negative moment over the column may well be bent into the shape of squares 
(or rectangles), the bending being all in a horizontal plane. These squares 
may then be laid directly upon the beam steel, thus saving one layer and increas- 
ing the value of d for both beam and slab. 


1 Proceedings A.C.I., vol. 17, 1921, pp. 430-439. 
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Illustrative Problem.—Design a two-way interior floor panel 16 ft. 0 in. X 20 ft. 0 in. 4 
supported on each edge on steel I-beams and carrying a superimposed load of 200 lb. per 


sq. ft. Use Chicago stresses! and take the positive and negative moment on each beam 
wl? 
strip as 12 The total steel may be reduced 20 per cent. Use 1 in. for protective cover. 


For solution see Design Sheet 9. The following notes apply to that sheet: (a) Since 
the supports are I-beams and not monolithic the span is the full panel dimension; (b) the 
steel in the long direction will be placed above that in the short direction at the center and 
below it at the panel edges. 


. DESIGN SHEET 9 


a = 20’ — 0” b = 16’ — 0” a/b = 1.25 r = 1.25 —0.5 = 0.75 
Superimposed load = 200 
Assume 8” slab= 100 3004/4 v 


; Bd! #/O" 
Load in short direction = (0.75)(300) = 225 


D’ 
Poadinlone direction = (0.25)(300) = 7h. 
fe = 700 f, = 18,000 n = 15 K = 113.1 p = 0.0072 (Table 1, p. 466) 
Short Way: a ng) 
= (a 12 ¥ tryst 
M = (225) (16)2 (35) 57,600 
57,600 
= 12” Be eer argo Sd ='66410 1.4 aiSielabe, OK. 
(SO Gh (12) (413.1) SF a 
eae we Oo } 4 wt 
Az = (0.0072) (12) (6.6) = 0.57 = 34" at 534” on centers. 
Oo i 
Outer quarters = (0.6)(0.57) = 0.340" = 34’’" at 9” on centers. 
Long Way: : 
12 wr #/' 
M = (75)(20)2 (5 = 30,000 
ae eS O75 = 6:25") 


atyst 
al (18 mee (6.25) 0.3057 fa 46 at 734’’0n centers. 
? 78 . 


oO 3 
Outer quarters = (0.6)(0.305) = 0.183 = 14"¢ at 13” on centers. 


FLAT SLAB FLOOR PANELS 


38. General Description.—A flat slab floor consists of a slab of concrete 
resting directly upon regularly spaced columns without supporting beams or 
girders except at its edges, or to carry heavy concentrations of load. The- 
further limitation that the percentage of reinforcing steel shall not exceed p = 
.01 in any direction at any point is commonly applied. The more common types 
are distinguished by: . 

1. The upper ends of the columns are flared out into column capitals. 

2. The slab surrounding the column is thickened by means of a square or 

lar drop. 
een ae the center may be made thinner by a panelled ceiling effect 
(this is used only under very heavy loadings). ; oe 

4. The slab may be lightened by means of hollow tile or other fillers, in a 

manner generally similar to ribbed slab construction. 


1 See table on p. 436. 
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As flat slabs have or do not have the various features listed above they are 
distinguished by various names, as follows: 

1. Drop construction in which column capitals and drops are both present. 
This is the most common type. 

2. Cap construction has the column capital but no drop. 

3. Column construction without either column capitals or drops. 

4. Panel construction, same as drop construction but with slab reduced in 
thickness at center by means of panelled ceiling. 

5. Tile construction, in which tile fillers are used to lighten the weight and 
which may conform otherwise to any of the above types, 

The differences in design are not great and only the drop construction will 
receive full treatment here. 
Figure 12 gives sections through 
four of the above types and will 

visualize the essential differ- 
STE eae Conel Construction ences in construction. 
fa) () Flat slabs are classified in 
still a third way into “sys- 
tems”? depending upon the 
arrangement of their reinforce- 
ment, as follows: 
Capital Conairuction Colurnn Construction Ly ok our-way system, having 
(6) @) bands of rods running directly 
_ from column to column in both 
directions and also bands of rods running from column to column in both diagonal 
directions. 

2. Three-way system, having bands of rods running from column to column 
only, but with the columns arranged at the corners of triangles. 

3. Two-way system, having bands running directly from column to column in 
two directions, and having the intervening space reinforced by other sets of rods 
parallel to these bands. 

4. Ring system, in which at least the portions of the slab surrounding the 
columns and surrounding the panel center are reinforced by series of rings or by 
continuous flat spirals. In some cases the remaining portions of the slab are 
reinforced by groups of straight rods, in others additional rings are forced to do 
an unnatural duty in these parts. 

The four-way system has been longest in use and the patents have largely 
expired for this type. The two-way and three-way systems are also standardized 
through long and successful use. The ring system is the latest to arrive and 
considerable change from present practice would not be surprising, ere this type 
becomes standardized. 

Flat slabs are used commonly for structures carrying floor loads of 100 to 
150 lb. per sq. ft. or more. For the types of occupancy requiring lighter floor 
loads than these, the column capitals and drops are generally objectionable, 
while column construction which eliminates the capitals and drops is very much 
more expensive. 

39. Comparison of Various Specifications.—In discussing the design of 
reinforced concrete beams and slabs as structural members, we have assumed that 


Fig. 12.—Types of flat slabs. 


> 
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the external loads, shears, and moments were fully known in all cases. In the 
case of flat slabs, in like manner, some specification must be selected as a guide in 
determining the external conditions. Of all such specifications, the Chicago 
flat slab ordinance comes the nearest to being in general use and has been so long 
in use as to demonstrate its conservative character. The American Concrete 
Institute Specifications are in most respects equivalent to the Chicago code and 
have the advantage of being so drawn as to apply to varying sizes of column 
capitals where the Chicago code is drawn for one fixed size, c = 0.225L. The 
New York code is much more recently adopted and its slightly lower moment 
requirements are offset by the lower unit stresses permitted in design. The 1921 
J. C. report, while not fully considered at this writing, recognizes much the same 
moment coefficients for the reinforcing steel but increases them for the concrete, 
thus requiring thicker slabs.!_ Tables 9 and 10 give a resumé of the principal 
provisions of these specifications. 


TABLE 9.—DesIGN PRovisIONS FOR Four-way SQuaRE INTERIOR Fiat SLAB PANELS 
witH Drops AND CaprTats. BAasED UPON 2,000-1B. ConcrETE AND n = 15 


A.C.1. Chicago New. York 1921 Joint Com. 
Conerete stress, fe.... 0.22... 750 700 650 8001 
Steel stressy Fatsin occa ls ona scee'e« 16-18, 000 16-18 , 000 16,000 16-18, 000 
Fixed col. capital............. 0. 225L2 0. 225L 
Hlorriul an INi@sjss <0 sieve ee mc (64) (65) mil (64) (64) 
Slabithickness:.o...00s0062% i= ti = 0.0227->/W i= f= 
0.2L+/w +1” 0.2L-/wt1” | 0.2L+/w+ 1” 
Slab -- drop, tesa... .. +22. <1, Ott <1. 67t1 2S BETA 
WE ATOD WICGHI«.olele ssc eee 's:« 0.3L 0, 33L 0. 33L 0. 33Z 
Shearing stress? (edge of ns oP 
Oo 
OBC AD) wepats, oe foeuaie chore stakes root = 1208/ 
Diagonal tension® (edge of ps ae 
Z O O 
ROD) ators wee sen ox ae eot/ 6ot/ 
Formula NO. 6. 20 c<- > (66) (67) (68) (69) 
Total moment coeff.3......... Mo = 0.09wli Mo = WL/16 My = WL/17 Mo = hee 
c\2 
ls = ec)? (1-3 
—M- Column strip!.......... 50-55 % M06 WL/30 WL/32 51-57 % Mo 
+M- Column strip........... 18-20 % M08 WL/80 WL/100 18-20% Mo 
—Mm Middle strip®.......... 10-12% Mos WL/120 WL/133 7-9 %Mo 
+Mm Middle strip........... 18-20 % Mos WL/120 WL/100 18-20% Mo 


i 


1. Maximum fiber stress computed by special formula taking into account variation in intensity 


of stress across the column strip. 


2. See Chicago code for special formula for flat slab on columns without capitals or drops. 
3. The moment coefficients in table are for four-way type only (see Table 10 and various specifica- 


tions for coefficients for other types). ; ; 
4. Effective steel area, Chicago = one direct + one diagonal band. Other specifications = one 


direct ++ component of two diagonal bands. 


5. Effective steel area, Chicago = one diagonal band. Other specifications = 


diagonal bands. 


component of two 


6. The A.C. I. specification allows 10 per cent of total moment to be assigned to sections by designer. 
The percentages tabulated are proper for four-way type with drop. One hundred per cent of Mo must be 


- used on the 4 sections. 


7. Figured on vertical section through edge of column capital. 
8. Figured on vertical section of depth jd on edge of drop. 


numbers for text reference. 


1Changed to conform with practice, Jan., 1923. 


Figures in parentheses are formula 
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Tas LE 10.—DersIGN Provisions ror Two-way SquaRk5 INTERIOR FLAT SLAB PANELS 
wirn Drops AND CaprraLs. BasEpD oN 2,000-LB. CoNCRETE AND n = 15 


| 
AL Coal Chicago New York 1921 Joint Com. 
(66) (70) (68) (69) 
Mo = 0.09wl1 Mo = WL/15 Mo = WL/17 Mo = 0.09 wh 

Total moment coeff......... 2c\2 

(le — gc)? (: ~ 
—M-. Column strip......... 50-55 % WL/30 WL/32 47-53% 
+M- Column strip......... 18-20% WL/60 WL/80 19-21% 
— Mm Middle strip......... 14-16% WL/120 WL/133 14-16% 
+Mm Middle strip......... 14-16% WL/120 WL/133 14-16% 


The allowable concrete and steel fiber stresses, the size of column capital, the slab and drop thick- 
nesses, the width of the drop and the allowable shearing stresses are the same for two-way as given for 
four-way in Table 9. 


The various specifications should be studied in all their details. Note that 
the A. C. I. specification applies to all shapes of column capitals and to all pro- 
portions of panel dimensions (within the permitted variation) without modifi- 
cation. It is recommended for use wherever some other specification is not 
compulsory. 

The symbols used in flat slab formulas, and not heretofore listed, are given in 
Appendix A. Figure 13 shows the usual dion of a flat slab panel into design 
strips. In the designation of the strips the 1921 J. C. report has been followed, 
while in the notations the more flexible A. C. I. specifications are used. 

40. Assumption as to Tensile Stress in Concrete.—One of the assumptions 
commonly underlying the design of reinforced concrete is that the tensile stress 
which admittedly exists in the concrete shall be neglected. This assumption is 
reasonable in the case of beams and girders in which large percentages of steel 
are crowded into small stems, and its use greatly simplifies the design formulas. 
When, however, the percentage of reinforcing steel is low and distributed widely, 
as is practically always the case in flat slabs, the tensile resistance becomes im- 
portant and dependable. To take account of this tensile resistance and still use 
the simple formulas, the moment coefficients in flat slab design have been reduced. 
Where the theoretical total moment coefficient is M = 0.125wl:(l, — qc)? the 
A. C. I. specification (which agrees with the others cited in the table within very 
narrow limits) calls for a design total moment of M, = 0.09wl;(lz2 —qc)?. Thus 
the concrete has been credited with approximately 28 per cent of the entire 
tensile resistance. To be consistent, this moment coefficient reduced on account 
of tension in the concrete, should not be applied to the concrete in compression. 
The 1921 J. C. report proposes for the first time to design the concrete for the full 
statical moment, and for good measure, takes account of a variation, alleged to 
be very large, in the compressive stress across the column strip. Since it does not 
recognize any increased compressive unit stress at the support (as is done in 
beams), the net result is to require abnormally heavy slabs. In view of.the very 
satisfactory experience with present Chicago slab thicknesses under severe and 
long continued test loadings, in many of which tests the stresses have been meas- 
ured, it is doubtful if a designer is warranted in following the new J. C. to its 
extreme position. The presence of the drop undoubtedly largely reduces the 
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variation in compressive stress across the column strip. There would seem to be 
an ample basis of experience beneath the provisions of the various specifications 
in Tables 9and 10. The fiber stress in compression at the support should not be 
increased as it is in beams. 


( for moment -/4,, 
“| Critical section 
sd for rrormert-My 


| ' 
a 


Colurin Strip 


&. 4,. 
4 


Middle Strip 


5s 
(ae 


G 


Design strips at right angles are similarly located. 


Fig. 13.—Principal design sections in accordance with 1921 J.C. and A. C. I. specifications. 


41. Steps to be Taken in Design.—For design purposes a flat slab floor panel 
is divided into two strips (in each direction) called the column strip and the middle 
strip. The column strip is bounded by two lines parallel to the panel edge and 
distant 141, on either side of it, while the middle strip comprises the slab between ~ 
the column strips on either side. Figure 13 illustrates these design strips and, 
together with Fig. 12, much of the notation of the design formulas. On each 
strip the maximum positive moment at the center and the maximum negative 
moment at the panel edge are assigned definite values by Table 9. The first step 
in design of a four-way flat slab panel in accordance with the Chicago code is to 
compute the values of w, W, and WL, and to do this the weight of the slab must be 
assumed. ‘Table 11 may be used as a guide and will enable this assumption to be 
made with great accuracy. Check the slab thickness by Formula (65)? and revise 
if necessary. ‘Two-way, three-way and ring types take the same slab thickness as 
four-wet- 

1Sae Table ». 
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Next determine the bending moment + M, at the center of the column strip. 
Determine d from the slab thickness and compute the steel area for the direct 


band of rods. The two formulas used are 


+M, == WL/80 and As = +M. 


Determine the number and size of rods to give a spacing in a band 0.4L wide of 


between 4 and 9 in. 
Next determine the design for the center of the middle strip, using the formulas 


+Mn 
fj 


d for this section will be less because there are two layers.of rods. Determine 
the number and size of rods to give a spacing in the diagonal band (0.4L wide) 
of 4 to 9 in. also. For the two positive moment sections and for the negative 
moment section of the middle strip, the compression in the concrete practically 
never controls, as the formula for slab thickness is determined by deflection 
considerations. 

Next determine the negative moment on the column strip from the formula 
—M, = WL/30. The compressive stress governs at this section. Compute 
the required value of bd? and select values of b and d to agree. The value of b 
will be found in Table 11 or any other value between the limits of 0.3L and 0.5L 
may be substituted. The value of K will depend upon the stresses f, and f, as in 
Se 
bK © 
Compute A, for this value of d and determine whether or not one direct band plus 
one diagonal band will provide sufficient steel area. By bending up some fraction 
of the rods in each band the required area is generally made up without difficulty, 
but in some cases it is advantageous to increase either b or d to facilitate a con- 
venient steel arrangement. The total thickness through the slab and drop will be 
d plus two rod diameters plus the necessary protective cover for a slab. Check 
to see that this total thickness does not exceed 124 times the slab thickness alone. 

Next design the slab for negative moment on the middle strip using the two 
formulas 


+M, = WL/120 and A,= 


beam design. The value of dmay be solved directly from the formula d = 


Ma SWE/i200 pnd sae 


Fog 
and determine the number and size of rods. 
Check the design for shear and diagonal tension. Along the periphery of the 


. . . % 
column capital the load causing shear will be V = w(z? = =) and the shearing 


; ; Vs ‘ : 
unit stress will be v = cee! which d must be taken for the combined slab and 


drop. This stress must not exceed 120 lb. per sq. in. for 2,000-lb. concrete. The 
A. C. I. limits this stress to 100 lb. per sq. in., which is a better stress limit to use. 
At the periphery of the drop the load causing shear (as a measure of the 
diagonal tension) will be V = w(L? — b?), and the unit stress will be » = i 
: Hi} 
This stress must not exceed 60 lb. per sq. in. Figure 14 illustrates shear design 
assumptions by various specifications. 
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If panel construction is used, the compressive stress at both sections of positive 
moment must be checked. 

The bond stress, so troublesome in beam design, will rarely require investiga- 
tion in flat slab design, as small rods, shallow depths and long spans make an ideal 
combina ion for low bond stresses. 

The protective cover on flat slabs should be the same as on other slabs. For 
ordinary protection only, ¥ in. clear of concrete above and below the steel is ade- 
quate with proper spacing and supporting devices. One inch will be sufficient 
cover for highly fire-resistive construction. 

In the steps given above a design in accordance with the Chicago flat slab code 
has been outlined. If any of the other three specifications given in Table 9 had 
been used, the steps would have been the same, using specified moments, except 
that the area of steel in the diagonal band resisting positive moment on the middle 
strip must be taken as the right sectional area of two bands multiplied by the sine 
of the angle between the bands and the section. In like manner for the negative 
moment in the column strip, the component of the two diagonal bands will be used. 


ore were eet load causing [pe Ceres = shear on section, (@—Wam.=cr2hp-Sin aah 
L i Oldie Les LZ 


‘Stress Ly 
C. formula (39) 
on surface of 
cylinder: 


ACL Chicago 1921 IG. 
by Three 


Fig. 14.—Shear at column capital by three specifications. 


For the two-way and three-way type of flat slab the various specifications 
-should be consulted. The number of layers of steel at various sections may also 
be different, which will affect the value of d. Very commonly also the size of 
bars used in these types will be somewhat larger than in the four-way type and 
this again will affect the value of d. In Table 10 the design moments at the 
principal sections are listed in the two-way type. 

42. Floor Loads Coming on Lintel Beams.—Where walls of sill height occur 
at the boundaries of flat slab floors, it is generally possible to design a beam of no 
greater depth than the combined drop and slab thickness and, if this is done, no 
floor load need be figured a8 coming upon this lintel beam (some city ordinances - 
do not agree with this). If, however, the wall is a solid brick wall for the story 
height, the beam must be deeper and will be so stiff as to take a portion of the 
load and weight of the floor. With the four-way or three-way types the area of 
load considered as coming upon the lintel beam should be taken as a triangle 
equal to one-fifth of the wall panel area. With the two-way type this should be 
increased to one-fourth. 

43. Interior Beams.—Where fire walls occur on interior column center lines, 
the beams must carry the wall plus the above portion of the floor load on each 
adjacent panel. For other beams the designer must make similar allowances for 
floor load unless their depth can be kept within the combined thickness of slab 


and drop. 
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44, Diameter of Column Capital—The column capital diameter, c, may not 
be less than 0.225L in Chicago. If it be made greater, no reductions in the 
moments are permitted. Under the A. C. I. specifications the column capital 
diameter should preferably be not less than 0.2L but may be any diameter and 
the moment depends upon the size. Very large column capitals should not be 
used upon small columns. The diameter of the column capital should not in any 
caes exceed three times the column diameter. Bending in the columns due to 
unbalanced floor loading must always be taken into account in design. 

45. Size of Drop.—The drop should be not less than 0.3L in width and not over 
0.5L in any case. The combined thickness of slab and drop must not exceed one 
and two-thirds times the slab thickness alone. The diagonal tension along the 
edge of the drop will commonly determine the minimum drop size. Very large 
- drops are objectionable since they cut up the forms badly. In rectangular panels 
the drop is made rectangular also and the above limits apply to parallel dimen- 
sions of drop and panel. 

46. Slab Thickness in Panel Construction.—The slab thickness, ¢,, at the 
center when panel construction is used, should not be less than two-thirds of the 
nominal slab thickness, t:, and the width of the ceiling panel should not exceed 
two-thirds of the parallel dimension center to center of column. When a drop is 
used with panel construction the panel dimension should not exceed (L — b). 

47. Slab Thickness without Drop.—When no drop is used, the slab thickness 
is determined by the compressive unit stress at the column capital (the width of 
beam being taken as the full width of the column strip) or by the shearing unit 
stress along the periphery of the column capital. This shearing stress 
should be determined as in footings for a section concentric with the column 
capital and removed a distance d from it. The total load causing shear will be 


V= w(L? — AC + 2d) i) and the shearing unit stress will be v ie 


~ jdr(e + 2d) 
This stress should not exceed 60 lb. per sq. in. 

48. Tile Fillers.—Tile fillers should not be permitted within the area com- 
monly covered by the drop and where the shearing stresses are increasing rapidly. 
In general the ends of rows of tile should be not less than 0.2L from the column: 
center lines to which the rows are perpendicular. 

49. Details of Design.—Steel detailing of flat slab design has been badly 
abused in many cases in the past and unsatisfactory results can be traced to 
this fault in some cases. Flat slab bars should not be lap-spliced at sections of 
maximum moment. When any splicing at such sections is necessary, each bar 
end should be carried to the quarter point of the adjoining span and the lap 
counted as two full bars in tension. A portion (not less than one-quarter) of the 
bars in the direct bands should be carried through in the bottom of the slab to 
an embedment in the drop, for the same reason as in beam design. At the outer 
walls this portion may well be increased to one-third. Of the bars which bend 
down from the upper level over the column to the lower level at the center, a 
portion should be bent just outside of the drop (there is generally a supporting 
bar at this point) and the rest at a greater distance, where they can be spared in 
tension, thus reinforcing a zone just outside the drop against diagonal tension 
In considering the point at which this second group of bars may be bent down, 
the designer must remember that while the moment reduces much the same as in 
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a beam, the tensile stress in the steel is sharply increased at the edge of the drop. 
This section will commonly require the same steel area as the section at the 
column capital. Hence, the bending down of bars depends upon the decrease in 
the moment between the edge of the drop and the point of inflection. The point 
of inflection will be farther from the column center and is generally considered to 
fall at the quarter point of the span center to center of columns. 

The rods in the upper part of the slab near the column are commonly sup- 
ported by two bars placed just outside the edge of the drop and themselves resting 
upon precast concrete blocks of the proper height. The rods in the top of the 
slab for negative moment in the middle strip are supported in like manner upon 
two bars upon slightly higher precast blocks. These supporting bars, also the 
number and height of concrete blocks, should be shown and specified upon the 
design drawings. A small allowance for crowning or lifting of the rods at 
the column is generally necessary. 

Radial head bars or column bars bent out into the slab were common features 
of certain designs but have been shown by test to be inefficient reinforcement and 
are no longer used. Circumferential bars (rings or spiral) were also formerly 
used under the slab steel at the column. They are now placed on top if used at 
all, but their effectiveness as tension reinforcement is largely offset by the weak- 
ness they cause. Such bars tend to form continuous circular cracks following 
the bar extending deep into the slab and tending to precipitate a shear failure. 
Further, the concrete under the exceedingly high local compression against the 
bar yields plastically, with the result that these circular cracks tend constantly 
to increase in size, and deflections are increased. The recovery from de- 
flection with circular reinforcement is much less than with the usual bands of 
small rods. 

50. Compression Reinforcement in Place of Drop.—Compression reinforce- 
ment in the bottom of a flat slab across the column has been used in some cases 

-in place of a drop. Itis far from economical. Further, the shearing stresses are 
greatly increased and it is very difficult to reinforce a flat slab against high 
diagonal tension stresses. Such web reinforcement must be very small to be 
effective on so small a depth and the labor of placing it is excessive. 

61. Use of Wire Mesh.—Wire mesh has been frequently proposed and occa- 
sionally used for flat slab reinforcement. If provided with closely-spaced welded 
intersections, it is especially adapted to this use and somewhat higher tensile 
unit stresses may properly be permitted. New York city code permits 20,000 
Ib. per sq. in. on such material and some cities even more. : 

52. Rectangular Panels.—The A. C. I. moment formula is so expressed as to 
apply directly to rectangular panels and is recommended for use wherever possible. 
The Chicago code is somewhat irrational in its provisions for rectangular panels 
and gives designs that do not agree with test indications. Using the A. C. I. 
specifications, the procedure is exactly the same as with square panels, the values 
of J, and J, interchanging in the two directions. The computations for sections 
parallel to the shorter dimensions of the panel should be made first since they 
determine the drop thickness for both directions. The slab thickness may be 

based upon the average panel dimension, except that the minimum value of L 

in Formula 64 should be 0.9 of the longer panel dimension. Almost all specifica- 
tions agree that when the ratio of longer side of panel to shorter side exceeds four 
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to three the floor should be designed in some beam type of construction and not 


as a flat slab. 

53. Flat Slabs Supported on Walls.—Flat slabs should not be designed for 
support on walls at one or more edges. Such support requires special considera- 
tion as it materially affects the curvature of the slab and the moments developed. 
The safe rule is to provide column support at the edges of all flat slabs and carry 
the walls as curtain walls on these columns. 


Illustrative Problem.—To design a four-way flat slab interior panel, 20 ft. square, for 
a superimposed load of 200 lb. per sq. ft., including floor finish. Allow 34-in. protective 
cover and use Chicago stresses for 2,000-lb. concrete and hard grade steel. 

For solution see Design Sheet 10. The following notes apply to that sheet: (a) Deduc- 
tions are: 1 in. for two layers of rods, 94 in. for cover and 4 in. for crowning of the slab steel, 
(b) the higher fiber stresses permitted at the support of beams and girders are not available 

for flat slab design. 
Illustrative Problem.—To design a four-way flat slab interior panel, 18 ft. by 22 ft., 
for a superimposed live load of 250 lb. per sq. ft. and a wood finish floor weighing 22 lb. 
per sq. ft., allowing 34-in. cover and using A.C.I. specifications. 

For solution see Design Sheet 11. The following notes apply to that sheet: (a) This 
trial is made to determine whether the average span or 0.9 times the longer span is to be 
used in thickness formula; (6) there are two bands, the effective area of each being its 
right area times sin @; (c) two bands, with seven lapped rods each, provide twenty-eight 
14-in. round rods whose effective area in this direction 1s 0.775 times their right area; (d) 
same steel, but only 0.635/0.775 as effective in this direction as they were in the 22-ft. 
direction; (e) would not appear well to have drop wider in 18-ft. direction than in 
22-ft. direction; (f) see wording of the A.C.I. specification. 

Illustrative Problem.—To design a two-way flat slab exterior panel for a superimposed 
load, including floor finish, of 125 lb. per sq. ft. ‘The panel dimensions are 18 ft. c. to c. 
columns perpendicular to the wall and 20 ft. c. to c. columns parallel to the wall. The 
superimposed lintel load is 250 1b. per ft. Use A.C. I. specifications for 2,000-lb. concrete 
and hard grade steel. 

For solution see Design Sheet 12. The following notes apply to that sheet: (a) qc/2 is 
the distance from the column center to the center of gravity of the semi-perimeter of the 
column capital, and is the reduction in span at either end due to the presence of the capital; 
(6) column strip on first interior column center line (14 in wall panel); (c) half column strip 
along wall, not including lintel; (d) moment over first interior column; (e) 80 per cent of 
moment of interior strip = 24 of moment of wall strip; (f) considering the lintel beam only. 


DESIGN SHEET 10 


Superimposed load = 2007/ O° in = 700 
From Table 11 dead weight = 100 (8” slab) fs = 18,000 

P : 
Total dead and live load = 3007/0 K = 113.1@) 
LL, = 20’ —0"” ec = (0.225)(20) = 4’—6” diam. 


W = (300)(20)2 = 120,000 wr = 2,400,000 = 28,800,000" 
By (65) ti = (0.0227) (120,000)}4 = 7.86” 8” slab O.K. 


Column strip, + M. = 22 S00) 000™ 360,000’ 


80 
(a) 360,000 le ue 
HAO Sr eS ee er ees Bigs a 
=8-%-Y=7 A (8,000) (74) (7) 3.26 = 17-14 ¢ rods 


‘ 


Band width = (0.4)(20) = 8-0” Spacing rods = 7? = 6” OK. 
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28,800,000 
12057) 


d=8 — %&% —\% = 6.75" A, = 


Middle strip, + Mn = = 240,000’ 


240,000 nite " 
(18,000) ( 74) (6.75) = 2.26 =12-\¢ ¢ rods 


Spacing = me = 834" 0.K. 


i 
Column strip,— M. = e008 = 960,000" 
From Table 11, b = 6’—8” = 80" g2= --96%000_ _ og g = 10.3” 


(113.1 1) |) (80) 
Total slab and drop thickness = 10.3 +1 +1 = 12.3/7(6) 


Ss et 960,000 
eRe) trope d 10-54 — “3 000)(34) 10.8) 


Bend up 8—34"@ from direct band and lap 0.25L past column center 
Bend up 7—34”@ from diagonal band and lap 0.35Z past column center 
Mr 

Middle strip —Mmn = +Mm = 240,000 Yi 

240,000 ny” " 

== a ark SG? = a =? 1p 

d=8 —-% —& =7" As= (48,000) (%) @ = 2.18 11—% ¢bars10’-0” long 
9—3¢”"-15’—0” in direct band, straight in bottom 
5—14"b-15’—0” in diagonal band, straight in bottom 


‘ . 
= 5.815 =30—14" ¢rods 


T # 
Edge of column capital V = 300} (20)? — me (4.5)*| = 115,000 
115,000 dae 
= Soe = 65 O.K. 
” = @.14 (64 (10.5) 
Edge of drop V = 300[(20)2 — (6.67)2]= 106,6007 
_ _, 106,600 Shad 
(80) (80) (7%) ‘Oeal 
105,300 #/o 
i £07 = = 59.7 O.K 
Too high. Make drop 7’—0” square NCNEATO! 
DESIGN SHEET i1 
A.C.I. Specifications, f. = 750 fs = 18,000 K = 125.7 
For Moments in 22’ Direction 
lh = 18’—0” I, = 22’—0" = 20’—0” (0.9)(22) = 19.8’ L@ O.K. 
Diagonal span = 12 +1.2=28.4 sina = ao = 0.775 
Since no limitations are stated, assume c = 5’—0” circular capital. gq = 34 
Superimposed LL = 250t/ oO’ 
Wood floor finish = 22 
/ 
Assume 9” slab = 113 ag5f/ 0 
Slab thickness, by (64), ti = (0.2)(20)V 385 +1 = 8.87" 9 slab Seria ; 
2 
Total moment (in 22’ direction) M.= (0.09) (385) (18) (22 2y(9)) (12) 


= 2,610,000 


Column strip, +M. = (0.20)(2,610,000) = 522,000”F 


522,000 oe GH Sortie 
d=9-% —%=8" A= Ge oooyaa@) ~ +1 ie 
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Middle strip, +Mm = (0.20) (2,610,000) = 522,000” 


522,000 Ele 
SG vse Ve Aes ) = 4.28 + (2) (0.775) 
d=9—% —\% =7.75" Az (18,000) (%) (7.75) (2) ( 


vad aA 
= 2764 = 14=% 


(0) 


Column strip, —M< = (0.50) (2,610,000) = 1,305,000" 
Assume 4” drop, d = 13 —1 —1 =11” 


UST a ’_9"'wide (_L to 22’ direction) 
be— (125.7)(11)? ~ 86’. Drop 7 wide ( fo) 
1,305,000 = 7.53 no” { 9—14"¢ from direct band, lapped = 3.54 
17118 GOD) (74) CN) a. 7 —4''¢ from each diag. band, lapped = 4.26) 


Vt 
7.804 
err 


Middle strip, —Mm = (0.10) (261,000) = 261,000 
261,000 
(18,000) (76) (8) 
12—34"o—17’—0” in long direct band straight in bottom 
7 —34"o—15'—0” in each diag. band straight in bottom 


For moments in 18’ direction 


iad 
d=8" A= =2.055 =11—14"¢ — 9’—0” long 


— ‘ner = Ya aa ©. re 18 = 
11 = 22’-0” l2= 187-0” sing sire 0.635 
e4 
Total moment Ms = (0.09) (385) (22) (as 2 A) (12) = 1,970,000" 


Column strip, +M,. = (0.20)(1,970,000) = 394,000" 


394,000 este ye 
(ISOC) 5 8 pees 


Middle strip, +Mm = +M. = 394,000" 
wv ur 


o ad 
d= 7.75" A, = 323" 22) (0.695) = 2540 =o =36e bare 
Use 14—34¢@ rods in each diagonal band 


d=8" A,= 


Column strip, —M. = (0.50)(1,970,000) = 985,000" 


” 
at eA pas” {7348 from each diag. band, lapped = 3.49 oO @) 


6—34’’o from direct band, lapped = 2/35 
Tare " 
5.847 OK. 
Width in compression, oo ane Db? = 66”’ 


Make drop 7’—2” square) 
Middle strip, — Mm = (0.10)(1,970,000) = 197,000" 
ZA 


d=8" A, =1567 = 8~—316"¢ rods 11’—0" long 


2 
Edge of capital V = (385)| (22 x 18) — 7 (s + = |°- 138,500" 


a 138,500 yp on 
~ (8.14) (70) (0.414) (%) (1) ~ 


Edge of drop V = (385) [(22)(18) — (7.16)2] = 132,5007 


v 


(70 allowed) 


1, A820 ee 
"= Bea Gam ~ 
Too large, make drop 7’—6” square v 10 59.54/0"o x, 


~ (4) (90) (4) (7) 
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DESIGN SHEET 12 


Use A.C.I. specification f, = 750 f, = 18,000 K = 125.7. 
Assume octagonal interior column capitals 4’—6’’ diam. q = 34 
Assume wall column brackets 2’—6” wide X 1’—3” deep. Col. 2’—0” xX 2’—6” 


1 to wall (1-25) Fee = 1.87" = ae 
Hitorratt ee) = 1:00 = as 


Reduction in span 
1 to wall = 1.67’ + (34) (4.5) = 3.17’ 
|| to wall, int. col. = (3)(4.5) = 3.00’ 
|| to wall, wall col. = (2)(1.00) = 2.00’ 
L.L.= 125 By (64), t: = (0.2)(19)+/213 +1 = 6.85 


7" slab = 88 


w = 213 
For moments || to wall 


1, = 18’—0” lz = 20’—0” (lz — qe) = 


20 —3 


17’—0” for int. col. ¢ 


20 — 2 = 18’—0” for ext. col. ¢ 
Column strip, ©) +M. = (0.20) (0.09) te = 240, ooo” 
Ee a7 ee ge _ 25 240,000) os ” 
GS aR aS Ge As= GE 000) (6 6) BaP oe 19 44/6 rods 
Half column strip, ) +M, = Be e 09) (213) (18) (18)2(12) = 134,000" 
eee 134,000, io 
d =6" A.= (18,000) (74) 6) = 1.427 = 7-36 rods 2 
Middle strip, +Mm = (0.16) (0.09) (213) (18) (17.5)2(12) = 203,600” 
203,000 qv 
= ae = ” = ) — = Syn 
d =7 — 34 — 46 = 5.75" Aa (18,000) (75) (6.75) 2.25 12 —14""¢ rods 
Column strip,() —Me = 994.15 = 600,000" 
600,000 
, — ” = 2 _ = u" 
Assume 6/—8”’ drop. 6 = 80’ d? (125.7) (80)2 74 d = 8.6 
Total thickness slab and drop = 8.6 +1-+1 = 10.6 
600,000 o” 
G = uw ? = = es ads 
Make drop 334” thick d = 8.75" As= (18,000) (%) (8.75) 4.35 22-16''b 
Half column strip,(@) —Me= 059 (134,000) = 336,000’ 
wt 
d =8.75" A,=2.44 =18—34"¢ 


Middle strip, —Mm = (0.14) (0.09) (213) (18) (17.5)2(12) = 284,000” 


Mt 


oO 
da 6A e320) = 16—14’’¢ rods 
For moments _L to wall. (Moments increased 20 per cent.) 
le = 20'=07 12 = 180" (e— ac) =14.83' 
Column strip, +M@, = (1.2) (0.20) (0.09) (213) (20) (14.83) 2(12) = 243,000’’ 
Same design as in other direction, 13—1}4¢ rods 


# 


6 
Middle strip, +Mn = aoe Spt Me) = 194,000" 
ut 
d = 5.75" A, = 2.15" = 11—34"d rods 


_ 0.20 ¥ 
Column strip,(@) —Me = 9 0.20° +M-) = 608,000 # 


wu 


| 
d=875 A, = 4.41 = 23 —34'"¢ rods 
32 
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Middle strip, —Mn = O3°(+Mn) = 170,000" 
i i Provide this no. of rods at wall and at int. 
Gs heer pe ted ends. Hook rods into lintel. 


At wall end of column strip provide 24 (¢) as many rods as at interior end or 15—}4""¢ 
hooked into column and lintel. 
Lintel Beam: 


Superimposed load = 250 Span = 20 — 2 = 18’—0” 
Weight of beam = 150 400 
Moment at center = (400) (18)2(174 2) = 130,000" 
= oe = O.K. 
d = 8.750 = Gorm apa 13:5 
130,000 


Eg pple 
= = 4— b 
As (18,000) (74) (8.75) = 0.95 4-4 ars 
Moment at support same as at center ~ 
(400) (10 — 3.33) 3 g7t /O” 


Shear at edge of seat) Eee G3) (/@@. 75) for beam 
Beam = (2)(400) (6.67) = 5,330 
Shear at edge of drop { Slab = 213[(0.5)(18) (20) — (6.67) (4.33)] = 32,200 
37,530 
Resisting section = [(2)(52) + 80](%)(5) = 805 
+ (21)(18)(74)(8.75) = _200 
1,005 


Make lintel beam 13’ wide. 


Rp Sata ees { Beam (2) (400) (8.75) = 7,000 
oe Slab (213)[(0.5) (18) (20) — (3.25) (2.5)] = 36,600 
43,600 

43,600 = 534” 


~ 89) 90- 20 Gwe oe: 


MEMBERS SUBJECT TO DIRECT AXIAL COMPRESSION 


There are cases in design where concrete and reinforced concrete members 
receive direct axial load only. There are many more cases where they are wrongly 
considered to receive such load by neglecting the eccentricity. Most building 
columns come in this latter class, the justification being, presumably, that present 
factors of safety are based on this practice. While this matter has no bearing on 
the design of structural members, it is perhaps worth while to remember that in 
actual buildings a column under true axial compression is more rare even than a 
simple beam. 

54. Formulas.—The symbols used in the formulas that follow are as given in 
Appendix A with the following additions: 

A’ = loaded portion of area of member (considered as surrounded by unloaded 

portions). 

p’ = percentage of spiral reinforcement. 

P’ = total safe load on long column or strut. 

P.. = load on concrete of composite column. 

P, = load on steel or cast iron of composite column. 

= permissible compressive stress on area A’. 
R = least radius of gyration of net section of member or of structural steel 
or cast iron core section in composite members. 
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The commonly used formulas for designing compression members are: 
For plain concrete piers, caissons, or walls 
PAF, = O25f,/ (71) 
For columns or struts reinforced with 14 to 4 per cent vertical rods tied with 
not less than }4-in. round rods at 8-in. centers 
PASS Al — pnp) (72) 


For columns or struts reinforced with closely spaced spirals! enclosing vertical 
rods! 


Chicago Ordinance, P/A = f,(1 + 2.5np’)(1 — p + np) (73) 
New York Ordinance, P/A = f.(1 — p + np) + 2f,p’ (74) 
1921 J. C. Report, P/A = [300 + (0.1 + 4p)f.]1 —p + np) (75) 
A. C. I. Specifications, P/A = f.{(1 + 4np’) — p + np] (76) 


For composite columns or struts of structural steel! and spiral-encased con- 


crete core, the J. C. recommends 


P = 0.25f.A + (18,000 — ce — 0.25f.’)A. (77) 


(The quantity in the parentheses must not exceed 16,000.) 


For composite columns or struts of cast iron! and spiral-encased concrete core 
60h 


P = 0.25f.'A + (12,000 — “5° — 0.25f.")4. (78) 


(The quantity in parentheses must not exceed 10,000.) 
For long columns and struts (h/R exceeds 40) the J. C. recommends 


peg’ Sk 
P'/P = 138 


For loading over a portion only of the area of a column the compressive unit stress 
may be increased to the value given by the J. C. formula 
te = P/A’ = 0.25f- WA/A’ (80) 

The radius of gyration of reinforced concrete sections is obtained by consider- 
ing the reinforcement to be of n times its actual area and to act at the same 
centroid. 

In the design of structural members subject to axial compression it is assumed 
that no external bending moment is applied to the member at any point. The _ 
only flexural stress taken into account is that due to the length of the column and - 
its deflection under axial load. The ends of these members are presumed to be — 
substantially fixed inasmuch as pin connections are practically unknown in 
reinforced concrete. 

55. Height or Length of Member.—The height or length of a member, h, 
is taken as the distance between those points at either end where lateral support 
is present in at least two directions making an angle of not less than 75 deg. and 
not more than 105 deg. with each other. For columns in flat slab construction, 
h is the distance from the floor to the under side of the column capital. Where 
beams frame into the column the shallower set of beams governs the value of h. 
If beams occur along one center line only, A must be taken as the clear distance 
between floor slabs. 


1 For limiting conditions see the various specifications. 


(79) 
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56. General Considerations.—It is always cheapest to use a minimum amount 
of reinforcing, say 14 of 1 per cent, in carrying direct compression. Tied columns 
with low percentages of vertical steel are generally less expensive than spiral 
columns. The reason for this is that concrete itself is the cheapest column rein- 
forcement. There is another designers’ axiom that reads, ‘‘Cement is the cheap- 
est concrete reinforcement,’ which means that a richer mix is generally cheaper 
than a larger column of the usual mix, or a column of the usual mix more heavily 
reinforced. As against the saving in the first cost of construction the tied column 
occupies more floor space than the spiral column and that is a continuing dis- 
advantage that remains “long after the price is forgotten.” 

The relative strength and advantages of tied versus spiral columns has long 
been a matter of rather heated discussion among engineers and equally a matter 
of serious investigation among technical committees. Tied columns have been 
charged with many weaknesses of which they are not guilty and spiral columns 
credited with a reserve strength which is probably not fully available without 
very serious damage to the supported construction. Most well-informed engi- 
neers would certainly prefer a spiral column to a tied column at the same cost per 
ton of load carried. But the tied column designed in accordance with Formula 
(72) is frequently much cheaper while it unquestionably has an adequate factor 
of safety as compared with the rest of the structural members. In many codes 
and ordinances an insufficient number of ties is permitted. Very few concrete 
buildings have been constructed without tied columns at least in the upper stories. 
A designer should adopt a spiral column type, however, wherever the cost com- 
parison is not too heavily against it. 

The Emperger column, combining a cast-iron core with a spirally reinforced 
concrete shell, is of particular advantage where ventilating ducts are placed at 
the center of columns. In this combination the cast iron is always under com- 
pression and its great compressive strength is fully utilized. Where very heavy 
loads must be carried on very small columns, a structural steel core is commonly 
used. 

Where concrete columns are supported laterally for their entire height, as is 
the case with caissons, very long members may be designed without reinforce- 
ment. When without lateral support, plain concrete piers are commonly limited 
to a height of three to four times their least breadth. Plain concrete walls are 
built to much greater heights when under very light stress and when protected 
from large temperature changes. 

Where load is applied to a small portion only of the area of a member, the 
stress on the loaded area may be larger than when the entire area is loaded. The 
unloaded concrete acts to restrain the portion under load. Where a column rests 
on a much larger pedestal or on top of a caisson, such a condition exists. The 
capacity of the loaded area depends upon the extent of the unloaded area that 
surrounds it and, with a very small proportionate part loaded, compressive 
_ Strengths several times the ultimate strength of the same concrete in fully-loaded 
test cylinders may be realized. The stress, ra, under such load concentrations 
may be computed by Formula (80). 

57. Design of Plain Concrete Piers.—The simplest compression member is 
the plain concrete pier or caisson. The allowable working compressive stress is 
generally taken as 0.25f.’, although Chicago limits it to 0.2f.’.. To find the diam- 


e 
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eter of a circular pier or caisson, divide the load (including the estimated weight 
of the pier but not including the weight of the caisson) by the product of the 
area of the pier or caisson times 0.25f,’._ For this case Formula (71) reduces to 


FS 


Diameter = 2.25 fi ; (81) 
For a square pier of side b, Formula (71) reduces to 
b=2 fn (82) 
and, for a rectangular pier of dimensions b and d, to 
ea 4, (83) 


Areas and perimeters of caissons and column are given in Table 15. 


TaBLeE 12.—VALUES oF 7 FOR VARIOUS STRENGTHS oF CONCRETE 


Values of fc’ for which n applies 
Value of n 
A.C.I. Chicago New York 1921 J.C. 
15 1, 200-2, 200 2,000 1: 2:4 mix 1, 200-2, 200 
12 2,201-3,300 2,500 1: 1.5:3 mix 2,201-2,900 
10 3,301 up DOO © AN ce) iors Bel Sater 2,901 up 


58. Design of Tied Columns.—The tied column is next in order of ease in 
design. A design graph from which the safe-value of P/A for any percentage of 
reinforcement may be read directly is commonly used. Diagram 9 is a general 
graph on this order in which the steel has been transformed into equivalent area 
and an average safe load, P/A, plotted for the core area of the column. Table 
12 gives the proper value of n to use for various values of f.’ for tied columns. At 
the right hand margin of Diagram 9, values of P/A in terms of f.’ are given in 
accordance with the J. C. and A. C. I. specifications. The value of f. for tied 
columns is given as 0.2f.’ by the Chicago code and the 1921 J. C. report, as 
0.25f.’ by the A. C. I., and as 500 lb. per sq. in. by the New York code. For any 
particular value of f’., a design graph is readily prepared in which the safe load 
P/A in pounds per square inch is plotted against the ratio of vertical steel. Dia- 
gram 10, p. 509, is such a graph for the Chicago ordinance and the 1921 J. C. 
report for 2,000, 2,500, and 2,900-Ib. concrete, and for the A. C. I. and New York 
codes for 2,000 and 2,400-lb. concrete. 

To design a tied column, the first step is to assume @ core area and find the 
value of P/A for the superimposed load plus the weight of the assumed column. 
Enter the graph (for the ordinance or specification to be used) with this value of 
P/A and determine the steel percentage p. If no size limit exists on the column, 
the cheapest columns will be found when p = 0.005 (= 0.5 per cent). Table 13 
gives the core areas, perimeters, and weights per foot of concrete columns, round, 
square, or octagonal in shape. The volumes of column capitals in flat slab 
construction must be included in the column weight computation and may be 
taken direct from Table 14 for the range of sizes found in practice. 
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If the concrete to be used on the work is a 2,800-lb. concrete the general graph 
may be used. The value of n from Table 12 will be 12 and the ratio of P/A to 
f’, is readily determined from Diagram 9 in accordance with the A; G.I. or 1921 
J. C. specifications given by the scales at the right. 

To complete the design after sufficient trials to eliminate any error in the 
column weight assumption, compute the number of }4-in. round ties required. 
These should be spaced 8 in. on centers and should be detailed as explained in 
Art. 64 in accordance with the number of vertical bars. When the percentage of 
vertical steel is considerable a check should be made to see that the area of ties 
per foot length of column, as cut by a section through the column center, is not 
less than 5 per cent of the area of the vertical steel. 

59. Design of Spiral Columns.—The spiral column is designed by more 
complex formulas, which differ widely in different specifications. The 1921 J.C. 
formula should be used wherever possible, as tests show conclusively that some 
of the column formulas in common use result in dangerously high stresses in the 
vertical steel. The J. C. formula is also the simplest to use and is covered com- 
pletely by the single design Diagram 11, p. 510. It is as economical as the 
Chicago code for example. 

To design a column by the J. C. formula, the weight of the column must be 
assumed and the P/A determined for the assumed column. With this value of 
P/A, enter Diagram 11, follow up vertically to the strength of concrete proposed 
to be used, and from this intersection proceed horizontally to the percentage, 7p, 
of vertical steel. Now lay a straight edge on Diagram 17 so that it passes 
through this value of p and also through the assumed diameter of column core 
(used to determine A), and, from the intersections of this straight edge with the 
vertical steel scale, the number and size of vertical bars may be read directly. 

The size of wire and pitch of spiral are also determined from Diagram 17, 
using p’ equal to one-fourth of p (as found from Diagram 11), laying the straight 
edge so as to pass through p’ and the assumed diameter and reading on the spiral 
scale. The weight of the spiral so found may be obtained from Tables 17 to 22 
and the sectional area of an equivalent cylindrical shell is also given in the table. 
The weight of vertical column steel is found from Table 16. 

To design a column by the Chicago code determine P/A as before and enter 
Diagram 12, 13, or 14 (according as 1:6, 1:414 or 1:3 concrete is used). Place a 
straight edge through this value of P/A on the middle scale and the correspond- 
ing values of p and p’ are read on the two outer scales. Economy of design tells 
us to use as small a percentage of vertical steel as possible, the code forbids using p 
less than p’, and the straight edge should be swung on the fixed P/A value to secure 
proper relations of y and p’. The designer, however, should not aim at minimum 
reinforcement (p = p’ = 0.005) but must remember that this ordinance will 
result in exceedingly high stresses if low values of p are used. The high stress in 
small amounts of vertical bars is due to the shrinkage and yield of the concrete 
which throws an initial compression into the steel, and the smaller the percentage, 
the higher this initial compression will be. ‘ 

For this reason a designer should use not less than 1144 per cent of vertical 
steel when designing in accordance with the Chicago, New York or A. C. I. 
column specifications. Additional factor of safety will be obtained if hard grade 

1A.C.I. Proceedings, vol. 17, 1921, p. 150. 
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steel is used and in this case as low as 1 per cent of vertical steel is justified. The 
maximum percentage of vertical steel should be determined by the periphery of 
the column core and the arrangement should be such as to give not more than one 
ring of vertical bars, with the spacing of rods in this ring large enough to permit 
the concrete to flow through freely to fill up the shell. In general, this requires 
somewhat greater spacing of bars than in a beam with only one layer of steel, as 
the closely-spaced spiral forms a network with the verticals thet tends to hold 
back the concrete and form pockets in the shell. A clear spacing of 144 in. is 
recommended as a minimum. 

Having by a sufficient number of trials arrived at a proper relation of p, p’ 
and column size, the size and spacing of the column spiral and the number and 
size of column vertical bars may be read by means of a straight edge direct from 
Diagram 17. 

Spiral column design in accordance with the New York code is made in 
exactly the same manrer as with the Chicago code, and the same limitations as 
to vertical steel percentages apply. This code results in the same excessive 
compressive stresses in small amounts of vertical steel due to the shrinkage of the 
concrete. Determine 7, p’ and column size from Diagrams 15 and 16, and the 
spiral size and pitch and the number and size of vertical rods from Diagram 17 
as before. 

60. Design of Columns with Structural Steel Core.—To design a concrete 
column reinforced by a structural steel core the total load P including an assumed 
column weight must be determined. In such design the maximum dimension of 
the column is commonly fixed by architectural limitations so that A can be 
assumed very closely. The total load carried by the concrete is the first term of 
Formula (77), P. = 0.25f.'A. This really includes the area of the structural 
steel core also, but A is used instead of A, for the reason that A, and hence A, is 
an unknown to be determined and it is simpler to use A and deduct the concrete 
stress from the permissible steel stress than to guess at the steel area at the start. 
The load left to be carried by the structural steel coreisP,=P—P,. Havingcom- 
puted this numeral value of P,, design a steel column in the usual way for a stress 


of (18,000 — a 0.25f.’) but not to exceed 16,000 lb. persq.in. If the detail 


of the steel column is not such as to enclose and restrain the core concrete 
in a degree equal to a 14 per cent spiral, then a }4 per cent spiral must be 
provided. 

61. Design of Columns with Cast-iron Core.—A composite column of concrete — 


reinforced by a cast-iron core is designed in the same manner as above except that 
60h 


the cast-iron column is designed for a stress of (12,000 — Shad 0.25f.’), but not 
to exceed 10,000 Ib. per sq. in. The diameter of the cast-iron core must not 
exceed one-half of the core diameter of the concrete column. Also a }¢ per cent 
spiral must be provided. 

62. Load Applied on Part of Area Only.—Where one compression member 
rests upon another, as a column upon a caisson or pier, the top of the lower mem- 
ber must frequently be designed for a heavy load concentration over a small 
area. Insuch design, the concentrated load is known and no dead weight need be 
added. The allowable bearing stress may be computed by Formula (80). If 
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P/A’ exceeds 0.25f,’ ~/A/A’ the caisson top must be enlarged or reinforced. 
For a reinforced top, Formula (80) becomes 
P/A =e Aya" (84) 
in which x = the safe load upon the whole area A as reinforced (but considered 
to be without the benefit of restraint of any surrounding unloaded concrete). 
Hither ties and longitudinal rods or spiral and longitudinal rods may be used. 
Top reinforcement for a caisson is best provided by carrying the column vertical 
and lateral reinforcement down into the 
caisson. The verticals should extend a 
sufficient distance to deliver their com- 
pression to the concrete at safe bond values. 
The spiral or ties should-extend to a distance, 
a (see Fig. 15), such that the load, x, com- 
puted for an extended base of diameter 
(c +. a), by Formula (84), shall not exceed 
0.25f.’.. The top of the caisson may be made 
of richer concrete to increase the value of f’c. 
If this is done, the richer concrete should 
extend for a depth not less than the difference 
A'= Fleta)® for in diameter of the caisson and the supported 
St ce column, and the vertical bars should extend 
into the caisson a proper length to transmit 
Fig. 15.—Design of caisson top. their load by bond. The extension of the 
verticals) is commonly effected by using 
separate dowels extending up into the column and down into the caisson, while 
the spiral in the caisson is generally separate from the column spiral. 

63. Design of Plain Concrete Walls.—Plain concrete walls are designed the 
same as plain concrete piers using the formula 

P/A = 0.25, (85) 
A section of wall 1 ft. long is commonly taken as the designing unit. The height 
of such walls is limited by the same rules as apply to brick walls or other masonry 
construction, having due regard for the unit stresses permitted. Such walls 
have not been used as compression members to a large extent on account of the 
limited number of cases in which they are so situated as to be free of destructive - 
temperature changes and movements. In basements and similar places of low 
temperature range plain concrete walls of heights up to sixteen times their thick- 
ness are used, and when the stress is kept down to 0.1f,’ this ratio may be increased 
to 24. If such walls are braced laterally by cross walls so that the length between 
cross walls does not exceed 30 times the wall thickness, a height ratio of 24:with 
a stress of 0.15f.’ may be permitted. Where such walls form a closed shaft, such 
as a vent, stair, or elevator shaft, whose greatest clear dimension in plan does not 
exceed 24 times the wall thickness, a stress of 0.15f,’/ may be permitted without 
other height limitation. 

Plain concrete walls subjected even to normal outdoor ranges of temperature 
develop unsightly cracks which may affect their strength. Exposed walls are 
therefore required to have temperature reinforcement both vertically and 
horizontally, even though no steel is required to take the direct compression. A 


cra 
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common specification is 14 of 1 per cent in each direction. The percentage is 
properly a function of the size of rods used, however, as their effectiveness 
depends upon their size. The writers have proposed the following formula for 
which no sanction of established general usage can be claimed. 
Lae 0.19u° 

p® ~ (0.0000055k°t)*B.0 + 1 


; (86) 
in which 
p° = ratio of temperature reinforcement. 
E, = modulus of elasticity of the concrete. 
k° = a coefficient depending upon the rigidity of the supports against 
movement due to temperature changes.* 

n = ratio of moduli of elasticity of steel to concrete. 

o = perimeter of one reinforcing bar in inches. 

t = range of temperature in the concrete in degrees. 
u° = safe working stress in sliding bond.! 


If we consider the probable temperature range in the concrete itself of an exposed 
wall as 70 deg., the percentage of deformed 14-in. round bars would be approxi- 
mately 0.5 per cent horizontally and 14 per cent vertically. In the parapet wall 
the temperature range would be greater, say 90 deg. and the percentages would be 
approximately 5g per cent and 4 per cent respectively. With larger bars, or 
with plain bars, larger percentages are necessary to have the same beneficial 
effect. The minimum percentage of temperature reinforcement that will do 
any good is generally considered to be approximately 0.1 per cent in each direction. 
Many engineers use double this percentage as a minimum. A superficial con- 
sideration of the problem will show that very smallsteel areas will have no value 
under loads sufficient to crack the concrete, even considering the relief afforded 
by the formation of the crack. 

When the load on walls including their own weight is more than 0.2f,’, vertical 
reinforcement is required and may be computed by Formula (72) as for a tied 
column. Since the minimum percentage for such members is }4 per cent, no 
temperature steel need be added in a vertical direction but Formula (86) must still 
be used to determine the horizontal temperature reinforcement. This horizontal 
steel if properly arranged will replace the ties otherwise required longitudinally of 
the wall, so that only ties through the wall need be added. 

64. Reinforcement Details——Column vertical bars must possess some stiff- 
ness, as a bent or bowed bar under compression would throw tension into the 
concrete. Experience indicates that a 14-in. round bar is the smallest that should 
ever be used for a column vertical bar and that this size is permissible only in 
spiral columns where such tension is provided for. For tied columns the minimum 
size is 5¢-in. and the minimum reinforcement in any single member is four 5¢-in. 
round bars. These bars are held in alignment during construction and the effect 


1 Values of ke are recommended as follows: 
34 for bridge slabs built into heavy abutments. 
84 for outside walls of building in horizontal direction. 
0.5 for floor slabs on column support. 
0.4 for roof slabs on column support. 
0.3 for outside walls of buildings in a vertical direction. 
Values of ue are recommended as follows: 
0.06f-’ for plain bars. 
0.10fe’ for deformed bars of proper design. 
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of any unavoidable slight bowing neutralized by ties placed at 8-in. centers. 
Ties are always 14-in. round or larger (see Art. 58). City ordinances permit 
wider spacing of ties, especially with larger bars, but the 1921 J. C. report recom- 
mends this fixed spacing for all bar sizes. Ties should be so detailed as to afford 
support against outward bending for every vertical bar at intervals of 8 in. 
Figure 16 shows proper details for (a) a 4-bar column, (0) a 6-bar column, (c) an 
8-bar column, (d) a 10-bar column and (e) a 12-bar column. Ina spiral column 
not less than six vertical bars should be used. The weight per foot of groups 
of column bars may be taken direct from Table 16, which also gives the sectional 
area of the group. 


/tie 2 ties 2 ties 


(a) (6) © 
Fig. 16.—Column tie bending details. 


Spiral details have become standardized by long experience. The maximum 
pitch is almost universally specified as 3 in. but not to exceed one-sixth of the core 
diameter. The minimum is set at 13g or 144 in. by the manufacturing process 
and by the practical requirement that the concrete must flow from the core into 
the shell when the column is poured. Every spiral 16 in. or more in diameter 
should have at least three spacers to insure the even spacing of the coils at all 
points. Several extraordinarily severe fires have removed the shells of concrete 
columns to such an extent as to show clearly that two spacers do not insure an 
even spacing of the wire. For spirals 30 in. or over in diameter four spacers are 
recommended. Each end of each spiral should be provided with an extra turn 
thoroughly wired or otherwise held securely against slipping. Where the wire 
must be spliced in the length of a spiral, each end of the wire at the splice should 
be carried half around the spiral and bent with a 6-in. hook around the spacing bar. 
The spiral length should be approximately 2 in. less than the clear height between 
floor slabs (counting the drop as a part of the floor slab in flat slab construction). 
Sizes of spiral wire are commonly stated in fractions of an inch although the actual 
cold drawn wire largely used in spiral manufacture provides sectional areas 
slightly less than these nominal sizes. Diagram 17 gives the percentages, p’, 
for various sizes and pitches on any core area in which they are used, while from 
Tables 17, 18, 19, 20, 21, or 22, the weight of the wire per foot length of spiral may 
be read for the same percentage and core diameter. To this weight must be 
added 34 to 1 lb. per ft. to cover the weight of spacers and to the length of spiral 
3 to 4 in. must be added to cover weight of extra turns, etc., at each end. 

Composite columns with structural steel or cast-iron cores must in general be 
detailed so as to provide effective means of getting the load into the metal section. 
Bond stress, which is effective on ordinary column bars, becomes unreliable in 
character and insufficient in amount in the case of large areas of flat or rounding 
metal surfaces. Each story of metal core should be provided with brackets or 
lugs of sufficient bearing area to take up at least that proportion of the load inere- 
ment in the story that the last term in Formula (77) or (78) bears to the total 
value of P/A. Column splices are made in the same way as in ordinary steel or 
cast-iron design. Cast-iron cores must be cast in a vertical position. 
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Illustrative Problem.—To design a tied column to support an axial load of 180,000 lb. 
using f, = 400 lb. per sq. in. andn = 15. Allow 144-in. cover. 

For solution see Design Sheet 13. 

Illustrative Problem.—To design a spiral column to support an axial load of 800,000 Ib. 
Allow 2-in. cover. Use the 1921 J. C. specification and the Chicago code, 2, 900-Ib. con~ 
crete and n = 10. The column may not exceed 30 in. in outside diameter. 

For solution see Design Sheet 14. 

Illustrative Problem.—To design a composite column at the center of which is a C. I. 
core with 8-in. ventilating duct. The superimposed load is 550,000 lb. Make the design 
in accordance with the 1921 J.C. specifications, using 3,000-lb. concrete. The height of 
the column is 10 ft. 

For solution see Design Sheet 15. 

Illustrative Problem.—To design the top of a caisson, 5 ft. in diameter, to carry a 
column 38-in. in diameter and carrying a load of 1,000,000 lb. The column vertical rein- 
forcement consists of twelve 114-in. square bars. The caisson is made of 2,000-lb. concrete. 

For solution see Design Sheet 16. 

Illustrative Problem.— To design the basement story (9 ft. high in the clear) of an ele- 
vator shaft, 12- X 18-f%. inside dimensions, carrying a load of 70,000 lb. per ft. on the 18-ft. 
walls just below the first floor slab. Use 1921 J.C. stresses and 2,000-lb. concrete. 
Assume that the temperature range in the basement is so small as to be negligible. 

For solution see Design Sheet 17. 


DESIGN SHEET 13 . 


P= 180,0007 
‘mld 
Assume 22” square column A = (19)(19) = 361 
1D EON), yar ea 
5 Noe Wea ce as 


From Diagram 10, with f. = 400 and P/A = 500 = ’ 
wt - "0 
p =0.0178 A, = (0.0178) (861) = 6.43 =8-1 bars 
oO au 
Ties (0.05) (6.4) = vs a2 per foot 


6—34"¢ ties =0. 30 per foot provided, O.K. 
Arrange ties as shown in Fig. 16c for square column 


DESIGN SHEET 14 


Joint Committee Design: . 


‘ = 
Assume 30” dia. column. Core, 26’’ dia. A = 530.9 


is # P _ 800,000 _ #/ oO" 
P = 800,000" 5 = ~Zoh-9- = 1,505 


From Diagram 11 for P/A = 1,505 and 2.9007 concrete, p = 0.0395 and for 26’’ core 
read from diagram. " 
Vertical bars = 14 —134°0 


Lad “ 
Spiral = 746 ¢ at 234” pitch 


ll 


Chicago Design: 

Assume same size of column. P/A = 1,505 

From Diagram 14 (1:1:2 concrete, fe’ = 2,900) for P/A = 1,505 
’ = 0.015 and p = 0.0564 

From Diagram 17 for 26” core dia. 


p = 0.0564 Vertical bars = 19 - 134 4 
wr 7 
p’ =0.015 Spiral = 3746 ¢ at 13¢” pitch 


: Rady Sebeien con enew arma stony onan nee nGes sen ehawir newest oo ES 
aawenccncecccerscrenneeseen-=onnnnnernseeatencsernnn n= 
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DESIGN SHEET 15 


Assume a 26” dia. column. Core dia. = 22” 
vis no” 
Core area = gl (22)? — (8)? | =, Sy) 


P, = first term of Eq. (78) = (750)(330) = 248,000" 


P, = P — P, = 550,000 — 248,000 = 302,000 
Assume 13%” shell. Inside dia. C. I. core = 8” 
Outside dia. C. I. core = 10.25” 


Area = 7[(10.25)? — (8)*] = 417" 


: eS 
Rad. of gyration = 4+/(10.25)? + (8)? =q = 3.25 


In 
(60)(120) _ 759 9,0307/ 


Allowable stress = 12,000 — 3.95 


Stress required = a es 7,3708/ 0” Too low. 


Try 1’ shell. Area = 36— Teele 


#/a ” 
Allowable stress = 90,100 
et -3,4007/9" ox, 


Stress required = 
From Diagram 17 for p’ = 0.005 and 22” dia. core 
Spiral = 34’"¢ at 134” pitch 


DESIGN SHEET 16 
Ny 
Caisson dia. = 5/—0’’ Area = A = 2,8270 Ee pats 
hd Peay dee a= 4/249 = 1.35 
Column dia. = 3’—2” Area = A! = 1,134 0 
P = 1,000,000 - 2. 21000 000 meat 
By Formula (84) x Bh eerie 
0.25f’. = 500. Stress is too high. 
7 
Try a = 8"c +a =3'—10 New A’ = 1,662%” (see Fig. 15, 


AE S2ae A. 

ALS 6620m 1.70 ~/1.70 = 1.19 

P _ 1,000,000 _ _ 605 #/O” 
Aye C6 ue ae ary ae ale 


Provide caisson spiral (same wire, pitch and diameter as column spiral) extending from 
top of caisson not less than 9’’ into caisson. 


DESIGN SHEET 17 
Assume 13” wall. Effective thickness = 12’’ ; 
P = 70,000 + (162)(9) = 71,460 


A = (12)(12) =1440" £ _ 71,460 _ ,9.#/0” 
(12) (12) a 144 495 


from Diagram 10, p = 0.017 


Oo ” 
A, = (0.017) (144) = 2.45 = 34’ ¢ bars at 4.3” on ctrs. each face 


Ties through wall (0.05)(2.46)) = 0123" 7 


' = 346 at 10” ctrs. along every third ver- 
tical bar. 


” 


Horizontal steel area = 0.1237 =3¢" ¢@ at 13” ctrs. 
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Values of (a in terms of f 
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D1aGrRam 9. 
GENERAL Tizp Cotumn Design GRAPH, 


Wher € equals 020" 
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{akira of vertical steel 


Diagram 10. 


Values of 4A in terms of f' 
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Diacram 11. 
PERCENTAGE OF REINFORCEMENT IN SPIRAL CoLuMN By 1921 JOINT 


CoMMITTEE SPECIFICATIONS. 
Notre.—Percentage of Spiral Reinforcement equals one-fourth of percentage of vertical 
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Diagram 12, 


Cuicaco SprraLt CoLtuMN Drsign'—1:6 Concrertn. 
Norz.—Set straight edge on any two known quantities and read concurrent value of third 


I-2-4 concrere 
£=2000 


Valves of p'- spiral 


as 


1 Prepared by Gardner and Lindberg, Industrial Engineers, Chicago. 


Engineer. 


quantity. 


1/00 


y 
5 /000 
Q 
8 
x 
900 
Qe 


600 


Valves of 


700 


4S 
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ESD 
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Values of P vertical sfee/ 


LD 


(Oey 


Wallace Berger, Structural 


512 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 6-64 


DiracRram 13. 


CuicaGco SprraL CotumN Dersien!—1:414 ConcreETE, 


Nots.—Set straight edge on any two known quantities and read concurrent value of third 
quantity. 


{-[2-8 concrete 


/ IS 
&£=2500 
Su 
/400 
F5 
—/300 
Lae 4 U 
: % 
LB 1200 5 
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* ee ® E1100 * 
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< Mt g 3 
| E-/0 Q Q 
Qe ce 1000 S 
O08 ‘ S 
Cree : & 
S ~ E-900 2 x 
RE-O7 v 
= 8 
QE x 
15 
OSs GOO 


40 


Os 


1 . 
Prepared by Gardner and Lindberg, Industrial Engineers, Chicago. Wallace Berger, Structurai 


Engineer, 
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Diagram 14, 
Curcaco Sprrat Cotumn Desiqn'!—1: 3 CONCRETE. 
Nore.—-Set straight edge on any two quantities and read concurrent value of third quantity 


/:/:2 Concrete 8 
_f'=2900 
7 
1700 2 
(600 
1500 S By 
: S 
1/400 = x 
Sa IN 
1S oS} A 
Ww 
fed (300 G aS 
es X S 
s L2 OD S Q 
é Lf ‘& So 
a Qe pane 
Q 10 © 
Se 
% ie “00 5 < 
0 28 v = 
& S 
& 07 1000 & 2 
06 
+4 900 
/ 


1 Prepared by Gardner and Lindberg, Industrial Engineers, Chicago. Wallace Berger, Structural 
Engineer. 
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Diacram 15. 


New York SprraLt Cotumn Design—f, = 500. 
Norn.—Set straight edge on any two quantities and read concurrent value of third quantity. 


ee 020 
£=500 
n=l5 
L ¥ : 8 1900 
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G 025 he > = 
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v Ux so00 v 
Y 02 w 010 
& S Ss 
% 900 
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S 800 
.010 005 
700 


005: any 
Diagram: 16. 


New York SprraL Cotumn Desian—f, = 600. 
Note.—Set straight edge on any two quantities and read concurrent value of third quantity. 
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Diacram 17, 
PERCENTAGE OF COLUMN REINFORCEMENT IN CircuLar Corgs.! 
Noru.—Read with aid of straight edge. 
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1 Based on similar diagram prepared by Gardner and Lindberg, Industrial Engineers, Chicago. 
Wallace Berger, Structural Engineer. — a 
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Tapte 13.—Core Arras, PerIMETERs, AND CONCRETE VOLUMES FOR CoLUMNS 
See eee nn 


i 


Diameter ¢ col. perimeter Volume (cu. ft. per ft.) 
Core 
area 
es Core (sq. in.) Ft.|In. Round | Octagonal} Square 
(in.) (in.) 
14 10 78.5 3—8 L507 1.12 1.36 
11 95.0 
16 12 113.1 4—2 1.40 1.47 1.78 
13 13250 
18 14 15359 4—8 ere 1.86 2.25 
15 176.7 : 
20 16 201.0 5—2 2.18 2.30 2.78 
17 226.9 
22 18 254.4 5—9. 2. 64 2.78 3.36 
19 283.5 
24 20 314.1 6—3 3.14 Bnew) 4.00 
21 346.3 
26 22 380.1 6—9 3. 69 3.89 4.70 
23 415.4 
28 24 452.3 i—4 4.28 4.51 5.45 
25 490.8 
30 26 530.9 7—10 4.91 inealye 6.25 
27 §72.5 
32 28 615.7 8—4 5. 58 5.89. Cealal 
29 660. 5 
34 30 706.8 8—I11 6.30 6. 64 8.03 
31 754.7 
36 32 804.2 9—5 TOU 7.45 9.00 
33 855.3 
38 34 907.9 10—O 7.88 8.30 10.02 
35 962.1 . 
40 36 1,017.8 10—6 8.73 9.20 11.10 
od 1,075.2 
42 38 1,134.1 ti—0 9.62 10.15 12.25 
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TaBLE 15.—AREAS AND PERIMETERS OF COLUMNS AND CAISSONS 


CoS Se EO ie ee 
Diameter Area Cire. Diameter Area Circ. 
Ft. In In. | Sq. in. Sq. ft. Ft. Ft. In. In. Sq. in. Sq. ft. Ft. 
1 1 13 132571 0.92 3.40 eT. 55 2,376 16.50 14.40 
1 2 14 153.9 1.07 3. 66 4 8 56 2,463 17.10 14. 66 
1 3 15 176.7 1.23 3.93 4 9 57 2,552 17.72 14.92 
1 4 16 201.0 1.40 4.19 4 10 58 2,642 18.35 15.18 
1 5 17 226.9 1.58 4,45 4 11 59 2,734 18.99 15.45 
1 6 18 254.4 1.77 4.71 5 0 60 2,827 19. 63 15,71 
1 if 19 283.5 1.97 4.97 Sek 61 2,922 20. 29 15.97 
1 8 20 314.1 2.18 5. 24 5 2 62 3,019 20. 97 16, 33 
1 9 21 346.3 2.41 5.50 5 3 63 3,117 21. 65 16.49 
1 10 22 380.1 2. 64 5.76 5 4 64 3,217 22.34 16. 76 
i sahil 23 415.4 2.89 6. 02 fy 65 3,318 23.04 17.02 
2 0 24 452.3 3.14 6.28 5 6 66 3,421 23.76 17.28 
2 1 25 490.8 3.41 6, 54 Sma 67 3,526 24,48 17.54 
|= ed 26 530.9 3. 69 6. 81 5 68 68 3,632 25, 22 17.80 
2 3 27 572.5 3.98 7.07 5 69 69 3,739 25.97 18.06 
2 4 28 615.7 4.28 7.33 5 10 70 3,848 26.73 18.33 
2 5 29 660.5 4.59 7.59 5 11 71 3,959 27.49 18.59 
2 6 30 706.8 4.91 7.85 6 0 72 4,072 28.27 18.85 
2 7 31 754.7 5, 24 8.12 6a 73 4,185. 29.07 19.11 
2 8 32 804. 2 5.59 8.38 6 2 74 4,301 29. 87 19. 37 
2 9 33 855.3 5.94 8. 64 6 38 75 4,418 30. 68 19. 63 
2 10 34 907.9 6.31 8.90 6 4 76 4,536 31.50 19.90 
2 11 35 962.1 6. 68 9.16 6 5 77 4,657 32. 34 20.16 
3 0 36 1,017.8 7.07 9.43 6 6 78 4,778 33.18 20.42 
a al 3 1,075.2 7.47 9.69 oe V 79 4,902 34. 04 20. 68 
3 2 38 1,134.1 7.88 9.95 6 8 80 5,027 34.91 20.94 
3 3 39 1,194.5 8.30 10.21 6 9 81 5,158 35. 78 21521 
BY 40 1,256.6 8.73 10.47 6 10 82 5,281 36. 67 21.47 
3 5 41 1,320. 2 9.17 10. 73 6 11 83 5,411 37.57 PAL AT 
3 6 42 1,385. 4 9.62 10.99 0) 84 5,542 38.48 21.99 
3 i 43 1,452.2 10. 08 11. 26 eral 85 5, 674 39.41 22.25 
3 8 44 1,520.5 10. 56 11.52 if a? 86 5,809 40.34 22.51 
3 9 45 1,590.4 11. 04 11.78 Uh, 383 87 5,945 41.28 22.71 
3 10 46 1,661.9 11,54 12.04 7 4 88 6,082 42,24 23.04 
So 47 1,734.9 12.05 12.30 5 89 6,221 43.20 23.30 
4 0 48 1,809.5 12.57 12. 57 6 90 6, 362 44.18 23.56 
4 1 49 1,885.7 13.10 12. 83 aE: 91 6, 504 45.17 23.82 
4 2 50 1,963.5 13. 64 13.09 Mats) 92 6, 648 46.16 "| 24.09 
4 3 51 2,042.0 14.19 13.35 7-9 93 6,798 47.17 24.35 
4 4 52 2,124.0 14.75 13.61 7 10 - 94 6,940 48.19 24.61 
4 5 53 2,206.0 15.32 | 13.88 7 11 95 7,088 49, 22 24. 87 
4 6 54 2,290.0 15.90 14.14 8 0 96 7,238 50. 27 25.13 
ee a ee 
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520 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 6-64 


TaBLE 17.—AREAS AND WEIGHTS OF 14-IN. WIRE SPIRALS 


Areas of equivalent cylinders in square inches given in heavy figures 
Weights of wire in pounds per foot length of spiral in light figures 
Core diam. E , Herta 
(inches) Pitch of spiral in inches 
1 1 
gr 276" 234” 254” 246” 234” 2" 214” Dae 1744” 134” 154” 1%” 
10 0. 515/0. 537|0. 562/0. 588/0. 6180. 651/0. 6860. 726)/0. malo. 824|0. 882/0. 950/1. 03 
1.75 |1.83 |1.91 |2.00 |2.10 |2.21 |2.33 |2.47 |2.62 [2.80 13.00 |3.23 |3.50 
aly 0. 566/0. 59110. 618/0. 646/0. 679/0. 7150. 754/0. 798|0. 848/0. 905}0.971/1.04 |1.13 
1.92 |2.01 |2.10 |2.20 |2.31 |2.43 |2.56 |2.72 |2.88 |3.08 |. 30 |3.55 |3.85 
12 0. 617/0. 645/0. 674/0. 705)0. 741,0. 781/0. 823/0. 871/0. 925/0.987|1. 06 |1.14 |1. 23 
2.10 |2.19 |2.29 \2.40 12.52 |2.65 |2.80 |2.96 |3.15 3.36 |3.60 [3.88 |4.19 
13 0. 668/0. 6983/0. 730/0. 764/0. 803/0. 846|0. 892/0.944/1.00 1.07 |1.15 |1.23 |1.33 
2.27 |2.38 |2.48 |2.60 |2.73 |2.88 |3.03 |3.21 |3.41 |3:64 |3.90 |4.20 peOene 
14 0. 7200. 75210. 786\0. 823|0. 865|0. 911/0.961/1.02 |1.08 |1.15 |1.23 |1.33 |1.44 2 
2.45 |2.56 12.67 |2.80 |2.94 |3.10 |3.26 |3.46 |3.67 |3.92 |4.20 |4.52 |4.90 
15 0. 771|0. 807|\0. 843/0. 8382/0. 926/0.976|1.03 |1.09 {1.16 (1.23 |1.32 |1.42 | 1.54 
2.62 |2.74 |2.87 13.00 |3.15 |3.32 |3.50 |3.71 |3.94 |4.20 |4.50 |4.85 | 5.24 
16 0. 823/0. 860/0. 898 0.940/0.987]1.04 |1.10 |1.16 |1.23 |1.31 |1.41 |1.52 | 1.64 
2.80 |2.92 |3.05 13.20 |3.36 |8. 54 |3.73 |3.95 |4.20 |4.48 [4.80 |5.17 | 5.60 
v7 0.874/0.913/0.954/1.00 |1.05 j1.11 {1.17 |1.23 |1.31 1.40 |1.50 |1.61 | 1.74 
2.97 |3.10 |3.24 |8.40 |3.56 |3.75 [3.96 |4.19 |4.46 /4.76 {5.10 |5.49 | 5.94 
18 0.926/0.966)1.01 |1.06 |1.11 |1.17 |1.24 ]1.31 |1.39 |1.48 /1.59 |1.71 | 1.85 
8.15 |8.29 |3.44 |3.60 |3.78 |3.98 |4.20 |4.45 |4.73 |5.05 |5.40 |5.82 | 6.28 
19 0.978|1.02 |1.07 (1.12 |1.17 |1.24 |1.30 |1.38 [1.46 |1.56 |1.67 |1.80 | 1.95 
8.32 |3.47 |8.62 |3.80 3.98 |4.20 |4.48 |4.69 |4.98 |5.32 |5.70 |6.14 | 6. 64 
20 1.03 |1.07 |1.12 |1.17 |1.23 [1.30 |1.37 |1.45 |1.54 ]1.64 |1.76 |1.90 | 2.06 
3.50 |3.65 |3.82 |4.00 |4.20 |4.42 |4.66 |4.93 |5.25 15.60 |6.00 |6.46 | 7.00 
21 1.08 |1.13 {1.18 |1.23 {1.30 |1.37 |1.44 |1.53 |1.62 |1.73 |1.85 |1.99 | 2.16 
3.67 |3.84 |4.01 |4.20 |4.40 |4.64 |/4.90 |5.18 |5.51 |5.88 |6.30 |6.78 | 7.34 
22 1.13 |1.18 |1.23 |1. 29 |1.36 |1.43 |1.51 |1.69 |1. 70 |1.81 [1.94 |2.09 | 2.27 
3.85 |4.02 |/4.20 |4.40 |4.62 |4.86 5.13 Be4d 15av7 16,6 1G. GO 7d lege vO 
23 1.18 |1.23 |1.29 |1.35 |1.42 |1.49 |1.58 |1.67 |1.77 |1.89 |2.03 |2.18 | 2.37 
4.02 |4.20 |4.38 |4.60 |4.83 |5.08 |5.36 |5.67 |6.03 |6.44 |6.90 17.43 | 8.05 
24 1,24 |1.29 |1.35 |1.41 |1.48 |1.56 |1.65 |1. 74 |1.85 |1.97 |2.12 |2.28 | 2.47 
4,20 |4.38 |4.57 |4.80 |5.04 |5.30 |5.60 |5.92 |6.30 |6:72 |7.20 17.75 | 8.40 
25 1.29 |1.34 |1.40 |1.47 |1.54 |1.63 |1. 71 |1.82 |1.93 |2.06 |2.20 |2.37 | 2.57 
4.37 |4.57 |4.78 |5.00 |5.25 {5.53 |5.83 |6.17 |6.56 |7.09 |7.50 |8.07 | 8.75 
26 1.34 |1.40 |1.46 |/1.53 |1.61 |1.69 |1. 78 |1.89 |2.00 |2.14 |2.29 |2.47 | 2.67 
4.55 |4.75 |4.96 |5.20 |5.46 |5.75 |6.06 |6.42 |6.82 |7.28 |7.80 |8.39 | 9.10 
27 1.39 |1.45 |1.52 |1.59 |1.67 |1. 76 |1.85 |1.96 |2.08 [2.22 |2.38 |2.56 | 2.7872 ” 
4.72 |4.94 |5.15 |5.40 |5.67 |5.96 |6.30 |6.66 |7.08 |7.56 |8.10 |8.72 | 9.45 
28 1.44 |1.50 |1.57 |1.64 /1. 73 |1.82 |1.92 |2.03 |2.16 |2.30 |2.47 |2.66 | 2.88 
4,90 |5.11 |5.34 |5.60 |5.88 |6.19 |6.53 |6.91 |7.34 |7.84 |8.40 |9.04 | 9.80 
29 1.49 |1.56 |/1.63 |1. 70 |1. 79 |1.89 |1.99 |2.11 |2.24 |2.38 |2.56 |2.75 | 2.98 
5.07 |5.30 /5.53 |5.80 |6.09 |6.41 |6.77 |7.16 |7.60 |8.12 |8.70 19.36 |10.15 
—-} 


Spirals above and to right of zigzag lines are nearest commercial size fully equal to percentage of core 
area indicated at end of line. 

Weights in above table include the wire only. To this must be added the weights of th i 
bars and the weight of extra turn at ends of spiral. ret oe eee 
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j TaBLE 18.—AREAS AND WEIGHTS OF 546-IN. Wire Sprras 


Areas of equivalent cylinders in square inches given in heavy figures 
Weights of wire in pounds per foot length of spiral in light figures 
Core 
ena Pitch of spiral in inches 
3” QU" 234" 254” Qh,” 234" 2” 246"| on” 1%" 134” | 154” 144” 
ed 10 0.803) 0.838) 0.876! 0.918] 0.964 1.01) 1.07) 1.13] 1.20] 1.28 1.38) 1.48] 1.61 
2.73 | 2.86 | 2.98 | 3.13 | 3.28 3.46] 3.65) 3.86] 4.10] 4.38] 4.69 5.05} 5.48 
11 0.884| 0.922/ 0.963; 1.01 | 1.06 | 1.12 1.18] 1.25| 1.33) 1.41| 1.51] 1.63 1.77 
* 3.01 | 3.14 | 3.28 | 3.44 | 3.61 3.80] 4.01} 4.25] 4.52] 4.82] 5.16 5.56} 6.02 
- 12 0.965) 1.01 | 1.05 | 1.10 | 1.16 1.22) 1.28) 1.36) 1.44] 1.54) 1.65 1. 78) 1.93 
3.28 | 3.43 | 3.58 | 3.75 | 3.93 4.15) 4.39] 4.64] 4.93] 5.26] 5.63] 6.06 6.57 
13 1.04 | 1.09 | 1.14 | 1.19 | 1.25 1.32) 1.39) 1.47] 1.57] 1.67] 1.79; 1.93] 2.09 
3.55 | 3.72 | 3.88 | 4.06 | 4.27 4.50| 4.75| 5.02) 5.34] 5.70! 6.10 6.57 Teli “e 
14 1.12 | 1.17 | 1.23 | 1.28 | 1.35 | 7.43 1.50) 1.59) 1.69] 1.80] 1.93] 2.08) 2.26 * 
3.83 | 4.00 | 4.18 | 4.38 | 4.60 4.84) 5.11] 5.41] 5.75) 6.13] 6.56] 7.08 7.67 
15 1.20 | 1.26 | 1.31 | 1.38 | 1.45 1.52) 1.61) 1.70] 1.81] 1.93) 2.07) 2.22 2.41 
4.10 | 4.29 | 4.48 | 4.69 | 4.93 | 5.19] 5.48] 5.79 6.16] 6.57] 7.04] 7.59] 8.21 
16 1.29 | 1.34 | 1.40 | 1.47 | 1.54-| 1.62] 1.71 1.81) 1.93] 2.06) 2.20) 2.38] 2.57 
4.38 | 4.57 | 4.78 | 5.01 | 5.26 | 5.53] 5.84 6.18] 6.57] 7.01] 7.51] 8.08] 8.76 
17 1.37 | 1.42 | 1.49 | 1.56 | 1.64 | 1. 72] 1.82 1.93) 2.05; 2.19] 2.34] 2.52] 2. 73 
4.65 | 4.86 | 5.08 | 5.32 | 5.58 | 5.88] 6.21] 6.56 6.98] 7.45} 7.98] 8.59| 9.31 
18 1.45 | 1.51 | 1.58 | 1.65 | 1.73 | 1.83] 1.93] 2.04 2.17| 2.31) 2.48] 2.67] 2.89 
4.93 | 5.14 | 5.37 | 5.63 | 5.91 | 6.22] 6.57] 6.95 7.39| 7.88] 8.44] 9.10] 9.86 
19 1.53 | 1.59 | 1.66 | 1.74 | 1.83 | 1.93] 2.03] 2.16) 2 29 2.44) 2.62] 2.82) 3.05 
5.20 | 5.43 | 5.68 | 5.94] 6 24 | 6.57) 6.94] 7.34] 7.80] 8.32] 8.92 9.60/10. 4 ; 
20 1.61 | 1.68 | 1.75 | 1.83 | 1.93 | 2.03] 2.14] 2.27] 2.41 2.57) 2.75) 2.97] 3.21 
5.47 | 5.71 | 5.97 | 6.26 | 6.57 | 6.91| 7.30] 7.72] 8.21 8.76) 9.39]10.1 11.0 1% 
ot 1.69 | 1.76 | 1.84 | 1.93 | 2.02 | 2.13) 2.25) 2.38] 2.53 2.70) 2.89) 3.12| 3.37 “ 
5.74 | 6.00 | 6.27 | 6.56 | 6.89 | 7.26] 7.67] 8.11] 8.62 9.20! 9.85/10. 6 |11.5 
22 1.77 | 1.84 | 1.93 | 2.02 | 2.12 | 2.23] 2.35) 2.50] 2.65 2.83) 3.03) 3.26) 3.53 
7 6.02 |-6.29 | 6.57 | 6.88 | 7.22 | 7.61) 8.03] 8.49! 9.04] ).65/10.3 11.1 /12.0 
23 1.85 | 1.93 ; 2.02 | 2.11 | 2.22 | 2.33) 2.46) 2.61! 2.77] 2.95 3.17) 3.41] 3.70 
6.29 | 6.57 | 6.87 | 7.19 | 7.55 | 7.95) 8.40] 8.88] 9.45/10. 1 10.8 |11.6 /12.6 
24 1.93 | 2.01 | 2.10 | 2.20] 2.31 | 2.43) 2.57| 2.72) 2.89] 3.08 3.31) 3.56) 3.86 
6.56 | 6.85 | 7.17 | 7.51 | 7.88 | 8.30] 8.76] 9.27] 9.86/10.5 |11.3 aL t3sea 
25 2.01 | 2.09 | 2.19 | 2.29 | 2.41 | 2.54] 2.68] 2.83] 1.01 3.21) 3.44) 3.71] 4.01 
6.83 | 7.14 | 7746 | 7.82 | 8.21 | 8.65] 9.13] 9.66/10.3 |11.0 |11.7 12.6 |13.7 
26 2.09 | 2.18 | 2.28 | 2.38 | 2.51 | 2.64] 2. 78) 2.95) 3.13] 3.34 3.58) 3.86) 4.18 
7.11 | 7.43 | 7.77 | 8.13 | 8.54 | 9 00] 9.50/10.0 |10.7 /11.4 |12.2 13.1 |14.2 
27 2.17 | 2.26 | 2.37 | 2.48 | 2.60 | 2. 74] 2.89] 3.06) 3.25| 3.47| 3. 72 4.01) 4.34 
7.38 | 7.72 | 8.06 | 8.45 | 8.87 | 9.3°] 9.87|10.4 |11.1 /11.8 |12.7 13.6 |14.8 
= 28 2.25 | 2.35 | 2.45 | 2.57 | 2.70 | 2.84) 3.00] 3.17) 3.37] 3.60) 3.86 4.16) 4.50 
7.66 | 8.00 | 8.36 | 8.75 | 9.20 | 9.69/10.2 |10.8 |11.5 |12.3 |13.1 |14.1 15.3 
29 2.33 | 2.43 | 2.54 | 2.66 | 2.80 | 2.94) 3.11] 3.29) 3.49] 3.73] 3.99| 4.30] 4 66 
7.93 | 8.29 | 8.66 | 9.08 | 9.53 |10.0 ;10.6 |11.2 |11.9 |12.7 |13.6 |14.6 |15.9 
30 2.41 | 2.52 | 2.63 | 2.75 | 2.89 | 3.04) 3.21) 3.40) 3.62) 3.86] 4.13) 4.45| 4.82 
; 8.21 | 8.58 | 8.96 | 9.39 | 9.86 |10.4 |11.0 |11.6 ]12.3 |13.1 14,1 115.2 116.4 
31 2.49 | 2.60 | 2.72 | 2.84 | 2.99 | 3.14) 3.32) 3.52) 3.74] 3.99) 4.27| 4.60] 4.98 
8.48 | 8.86 | 9.26 | 9.70 |10.2 |10.7 |11.3 /12.0 |12.7 |13.6 |14.5 115.7 117.0 
32 , 2.68 | 2.81 | 2.94 | 3.08 | 3.25) 3.43) 3.63) 3.86] 4.11] 4.41! 4. 75] 5.14 
7 9155), 9256) 1050 |LOsoe ated Mat 12. 4 1350 114.0 FSO M1652) 175 
33 2.65 | 2.77 | 2.89 | 3.03 | 3.18 | 3.35) 3.53) 3.74] 3.98] 4, 4.55) 4.90) 5.31 
9.03 | 9.44 | 9.86 |10.3 |10.8 /11.4 /12.1 |12.7 |13.5 |14. 15.5 |16.7 |18.1 
. 73 | 2.85 | 2.98 | 3.12 | 3.28 | 3.45] 3.64) 3.86! 4.10] 4. 4.69) 5.05) 5.47 
a a o0 GST LOZ (1056) aL 2 Nit SN iLek4 S50 4s on ita: 16.0 {17.2 |18.6 
44% 
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Taste 19.—AREAS AND WexIGHTS OF 3-IN, WIRE SPIRALS 


Core diam. 
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TaBLE 20.—AREAS AND WEIGHTS OF 74 6-IN. WirE SPIRALS 
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Pitch of spiral in inches 
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1 
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17.27” 


18.3 |19.8 
63.6 |69.0 
mn ake 


62.0 |67.3 
18.7 /20.3 


—, 


15.0 |16.1 17.3 |18.7 
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Pitch of spiral in inches 


43.8 146.7 |50.0 |53.8 |58.4 


12.9 13.7 |14.7 |15.8 


15.2 |16.2 |17.4 


To this must be added the weights of the spacing 


11.3 /11.9 |12.5 |13.2 |14.0 |14.8 |15.8 |16.9 
male 


Weights of wire in pounds per foot length of spiral in light figures 
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Areas of equivalent cylinders in square inches given in heavy figures 


TaBLE 22.—AREAS AND WEIGHTS OF %6-IN. WiRE SPIRALS. 


Sec. 6-64] 
Core diam. 
(inches) 


. 84 
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8 
30. 
9.38| 9.79]10.2 /10.7 |11.2 |11.8 |12.5 |13.2 |14.1 


8.58' 8.97) 9.37] 9.82/10.3 |/10.8 |11.4 |12.1 
29.2 30.4 |31.9 |33.3 |35.0 |36.9 |39.0°/41.1 
31.9 |33.2 134.8 |36.4 |38.2 |40.3 [42.5 |44.9 |47.8 


9.90|10.3 |10.8 
33.6 |35.1 |36.7 ]38.4 [40.3 |42.5 |44.9 /47.4 |50.5 |53.8 |57.7 


34.5 136.0 |37.7 |39.4 |41.4 [43.6 |46.0 /48.6 /51.8 55.2 |59.2 


10.2 |10.6 /11.1 |11.6 |12.2 /12.8 13.5 14.3 
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the weight of the extra turn at ends of spiral. 


38 
39 


36 
Spirals above and to right of zigzag lines are nearest commercial size fully equal to percentage of core 


area indicated at end of line. ; 
Weights in above table include the wire only. 


bars and 
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MEMBERS SUBJECT TO DIRECT AXIAL TENSION 


In reinforced concrete members subject to direct tension the stress will be 
uniform over the section and the tensile strength of the concrete may not be 
counted as a dependable design factor. The section may and probably will be 
cracked entirely through when the full design load comes upon the member. 
All the stress must therefore be considered as taken by the longitudinal 
reinforcement. 

65. Formula.—The only formula necessary for the design of such members is 

fps 3 (87) 
in which P = tension or load on member. 
A, = area of longitudinal reinforcement. 4 
f. = tensile unit stress in longitudinal reinforcement. 

66. Design of Tension Members.—The design of such members is extremely 
simple and needs little explanation. The steel stress in such members is com- 
monly limited to 12,000 lb. per sq. in. The cracks in the concrete should be 
distributed at such frequent intervals that each will be of very small size. The 
simplest way to insure this result is to use deformed bars of small diameter. Not 
all deformed bars have merit for this purpose and a properly designed bar should 
be specified and none other accepted. The cracks may be made fine and well 
distributed by placing wire mesh with welded or integral intersections just under the 
fireproofing shell of the member. ‘This has value also in case of a severe fire in 
holding this shell together and its use is recommended in the general case even 
though deformed bars are also used. as 

Most designers feel that reinforced concrete tension members should be very 
conservatively designed. They are used in trusses and for hangers generally 
and it is not uncommon, in stair hangers for instance, to find designed stresses 
of only 4,000 to 5,000 lb. per sq. in. in the steel, thus assuring safety under extreme 
fire conditions or after very extensive corrosion has taken place. With such low 
stresses the corrosion would cause noticeable spalling of the concrete long before 
any danger of collapse was present. 

The critical points in the design of most tension members lie at their extremi- 
ties where they receive or deliver their load. For ordinary stair hangers a detail 
is commonly used making provision that the bent ends bear upon steel cross rods 
which in turn must engage a large volume of concrete. In column hangers struc- 
tural steel is generally used in all cases where these hangers are attached to steel 
trusses at the top. Bond on straight bars should never be the sole nor even the 
main reliance for the end anchorage of tension members, but a positive mechan- 
ical anchorage should invariably be provided. 


MEMBERS SUBJECT TO BENDING AND DIRECT COMPRESSION 


It has previously been pointed out that very few columns are subject to axial 
compression only. A wall column in a reinforced concrete building is practically 
always subject to bending as well as compression, and while members should be so 
arranged as to minimize this bending it cannot be entirely avoided. Certainly in 
the usual beam-and-slab type of building and in all flat slab buildings, columns 
should be designed as members subject to bending and direct compression. It 


OE 


eT. eR PU Se nee ae cee ee ee 


Sec. 6-67] REINFORCED CONCRETE MEMBERS 527 


is also true that beams and slabs very commonly take direct stress as well as 
bending. In stair slabs it is always true. The wind load is responsible for direct 
compression in other members. Too little attention has been paid to the actual 
condition of beams, slabs, and columns in this respect and we may expect to see 
less dependence (to an undetermined degree) on factor of safety and more careful 
design in the future. In arch rings and rigid-frame construction where the 
design takes account of such facts as these, the designer is certainly entitled to 
reduce his factor of safety on the working stresses below what would be proper 


- in much present-day building design. In general, the direct stress is compression, 


for, except in certain members of concrete trusses, the framing of concrete 
structures is arranged so as to avoid direct tension in the members. The follow- 
ing discussion will be confined to cases of bending and compression. Formulas 
for cases in which the direct stress is tension may be derived in the same general 
manner as for cases where the direct stress is compression. 

67. Design of Plain Concrete Piers for Eccentric Loading.—To design a plain 
concrete pier or caisson for eccentric loading, it is first necessary to assume the 
dead weight of the pier and find the total load and also the change in the point of 
application of the resultant due to the addition of the weight of the pier. If the 
resultant is inclined to the axis of the member, the component N parallel to the 
axis must also be determined. Next determine the distance c of the point of 
application of the resultant fromthe gravity axis of the assumed section. The 
maximum fiber stress, f., in the concrete is determined by the usual formula for 
homogeneous material, Formula (88).! If the point of application of the 
resultant lies inside the ‘‘ core” of the section, i.e., if cis less than t/6, no other figures 
are necessary. If it does not so lie, there will be tension on the section. In plain 
concrete construction a greater tension than 0.025f.’, or a maximum of 50 lb. per 
sq. in., should not be allowed. When this stress is exceeded, a reinforced concrete 
member must be used. The formula for computing the extreme fiber stresses is: 

ie N +MNte 
dee ; Ay ib. 88) 

68. Bending and Compression on Reinforced Concrete Sections.—Stresses 
due to bending and compression on reinforced concrete sections may be deter- 
mined by the methods of flexure for concrete beams modified to fit the conditions 
of the problem under consideration. Rectangular and round sections will be 
considered. 

69. Notation.—The formulas for determining stresses in reinforced concrete 
members subject to bending and direct compression require certain additional 
symbols as follows: 


A = bt = area of concrete section. 

A’ = area of steel near face of member most highly stressed in 
compression. 

A, = area of steel near face of member least highly stressed in 
compression. ; 

A, = Ai + Az = total steel area, with symmetrically placed 
reinforcement. 


A, = area of transformed section 
1 See also Sec. 1, p. 139. 
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go= 
fi! = 
cy = 


Co = 


=e) 
I 


Ro 
I 


distance from point of application of N to the center of the _ 
tension steel. 

compressive stress in extreme fiber of concrete at opposite face 
of member from fe. 

distance from gravity axis to face most highly stressed in 
compression. 

distance from gravity axis to face least highly stressed in 
compression. 

distance from c.g. of steel area A; to nearest face of beam. 
distance from c.g. of steel area Az to nearest face of beam. 


= gtress in steel near face of member least highly stressed in 


compression. 
stress in steel near face of member most highly stressed in 
compression. 


= moment of inertia of transformed section. 


moment of inertia of concrete section about gravity axis. 
moment of inertia of steel section about gravity axis. 

N. = moment on section. 

component of RF normal to section. 

total compression in concrete. 

expressions reduced to tabular values to reduce labor of 
computation, see eqs. (184), (128) and (109). 


aad Tees steel ratio in face most highly stressed in compression. 


As ae : 2 : 
Pari steel ratio in face least highly stressed in compression. 


ratio of the sum of A, and A’ to Ot. 
distance from c.g. of steel area A’ to gravity axis with sym- 
metrically placed reinforcement. 


= radius of circular section to center of reinforcement. 


resultant force at any section. 

a design factor for Case II, circular section, = on 

total depth of member. 

distance from line of action of N. to center line of circular 
section. 


Figures 17 to 28 inclusive illustrate some of the above symbols. 

70. Bending and Direct Compression—Rectangular Sections..—Three 
general cases of bending and direct compression will be discussed. They are: 
Case I—Compression over the entire section, reinforcement on both faces of 
section; Case I]—Tension on a portion of the section, reinforcement on both 
faces of section; Case III—Tension on a portion of the section, reinforcement on 


tension face only. 


70a. CaseI. Compression over the Entire Section—Unsymmetrical 
Reinforcement.—Figure 17a shows a rectangular section of a member and its 
reinforcement. The fiber stresses in concrete and steel in this section may be 
determined by reducing the steel area to an equivalent concrete area, which is 


\ Diagrams and derivations of formulas by Gnorer A. Hoon and W. 8. Kinng. 
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assumed as applied in the plane of the reinforcing steel. This new section is 
known as a transformed section. Figure 17) shows the transformed section 
for Fig. 17a. 

When the shape of the transformed section has been determined, the properties 
of the section, such as its area, position of the gravity axis, the moment of inertia 
of the section, and the Weipa to the extreme-fibers may be calculated. Sub- 


Me, VY P 
fa 
. ’ 77 
pSteel Area=A 
: 4 
? i Gravity Axrs- 
: z pals a = e_ & 
i 1 Center . a ---- 38 
: He Kel Gravity’ ie 
' TT t) 
"Stee/ ie “As Mee oo Te 
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Beam Section Section Variation in Fiber Stress 
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Fie. 17.—Stress distribution under bending and direct stress—Case I. 


stituting these values in eq. (88), p. 527, for the conditions shown in Fig. 17, 
the stresses in concrete and steel are as follows: 


lia t te ste (89) 
fe’ = a oe (90) 
fe =n(¥ + MO, = 2) " 
fran (i - a Oe a) (92) 


-where A, and 7; are respectively the area and ie moment of inertia of the trans- 


formed section and M = Ne is the moment on the section. - Note that the steel 


' stresses in eqs. (91) and (92) are n times the concrete stresses in the plane of the 


steel. 

In making calculations of fiber stress on any given section, it is generally 
more convenient to express the properties of the section directly in terms of the 
concrete and steel areas. Thus if A, denotes the area of section including con- 
crete area equivalent to the steel area, we have 

A, = b¢ + n(A’ + A,) (93) 
Strictly speaking (n — 1) should be used in place of n, but the approximate 
formula has been used here for convenience. Formula (93) reduces to 


A, = bi [1 + nlp’ + p)] (94) 

The distance from the face most highly stressed to the center of gravity of the 

transformed section is (by moments about the top of section, Fig. 176) 
bts adi aonAa 5 nao npd 


1 = Kad’ + A) 1+ RF 9) ve) 


34 
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It can be shown that the moment of inertia of the section, including the concrete 

area equivalent to the steel area, taken about the gravity axis of the section is 

l=I1.+n1,. (96) 

when I, = moment of inertia of concrete area and J, = moment of inertia of steel 
area. Expressed in terms of the dimensions shown on Fig. 17, 

I, = be? si bes? = Plc! + ¢23) (97) 


and 
I, = A’n(c, — da’)? + nA.(c2 — de)? (98) 
Therefore 


= P(e? +e) + nlA'r — a)? + Alea d)4] (99) 


Formulas for fiber stress oun be derived by substituting in eqs. (89) to (92) 
inclusive values of J, A: ci and cz as found 
above. However, these formulas are cumber- 
some, and it will generally be found simplest to 
determine the properties of the section from 
eqs. (93) to (99) inclusive, and substitute these 
values in (89) to (92). 


Cp EET 99.r0ds Illustrative Problem.— Determine the fiber stresses 
Fie. 18 in steel and concrete for the conditions shown in Fig. 
18. Assume n = 15. 
From eq. (93) 
= (12)(25) + 15(38 +2) = 375 sq. in. 
The steel ratios are: : 


ve : As 2 
= 1.00 per cent and p = bé (12) (25) 


Pp bt (2) 5) 
from eq. (95) 
oe 12.5 + 15[((0.0100) (2) + (0.00667) (22)] Ge Dae 
1 + 15(0.0100 + 0.00667) ; : 
c =t —c = 25 — 12.0 = 13.0 in. 
From eq. (99) 


I= 2 {(12)# + (13)8] + 15[3.00(12 — 2)? + 2.00(13 — 3)2] = 23,200 in.s 


= 0.667 per cent 


and 


Since ci = 12.0 in., the eccentricity of application of the load is 12.00 — 8.00 = 4.00 in., 
and M = Ne = (120,000)(4.00) = 480,000 in.-lb. The concrete and steel stresses are as 
follows: 
Concrete at top of section; by eq. (89) 
fits 120,000 i (480,000) (12.00) 
375 23,200 
Steel near top of section; by eq. (91) 
Ame 120,000 , (480,000) (10.00) 
ce 15] 76 23,200 
Steel near bottom of section; by eq. (92) 
yen bee ai ae | 


= 568 lb. per sq. in. 


| = 7,900 lb. per sq. in. 


—1,695 lb. per sq. in. 


375 ~- 23'200 
Concrete at bottom of section; by eq. (90) ‘ 
» _ 120,000 _ (480,000) (13.00) _ : 
fo’ = 375 23,900 = 51 Ib. per sa. in. 


Reinforcement Symmetrical—When the steel areas on the two faces of the 
section are equal and are placed at equal distances from the faces of the section, 
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comparatively simple formulas may be derived for fiber stresses in concrete and 
steel. Figure 19a shows the section under consideration. Let Ao be the total 
steel area in the section, equally divided between the two faces of the beam and 
placed at a distance d’ from each face. For the given conditions the gravity 
axis is at the center of the section, as shown. Other properties of the section 
which may readily be derived from Fig. 19a are as follows: 

A: = bt(1 + npo) (100) 


est thet es A (101) 
12 12 
(ce — dz) = ts — a’) (102) 


a =o = Sandr = (ci — d’) 


Beam Section Variation in Fiber Stress 
(a) 


Fic. 19.—Stress distribution—Case I—symmetrical reinforcement. 


After eq. (88), p. 527, we may write 


t 
é€= 
igen! (. = “2) oe 


On substituting proper values in eq. (103), the extreme fiber stresses in the 
concrete are found to be 


Since M =Ne, 


t 
1 o 
ee . are) 5 (t2 + 12npor?) 
wnich may be written FS ; ; F 
fee (14 mpo' tj Himn()') (104) 
ee re NS 1 Ene 6 
Joy os bt (: apo t ) ai 2G) (105) 
The stresses in the steel, in terms of the concrete stresses, are 
ji = nf f.— FU. — £9 | (106) 


pani + Se] (107) 
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By referring to Fig. 19b it can be seen that the stress in the steel is always 
less than nf. Thus if f. is within its allowable value, then also will the steel be 
safely stressed. 

In deriving the formulas given in this case, it was assumed that the stress over 
the entire section is compressive. The variation in stress across the section, 
however, depends upon the eccentricity of the load N. For the case under consid- 
eration, the limiting condition will occur when f.” of Fig. 196 is zero. The 
value of ¢ for f¢’ = 0 may be determined by equating the right-hand member of 
eq. (105) to zero and solving for e, from which 


r pe 
ie 12npo(;) ; 


(1+ npo) 6 
From this equation, the limiting ratio of eccentricity to width of section for which 
compression exists over the entire section is 


e E a 12npo(F) | (108) 


i HIG.) 
If in any case the existing eccentric ratio e/t is less than the value given by eq. (108) 
the problem may be solved by the formulas for Case I. If the existing eccentric 
ratio exceeds the value given by eq. (108) the formulas of Case II must be used. 
Table 18 gives values of the limiting eccentric ratio e/t for n = 12 and 15 for 
various values of steel embedment. 


e= 


Taste 18.—Va.ues or e/t FoR SYMMETRICAL REINFORCEMENT 


| Values of po 
n d’/t 
0.005 | 0.0075 0.01 0.0125 0.015 | 0.0175 0. 02 0.0225 | 0.025 
15 0.05 0.183 0.191 0.198 0. 204 0.210 0. 216 0. 222 ON227 OR 2o2 
0.10 (Os ler ze 0. 182 0. 186 0.190 0.194 0.198 0. 202 0.205 | 0.208 
0.15 0: 172 0.175 0.177 0.179 0.181 0. 183 0.185 0.187 | 0.188 
0.20 0. 168 0. 168 0. 168 0. 169 0.169 0.170 0.170 0.170 | 0.1706 
i 0.05 0.180 0.186 0. 192 0. 198 0. 203 0. 208 07213 0.218 | 0.222 
0.10 0.175 0.179 0.183 0. 187 0.191 0. 194 0.197 0.200 | 0.202 
Ons Ona: 0.173 0.175 0.177 0.179 0.181 0.182 0.184 | 0.185 
0. 20 0. 167 0. 168 0. 168 0.168 0. 169 0. 169 0. 169 0.170 | 0.170 


2 If the existing eccentric ratio is less than the value 
3-/insg.rods in Table 18, the problem comes under Case I, and 
if greater than given in the table, Case II must 
be used. 


150,000 /b. 


ae 


2 Gravity Axis- 


‘2s Illustrative Problem.—Determine the fiber stresses in 
? concrete and steel for the conditions shown in Fig. 20. 
‘os" 3-1 insq.rods Assume n = oe 

. e Bs 
Fig. 20. Since = = one 0.16 is less than the value givenin 
Table 18 for the given conditions, the problem may be solved by the formulas for Case I 


The steel ratio is pp = 0.02. 


(12) (25) © 


STP Ae ae ee ee 


* 
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From eq. (104) 


ie ed 1 4.0 6 
(12)(25) L1 + (15) (0.02) T 55 i) + ania | 
= 500(0.769 + 0.610) = 690 lb. per sq. in. 

Also, from eq. (105) 


5 fe’ = 500(0.769 — 0.610) = 79.5 lb. per sa. in. 
The steel stresses are 
by eq. (106) 
1 
fs’ = 15[690 — 1 080 — 79.5)] = 9,430 lb. per sq. in. 
by eq. (107) 


1 
fs = 15[79.5 + a (690 — 79.5)] = 2,110 lb. per sq. in. 


Diagrams.—The equations derived under this case contain too many variables 
to permit the construction of diagrams for the solution of problems. However, 
if it be assumed that n, the ratio of the moduli EZ, and £. is constant, and if it be 
assumed that the steel is embedded to a certain percentage of the depth in all 
sections, the number of variables is reduced so that diagrams may be constructed. 
Thus, if we assume n = 15, and if we assume that the steel is embedded in the 
concrete one-tenth of the total depth from each surface, so that r = 0.4¢, eq. 


(104) becomes 
Nr 1 e 6 
hee zl ae | 


Teel Speret 128 San 
or if the expression in brackets is denoted by Z 
N 
fo = Bie (109) 


and eq. (108) becomes 
e 1+ 28.8p0 
t 6(1 + 15p0) 


, e d’ 
Diagrams 18 to 23 inclusive give values of Z for various values of Po, ; and ’ 


(110) 


and forn = 12and15. The termination of the curves is determined in Diagram 
: é 
22 by eq. (110) and by similar equations in the other diagrams. For values of { 


to the right of the dotted line terminating the curves, Case I does not apply— 
that is, there is tension in the concrete and Case II must be employed. 
Values of f.’’, f. and f,’, if desired, may be determined from the value of f.. 
From Fig. 190 it can be seen that 


P= 4 +4 


Solving for f .’’, we have 


pe on af (111) 


where A, is given by eq. (100) and N by the conditions of /he problem. Values 
of f, and f,’ may be determined from eqs. (106) and (107). 


Illustrative Problem.—Determine the fiber stresses in concrete and steel for the condi- 
tions shown in Fig. 20. Use diagrams and assume n = 15. 


534 . STRUCTURAL MEMBERS AND CONNECTIONS _ [Sec. 6-706 


For the given conditions 


Bo eves 1 
f= = 0.16 Since 4 = 2 = J 


use Diagram 22, from which Z = 1.38 


. (109 
ciao ci N (150,000) (1.38) 


=— Z= : = 690 lb. per sq. in. 
Nas ee (12) (25) Ash is 
From eq. (111) 
ip Tite oN rach a 
c ~~ At c 


where A; as given by eq. (100) is 
At = (12)(25)[1-+ (15) (0.02)] = 390 sq. in.- 


Hence 
pre (2) (150,000) 
‘ 390 


The steel stresses may be determined as in the preceding problem. Note the close check 
on results obtained by formulas and diagrams. 


— 690 = 80 lb. per sq. in. 


70b. Case II. Tension on Part of Section—Reinforcement on 
Both Faces of Section.—When the tension on the extreme fibers of the section 
is within the safe strength of the concrete, the method and formulas of Case I may 


= = 
Cenfer Line_.}-? 
of Section 


Steel Area=As 
& b = 


"7 
Beam es Variation in Fiber Stress 
fa) 


Fie. 21.—Stress distribution under bending and direct stress—Case IT. 


be employed. When the safe tensile strength of the concrete is exceeded, a 
method of analysis based on the theory of flexure for concrete beams must be 
used. In this analysis it is assumed that all tension is taken by steel, no reliance 
being placed on concrete in carrying tension. 

Unsymmetrical Reinforcement.—Figure 21a shows a rectangular section and 
its reinforcement. The assumed variation in fiber stress is shown in Fig. 210. 
From Fig. 21b it can be seen that there are four unknowns which must be 
determined. These are the fiber stresses f., fs, and f,’ and kt, the distance from 
the compression face of the beam to the neutral axis. _ 

From Fig. 216 it can readily be seen that 


fete nfe(1 ci ) (112) 
and 


f= nie ay 1) (113) 


These equations are derived from a consideration of similar triangles. Since 
forces on the section are in equilibrium, the summation of fiber stresses times the 
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area on which they act must be equal to N, the resultant thrust on the section. 
Then 

N = lof-bkt + f.'A’ —frAe . (114) 
Also, the moments about any point must be zero for equilibrium. Taking 
moments about O, Fig. 216, we have 


M = r4f.h00(35 — 2) + A'n(5 a)+Ag(a—$) (115) 


Equations (112) to (115) inclusive give four independent condition equations, 
which, when solved as a group of simultaneous equations, will give the desired 
values of fiber stresses and distance to the neutral axis. It is possible, of course, 
to derive formulas for these unknowns. However, these formulas are cumber- 
some and difficult to use when obtained. It will generally be found best to 
substitute known quantities, as far as possible, in eqs. (112) to (115) and solve 
the resulting equations. 

The solution for the desired unknowns may be expedited ie reducing the 
number of unknowns. This can be done by substituting values of f,’ and f, 
from eqs. (112) and (113) in eqs. (114) and (115). From eq. (114) we have 


Ve I (scone CA! Ae nt A'd A.d)) (116) 
and from (115) 
e : r(t , 
es ie(- ened + y4keed + nkt | A’(5 — a’) - 


AS (a = 5)| <5 [4a = a’) — Ada * 5)|) (117) 


On substituting known quantities as far as possible, the simultaneous solution of 
these equations will result in a cubic equation in k, from 
which the value of k may be determined. Substituting 
this value of k& in eq. (116), the value of f. is readily 
determined. Having f. and k, eqs. (112) and (113) may be 
solved for f,’ and f,. AJ] unknowns may thus be completely 
determined. 


Illustrative Problem.—Determine the fiber stresses in steel and 
concrete for the section shown in Fig. 22 for M = 600,000 in.-lb. 
and N = 60,000 lb. Assume n = 15. 

For the conditions shown in Fig. 22,¢ = 25in., b = 12in., A’ = 2sq.in., As = 38q. in, 
d' = 2.5in., andd = 22.5in. From eq. (116) 


60,000 = £3, 750k? + 1,875k — 1,087.5) 
and from eq. (117) 
600,000 = f(_31,250k + 46,875k2 — 3,750k + 9,375) 
On equating these equations and reducing, we have the cubic equation 
k3 — 0.30k2 + 0.72k — 0.65 = 0 


Solving this equation by the method explained on p. 537, we have k = 0.67. Substituting 
this value of k and ¢ = 25, in eq. (116) in the form given above, we have 


fe 
= 255 — 1,087.5 
60,000 (0.67) (25) >—=\ (1,680 + 1, ) 


from which - 
fe = 546 lb. per sq. in. 
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From eqs. (112) and (113) oe 
Hat alo) (46) E — oH | = 6,990 lb. per sq. in. 
and 
22.5 we 5 
fs = (15) (546) Fea - 1| = 2,780 lb. per sq. in. 


Reinforcement Symmetrical.—Figure 23 shows a beam section with equal steel 
areas embedded at the same distances from the surfaces of the section. For 


<Steel AreatA 


zeW, : 
“e 
) 
Gravity) Axis 
Be bs ae 


; a" 
see er =BA 
- b-- 
7 


Beam Section Variation in Fiber Stress 
(a) (b) 


Fia. 23.—Stress distribution—Case II—symmetrical reinforcement. 


symmetrical sections, eqs. (112) and (113) remain unchanged, but all other equa- 
tions become much simpler. With distances as shown on Fig. 23, eqs. (116) and 
(117) become 


_ febt (_ k? + 2npok — npo 

eet i ) (118) 
bs mpo( Tt)? . big 

M = pase] p (5) +50 2m) | (119) 


To determine the value of k, solve eqs. (118) and (119) for f. and equate the 
resulting expressions. Noting that M = Ne, we have the cubic equation 
2 
ee a(5 — £) kt + 6nposk = 3npo| ¢ 42 () | (120) 
The solution of this cubic equation for the value of & is given in textbooks on higher 
algebra. A solution by cut and try methods is given in the illustrative problems 
at the end of this article. 
When k has been determined from eq. (120), the value of f. may be determined 
from either eq. (118) or (119). Generally, eq. (119) is preferable, from which 


ieee M 
eRe] ae 


The fiber stresses in steel are given-by eqs. (112) and (113), 
with values of k and f. as given by eqs. (120) and (121). 


Illustrative Problem.—Determine the stresses in steel and con- 
crete for the section shown in Fig. 24 for M = 600,000 in.-lb. and 
N = 60,000 lb. Assume n = 15. ’ 

For the conditions shown in Fig. 24, t = 25 in.;b = 12 in., A’ 
= A, =2 sq. in., D’ = 2.5 in., d = 22.5 in., and r,=10in. There- 
fore 


: 4 
=04,e€= = 10in.,> =52 = 0.4, po = 300 


= 0.0133 
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Substituting values in eq. (120), we have the cubic equation 
k8 — 0.30k2 + 0.48k — 0.432 =0 
This cubic equation may be solved by the method given below. 

Cubic equations resulting from substitution in eq. (120) will generally be found to 
contain one real root whose value lies between 0 and 1, and two imaginary roots. An exact 
solution for these roots is generally difficult and beyond the reach of the ordinary éngineer. 
Since we are concerned only with the value of the real root, which from the conditions of 
the problem, must lie between 0 and 1, the following cut and try solution may be used. 
This solution is based on the fact that the substitution in an equation of one of its roots 
gives that equation a zero value. Hence by assuming values of k, it is possible finally to 
find that value of k which will give the above cubic equation a zero value. 

Assume first that k = 0.5. Fork = 0.5 the value of the above equation is found to be 
—0.142. Since a negative value was obtained by this substitution, it is evident that the 
assumed value of k was too small, for the positive quantity produced by the first three 
terms was not great enough to neutralize the negative quantity indicated by the last term 
of the equation. Therefore, the desired root must lie between 0.5 and 1. On trying 
k = 0.7, the value of the equation was found to be +0.10. Hence the desired root is 
between 0.5 and 0.7. By this process it was found that k = 0.629 gave a zero value and 
was therefore the desired root. 

A simple method of evaluating equations is given in textbooks on mathematics. The 
substitutions for k = 0.5 and k = 0.629 are given below: 


ABSOLUTE 
ks k2 k F TERM 
1 —0.30 +0.48 —0.432 +0.5 
+0.50 4 +0.10 +0.290 
+0.20 + .058 —0.142 
1 —0.300 +0.480 —0.432 +0.629 


+0.629 +0.207 +0.432 


+0.329 +0.687 0 


The process is as follows: Write out the coefficients of the several terms in order. Under 
the coefficient of k? place the assumed value of k. Add the terms algebraically. Multiply 
this sum by the assumed value of k& (thus 0.329 X 0.629 = 0.207) and place the product 
under the coefficient of k. Repeat the operation as shown above. ‘The sum which appears 
under the absolute term is the value of the equation for the assumed k. Thus fork = 0.5, 
the value is —0.142, and for k = 0.629, the value is zero. With a little practice cubic 
equations of this type may be solved rapidly and accurately. Generally two places in 
the result are sufficient. 

This method may be applied to any cubic equation for the solution of the real roots. 
The explanation given above applies for the determination of the real positive root which 
lies between 0 and 1. Cubic equations resulting from substitution in eq. (120) or in eas. 
(116) and (117) are of this form. 

Substituting k = 0.629 and ; = 0.4 in eq. (121) we have 

600,000 600,000 


= (15) (0.0133) (0.4)? , 3(0.629) —2(0.629)] ~ (12) (25)2(0.142) 
(12) @5)*| 0.629 a 12 


from which 
fe = 560 lb. per sq. in. 


From eqs. (112) and (113) 
2.5 2 
fa! = (15) (560) [2 = ee a = 7,080 Ib. per sq. in. 


fe 


ee 22.0 é 
fe = (15) (560) Kersey - 1| = 3,620 lb. per sq. in. 
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Diagrams.—The solution of problems in bending and compression for symmet- 
rical sections under Case II is greatly expedited by the use of diagrams based on 
eqs. (120) and (121). In eq. (120), if certain values be assumed for n and for 
the steel embedment, there results an equation for & in terms of the steel ratio 


po and the eccentric ratio . From this equation, curves may be plotted giving 


€ : ; : : 
values of k for various values of po and i Diagrams 24 to 30 inclusive give 


values of & for n = 12 and 15; d’/t = 0.5, 0.10, and 0.15; and for various values 


of po and; 
Equation (121) for f. may be placed in the form 
M 
fe e beL (122) 
where 2 
oe 2) 6 | 
ies [ p () + (8 — 2h) (123) 


Diagrams 27 and 31 give values of L for various values of the terms involved. 
The method or procedure in solving problems under Case II by means of the 
diagrams is as follows: (1) Determine k from the proper diagram; (2) find L from 
Diagram 27; (3) solve eq. (122) for f.; (4) find unit stresses in steel from eqs. (112) 
and (113). The illustrative problem which follows gives the calculations in detail. 
Illustrative Problem.— Determine the stresses in steel and concrete for the section shown 


in Fig. 24 for M = 600,000 in.-lb. and N = 60,000 lb. Assume n = 15 and solve the 
problem by means of diagrams. 


As before, : 
SAME Sh _ 600,000 _ 
De sg = 0.0133, e = 60,000 ~ 10 in. 
and 
e 10 
P= 9g = 0-4 
From Diagram 29 (d’ = 0.1) with po = 0.0133 and ¢ = 0.4 
we find 
k = 0.629 
From Diagram 31 with k = 0.629 and po = 0.0133, 
we find 
L = 0.142 
Then from eq. (122) 
600,000 


fo = 580 lb. per sq. in. 


~ (12) (25)2(0.142) 


Since the steel stresses are determined by the same formulas as in the preceding 
problem, the substitutions will not be given here. 


70c. Case III. Tension over Part of Section—Reinforcement on 
Tension Face Only.'—Figure 25 shows the assumed conditions. This case may 
be analyzed by methods similar to those used for Case II. Formulas for fiber 
stresses in steel and concrete and for value of k may be determined from those of 
Case II by modifying the conditions to fit Case III. Thus from eqs. (107) and 


: d 
(117) witht = d,e+ 5 = e’, A’ = 0, and A, = pbd, we have 


1 Diagrams and derivation of formulas by Grorcr A, Hoot and Ww. S. Raat 


| i i 
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__ bape k? 
N= e Sgt r) | (124) 
and 
ae jie iene | 
Moone [-ge +i e+ np -%)| (125) 


From eqs. (124) and (125) we have 


+ 3k(© —1)—onp —H% = 
ake (“ pl —h)& = 0 (126) 


*- Ps 
Sfeel Area-=A;" 


Beam Section Variation in Fiber Stress 
(a) (@) 


Fie. 25.—Stress distribution under bending and direct stress—Case III. 


Values of k may be determined from eq. (126). From Fig. 25, 


k 
= [= q 
The stress in the concrete is 
2Ne’ 
f= ij ba (127) 
This expression is obtained from eqs. (124) and (125), noting that 
| e=e¢— : 
The stress in the steel, in terms of the concrete stress, is 
nf(1—k 
ae fo : ) (3) 


Illustrative Problem.—Determine the stresses in 
steel and concrete on section a-b of the retaining wall 
of Fig. 26. Assume n = 15. 

The normal force, N, on the section is the weight of 
the vertical wall. With concrete at 150 lb. per cu. ft., 

= (12)(150) = 1,800 lb. Assuming WN as applied at 
the center of the vertical wall and taking moments 
about the steel, we have 

= (2,400) (4) (12) + (1,800) (4.5) = 123,100 in.-lb. 


2-3 in round rods 
=<" per foot of wall 


2400 /b, 


Hence 
M 123,100 68.5 
pe eI et 
v= “7,800 68.5 in. and $ 10.5 6.53 eae. 
For the reinforcement shown in Fig. 26, the steel ratio is 


_ (2) (0.442) 

P*~ (12) (0.5) 

Substituting these values in eq. (126) we have the following cubic equation for k: 
ki + 16.59k? + 4.18k — 4.13 =0 


= 0.00702 
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Solving this equation by the method given on p. 537, we find 
.385 
Ip SOR 4 = lS oe = 0.872 
and from eq. (127), 
(2) (1,800) (68.5) 
as (0.385) (0.872) (12) (10.5)? 
From eq. (3) the stress in the steel is 
0.615 


fs = (15) (555) 0.385 7 13,300 lb. per sq. in. 


= 555 |b. per sq. in. 


Diagrams.—Problems under Case III may be solved by means of Diagrams 
32 and 33. These diagrams were found to be more convenient than the form 
used in the preceding cases. Values of K, which appear on the lower right hand 
margin of the diagrams, are derived from eq. (127), which may be written 
Levee NE ane 
HS gl etree ie ee 
Diagrams 32 and 33 may be used for investigating existing designs to deter- 
mine fiber stresses, or they may be used for the design of beams to fit certain 
given conditions. The use of the diagrams will be explained by means of the 
illustrative problems which follow. 


Illustrative Problem.— Determine the stresses in steel and concrete on section a-b of 
the retaining wall of Fig. 26. Assume nm = 15 and use diagrams. 
From the preceding problem, we have 


if 
p = 0.00702; 5 = 6.53; and M = 123,100 in-lb. 
From eq. (128) ue ; 
2a 100s 


bd? (12) (10.5)? 
Entering Diagram 33 with a value p = 0.00702 on the lower right hand margin and tracing 


e 
vertically to a value of (ig 6.53, then horizontally to the left to a point vertically over K = 


93.2 we find 
fs = 13,300 lb. per sq. in. and f, = 555 lb. per sq. in. 


Illustrative Problem.—Design the vertical wall of the retaining wall of Fig. 26 for work- 
ing stresses of f; = 16,000 lb. per sq. in. and f, = 600 lb. per sq. in. Assume n = 15. 
Since the size of the wall is not known, assume its weight to be 1,800 lb. applied 434 in. 
in front of the steel. Then M = (2,400)(4)(12) + (1,800)(4.5) = 123,100 in.-lb. For 
the given working stresses the left hand part of Diagram 33 gives K = 95. Then 
from eq. (128) 
: ree M 123,100 F 
OK (42) (95) = 10.8 in. 
The assumed weight of wall and position of its center should now be checked against the 
actual conditions. If the actual and assumed values do not check, repeat the above opera- 
tion until a check is reached. As the above value is so close to the conditions shown in 
Fig. 26, it will be accepted. 
The eccentric ratio is 
Ce ee 1235100 
ad Nd (1,800) (10.8) — 


Following across Diagram 33 to the right from the intersection of the given f, Sid fc curves 


, 


6.33 


é 
to a value of ee 6.33, and then following vertically downward to the lower right-hand 


margin, we find p = 0.0060. The steel area required per foot of wall is then 
A, = (0.0060) (12)(10.8) = 0.778 sq. in. 


a 
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71. Bending and Direct Compression—Circular Sections.'\— Two general cases 
of bending and direct compression on circular sections will be considered. These 
are: Case I—Compression over the entire section; and Case II—Tension on part 
of the section. 

71a. Case.I. Compression over Entire Section. —The extreme fiber 
stresses in concrete and steel may be determined by a method similar to that used 
for Case I of rectangular sections, modified to meet the conditions for circular 
sections. Figure 27 shows the section under consideration. It will be assumed, 
in deriving the formulas for fiber 
stress, that the steel reinforcement 
forms a continuous sheet which is 
equivalent in area to the given 
reinforcement. If Ao = total steel 
area and po = steel ratio, we have 

Ao 


Po ars 


where r = radius of section to 
center of steel. The area of con- 
crete outside the steel reinforce- 
ment will be neglected. 

A general expression for extreme fiber stress in concrete derived by the methods 
used for eq. (103) modified to fit the conditions for the circular section of Fig. 27, 


Column Section Variation in Fiber Stress 


Fig. 27.—Stress distribution in eccentrically loaded 
circular cored column—Case I. 


is 
Joa \ ey (at 
7 | = N (ge & if) (129) 
In eq. (129) 
A; = area of section? = wr?[1 + (n — 1)po] 
and 


IT. = moment of inertia of section = 


I+ — 11. = a + po(n — ye = [0.25 + 0.5(n — 1)po] mrt 


. Placing these values in eq. (129) we have 


mea 1 oy : | 130 
Vote aye Fi + (n — 1)po ae 0.25 + 0.5(n — 1) po us 
and « ‘| 1 
lige Bake 131 
foo = yall +(n—1)p. r 0.25+ 0.5(n =r oe 
The steel stresses in terms of the concrete stresses are 
da > nf 
and Oe 
Fe = Nfe’ 


Illustrative Problem.—A round column with a 20-in. core reinforced with ten 1-in. 
square rods sustains a load of 200,000 lb. applied 2 in. off center. Determine the maximum 
unit stress in the concrete. Assume = 15. 


1 Based on a solution devised by Mr. C. 3. Wurrney, Structural Engineer, Milwaukee, Wis. : 
= Note that the more exact expression for equivalent concrete area is used in the following discussion 
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For the given conditions 
N = 200,000; po = 
From eq. (130) 


f. = 200,000 [ 1 ane apt | 
° ~ (3.142) (10)2{. 1 + (15 — 1)0.0318 “” 0.25 +0.5(15 — 1)0.0318 


from which 


10 : e 2 
3143°7 0.0318, r = 10 in., and — meee 0.20 


fc = 710 lb. per sq. in. 
Diagrams.—Equation (130) may be written in the form 


N 
= 0 (133) 
where 
1 e 1 3 
ae Fe + (n — Io tr 02550 5 Tet ee 


Diagram 34 gives values of the right-hand member of eq. (134) for various 
values of the several terms. 
To determine f., note from Fig. 27 that 


1 rece Ne 
g (fe + fe’) = 7 


from which 


hee = 20 —f. (@3s)) 


where A; = mr?[1 + (nm — 1)po] and N is given by the conditions of the prob- 
lem. Equations (132) give values of f,’ and fs. 

Illustrative Problem.—A round column with a 20-in. core, reinforced with 10 sq. in. of 
steel, sustains a load of 200,000 lb. applied 2 in. off center. Determine-the maximum unit 
stress in the concrete. Assume n = 15 and use diagrams. 


For the given conditions, 
10 


: e 2 
Po = 33476 = 0-0318, r = 10 in., and— = 75 = 0.20 
From Diagram 34 
eee i 
WoT): 
Therefore N  (1.12)(200,0 
1.12 tal 00 : 
fe mae mae ) = 712 lb. per sq. in. 


71b. Case II. Tension over Part of Section.—Figure 28 shows the 
section under consideration and the assumed variation in fiber stress across the 


Column Section Variation in Fiber Stress: 
Fia. 28.—Stress distribution in eccentrically loaded circular cored column—Case II. 


section. When the eccentricity of loading is so great that there is tension on a 
part of the section, a direct solution by formulas cannot readily be made because 
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the expression for N. (the resultant of the compression in the concrete) and x 
(the distance from N, to the neutral axis) connot be expressed by simple formulas. 

However, the problem may be solved by carrying the derivation of the formu- 
las as far as the statement of the general condition equations. Then, instead of 
completing the solution of these equations in the usual manner, values of certain 
of the variables may be assumed and the value of the remaining variables deter- 
mined. By this process, repeated for various values of the variables, data may be 
obtained from which curves may be plotted giving the desired relations between 


all of the variables. This will now be done for the case under consideration. 


_ Since the resultant of forces acting on the section must be zero, we have from 
Fig. 28 
N = N. —+ N, 


where N. = total compression in concrete and N, = resultant of steel stresses. 
From the fiber stress diagram, it can be seen that the average stress in the steel 
is n times the stress in the concrete at the center of the section—that is, it is 


equal to nf. fe xz) Hence 


il 
N; = porrnf. ( _ =) 
Then 
' 1 . 
N = N. + Porr*nfe (1 = ) 


| which may be written 


N = finr? | i = + npo (1 = a) | (136) 
The term NV, in eq. (136) represents the volume of the concrete fiber stress wedge 
of Fig. 28. It can readily be shown that 

N. = fearr?Ky 
where K, is an abstract ratio which may be expressed as a function of k. Hence 
N. 
far? as 

Values of K, are given in Diagram 35. The expression for K; is very complex; 


it will not be given here. ate 
Since the section is in equilibrium under the forces shown in Fig. 28, moments 


about the center line of the section must be zero. We then have 
M=Ne=N2%+M, 

where M, = moment of steel stresses about the center of section, N. = total 

compression in concrete, and x = distance from line of action of N. to center of 

section. ‘To determine the value of M,, let f,’ be the extreme unit fiber stress in 

the steel due to bending only. From Fig. 28 it can be seen that f,’ is equal to n 

times the difference between f. and the stress in the concrete at the center of the 


section, or 
ae 
‘ 2k 


Also, from the usual formula for flexure in beams, we have 
me ep 
i E 


where /, = moment of inertia of steel = po 3° 
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Hence Ay, 
2M or 
Ue 
La por 
Equating this value of f,’ to the one given above, we have 
= 3 Po 
M s => Jeu? Ak 


Placing this value of M, in the above equation for M, there results 
M=wNe= Na + fort peas 


which may be written 

Ne@ , Po 
emia 4k 
The term Nz is the moment of the resultant concrete stress about the center of 
the section. It can readily be shown that 


NEE femme 
where Ke is an abstract ratio and a function of k. Values of K» are given in 
Diagram 35. 


M = Ne= fant® ( (137) 


Letting pk = Ri, we have from eq. (137) 

Ri Ne (Nx , npo 

f. «-rfe \ferr® “.4k (138) 
From eqs. (136) and (137) we may write 


ja t 70 (1 ~ 32) | 
nee ; 2k 139 
Cal Ne [Ae te ee) 
fext®? Ak 
and from eqs. (138) and (139) we may derive the expression 
Ne ( : )| 
Rie Ee ag ce ieee ys 


= (140) 
fe (2 ) 


é 

It will not be advisable to carry the direct solution of the equations beyond 
this point. Curves may be plotted from eqs. (139) and (140) by. means of which 
the concrete stress may be determined for any given value of : To calculate 
values from which these curves may be plotted, assume n as a constant and give 
Po any given value. Assume some value of k and insert this value in eq. a 


Ns 
together with values of ;—, nee. and na 3 obtained from Diagram 35. Substitute ~ = 


; R, 
and k in eq. (140) to obtain a Plot values of 5 and ss for the given value of 


po. The curves given on the right-hand side of Ding 36 and 37 were obtained 
by this process. These curves will give the extreme fiber stress in the concrete 
for any value of eccentricity which produces tension on the section. 

The maximum tensile stress in the steel, f,, is shown on Fig. 28 to be 


f.= ni -1) @) 


a 
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Sclving eq. (8) for f. and equating the resulting expression to the value of f, 
obtained from eq. (138) we have 


1 
eta: n(; r= 1) 
Ri Ne (Na Nipo (141) 
fer’ ‘s Ak 
From eqs. (141) and (139) we may write 


mG -1)() 

@ é 
- ON; 1 Ce) 
f-xr? + npo( 1 Zz an) 

By a process similar to the one described above, eqs. (139) and (142) were used to 
plot the curves given on the left-hand side of Diagrams 36 and 37. Stresses in 
the steel on the tension face may be determined from these curves for any value of 
eccentricity which will produce tension on the section. The stress in the steel 
on the compression side is f,’ = nfe. 


Illustrative Problem.—A round column with a 20-in. core reinforced with 10 sq. in. of 
steel, sustains a load of 200,000 lb. applied 4 in. off center. Determine the maximum unit 


stresses in steel and concrete. Assume n = 15. 


For the given conditions, ' “ 
1 r 
ROC Se eee 


a LONE Dor — 


From Diagram 37, 


1 Fs Sls 
0.270 and Ri 5.5 


We 

Row. Ni (200,000) (4) 
— yess ) —— 

Pa ays mls EAIG) CO T 

Hence Pp ter 
u Se . i . 

fe = 0.970 = 0.270 942 lb. per sq. in , 

is = (GD) 1 = (Gy) (CAD) iss) Illow terete eGo, whale 
and 


‘s’ = nfe = (15)(942) = 14,100 lb. per sq. in. 


72. Designing for Bending and Direct Compression.—Most of the illustra- 
tive problems given in this section have been reviews of designs where the construc- 
tion was known and the stresses to be determined. ‘The more common problem 
of design starts with known stresses and seeks to establish economical dimensions 
of the concrete and the reinforcement. The design of members for bending and 
direct compression is liable to be an extensive cut-and-try process for beginners, 
but experience soon enables a designer to make the two (or, at most, three) assump- 
tions very accurately. Formulas have been given in this section under Cases I 
and II of rectangular sections for the particular condition of symmetrically 
placed reinforcement and also for the general condition without such limitations. 
Diagrams are available for these two cases, for symmetrically placed reinforce- 
ment only. The designer is therefore in a position where he must make a some- 
what difficult decision between the easier but limited solution by the aid of 
diagrams and the more difficult solution by formulas which permit of much more 
economical use of the materials. It is obvious that the use of symmetrically placed 
reinforcement will not lead to economical design under the average conditions. 
In cases where the eccentric moment may act in any of several directions, the use 

35 
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of symmetrically placed reinforcement is the proper solution. Under Case IIT 
of rectangular sections the diagrams are general and should always be used to 
save labor. 

For circular sections under bending and direct compression, design diagrams 
have been developed only for symmetrical reinforcement, because of the fact that 
such conditions commonly occur with interior columns of buildings where the 
eccentric load may be applied in different directions at various times. For 
the more exceptional case where the eccentric moment acts in a fixed plane, the 
designer is probably justified in using symmetrical reinforcement with some waste. 
If the condition is repeated, as with long rows of round columns carrying crane 
brackets, the labor of accurate design by cut-and-try methods is justified. Ifa 
design with symmetrical reinforcement is made first, the number of trials can be 
reduced to one or two, and the work is not excessive. 

73. Steps to be Taken in Design.—For all cases of rectangular and circular 
sections under bending and direct compression the first step in design is to make 
an assumption as to the weight of the member. This weight will act either to 
produce an added moment or to add to the direct load. This assumed weight 
must therefore be combined with the given applied forces and moments and the 
magnitude, direction and point of application of the resultant force on the principal 
design sections determined. From this the magnitude of the component, N, 
parallel to the axis of the member is found and the distance, e, from its point of 
application to the gravity axis is then determined. The final step in each case is 
to check this initial assumption of weight and to repeat the design operation with 
a revised weight if necessary. The intermediate design steps for the various 
cases follow: 

Rectangular Sections—Case I, symmetrical reinforcement, using diagrams: 

(a) Assume values of po, d’/t, and Z and with these values enter Diagrams 

18, 19, 20, 21, 22 or 23 (to conform with values of n and d’/t), and deter- 
mine the value of e/t. 

(b) From this value of e/t and the known value of e determine the depth of 
the member, t. 

(c) From eq. (109), in which f., N, Z and ¢ are now known, determine b. 

The dimensions and proportions of the beam will indicate whether further 
trials are needed to secure a satisfactory design. 

Rectangular Sections—Case I, non-symmetrical reinforcement, using formulas: 

(a) Work out design with symmetrical reinforcement. 

(b) Determine f.’’ by Formula (89). If f.’’ is not greatly different from te} 
accept the design with symmetrical reinforcement. 

(c) If f.’’ is small compared with f., assume a new section of member with a 
minimum (say }4 of 1 per cent) amount of reinforcement on the f.” side 
and the same or somewhat greater reinforcement on the f, side, as was 
found with symmetrical reinforcement. 

(d) Compute values of A,, I, and ¢; for this section and solve for f. by eq. (89). 

If f. is too high or much too low new assumptions are necessary. Compare the 
final design with that having symmetrical reinforcement, for economy. 

Rectangular Sections—Case II, symmetrical reinforcement, using diagrams: 

(a) Assume values of Poy d’/t and L and with these values enter Diagrams 
24, 25, 26, 28, 29 or 30 (to conform to values of nand d’/t), and determine k. 


i a 
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(b) With these values of k and po enter Diagram 27, or 31, and determine ¢/t. 

(c) From this value of e/t and the known value of e, determine t. 

(d) From eq. (122), in which f,, M, and L are now known, determine b. 

The dimensions and proportions of the member will indicate whether further 

trials are necessary to secure a satisfactory design. 

Rectangular Sections—Case II, non-symmetrial reinforcement, using formulas: 

(a) Work out design for symmetrical reinforcement. 

(6) From this design assume a new trial section and reinforcement. In 
general, economy will result from reducing the compressive steel area and 
substituting concrete. 

(c) Compute values of & by eqs. (116) and (117). 

(d) Compute f. from eq. (117). 

(e) Compute f, from eq. (113). 

Rectangular Sections, Case ITI: 

- (a) Assume d which will also fix e’ and the value of e’/d. 

(6) Enter Diagram 32 or 33 with the values of f., f, and e’/d, and determine 
K, and p. 

(c) From eq. (128), in which K,, M, and d are now known, determine 6. 

Circular Sections, Case I: 

‘ (a) Assume core radius, r, which determines value of e/r. 


2 
(6) Compute the value of wus and with this value enter Diagram 34, and 


determine the value of p. 
Circular Sections, Case IT: 
(a) Assume core radius, r, which determines values of r/e, 


fe Ne Ri ds 
a Ri (= ay and 7, or R, 


(b) Enter Diagram 36 or 37 and determine the value of p. 

In using the various diagrams and, in particular, in using Diagrams 27 and 31, 
care must be taken to use the value of n consistently throughout. 

74, Tying of the Steel to Prevent Buckling.—The use of high percentages of 
compressive reinforcement in members subject to bending and direct compression 
involves special consideration of the tying of the steel to prevent buckling. 
The ordinary column ties, 14-in. round rods at 8-in. centers, are not sufficient for 
all conditions. For rectangular sections, in which ties are usual, a good rule to 
follow is to provide a sectional area of ties in a length of 1 ft. equal to 10 per cent 
of the area of the compressive reinforcement at the section of maximum stress. 
Ties should be spaced not over 8 in. on centers at this section and the spacing may 
be increased as the stress decreases in beams. In columns a spacing of 8 in. should 
not be exceeded and adjustments for decreased stress may be made by decreasing 
the size of bar until the minimum size of 14-in. round is reached. For circular 
sections under bending and direct compression, a spiral will commonly be present 
which will amply provide against buckling. In the exceptional case where no 


' spiral is used in the column design one should be provided when bending is 


involved. A spiral for this purpose may have aspacing of 6 to 8 in. asa maximum. 
The percentage of spiral should not be less than }¢ of the percentage of vertical steel. 
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FOOTINGS 


Balanced cantilever slabs are most commonly used in foundation work to 
distribute the load from a wall or column to the soil. -When used as a wall footing, 
the cantilever projects in two balancing directions and such members are figured 
in the same manner as slabs by taking beam strips 12 in. wide as a design unit. 
Owing to the very heavy loading and short cantilever overhang the condition 
as to shear and bond is unusually severe in such members. Many designers 
provide hooked ends for all footing bars, to reduce the danger of failure through 
slipping to a minimum, and they keep the bar sizes small. The other common 
type of cantilever foundation slab projects in all directions from the column it 
supports. The design of such a footing considered as a structural member is the 
particular design problem discussed in the following articles. Almost all other 
types of spread foundations are designed as beam-members. 

75. Notation.—The symbols used in the formulas for the design of square 
column footings are as follows: 


a = width of pier or column supported. If-column is round, a is taken as 
the side of a square of equal area. 
A, = effective steel area in one direction. 
b = dimension of base of footing. 
c = distance from face of pier to edge of footing, 
d = depth from top of footing to c.g. of steel. 
é = dimension of flat top of footing. 
M = moment in one direction. 
t = total thickness of footing. 
thickness of prismatic portion of footing. 
w = column load divided by 6?. — 
Figure 29 illustrates the symbols given above. 


~~ 
S 
I 


76. Formulas.—The formulas for the design of square column footings follow: 
For footing and pier monolithic 


w 
: Wl = g(a + 1.2c)c? (148) 
For footing and pier of separate construction 
wb? 
M = 79 (6 — a) (144) 
_ . 
~ fai a 
on SME 
fe = ied (146) 
Hs w[b? — (a + 2d)?] 
3.5(a + 2d)dy (147) 
At edge of pier, Formula (17), p. 433, becomes . 
w(c? + ac) 


Ci maaan (148) 
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The basis of Formula (143) was first advanced by Prof. Talbot in discussion of 
footing tests made under his direction. It may be derived from Fig. 29 by writin 
moments about mn of the load on the area hinm and of the load on the two ea 
ghm and ijn, considering that the load on the two triangles acts at 69 of the 
distance hm instead of at their centers of gravity. The basis for taking this lever 
arm and for writing moments about mn instead of about the center line of the 
footing lies in the test data. For members in which the column is not monolithic 


Shear section 
aS governing — 
Alagoral tension 


fee eel 


Load causing shear- 
Footing Design 


Fig. 29.—Design of square column footing. 


with the footings (a steel or cast iron column, for example) moments should be 
written about the center line and the moment of the column load deducted. 
For this case Formula (144) applies. 

77. Steps to be Taken in Design.—The steps in the design of a square column 
footing are as follows: 

(a) From the column load and the allowable pressure on the soil determine 
the dimension } of the footing. For this computation an estimated weight of the 
footing per square foot must be deducted from the soil pressure. The weight of 
the footing does not enter into the computations otherwise, as its weight passes 
directly to the soil without affecting the moment or shear measurably. 
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(b) Compute w (= column load divided by t?). Compute M by eq. (143) 
or (144). 

(c) Assume a value of d and compute the shearing unit stress by eq. (147). 
Revise the assumption of d until an allowable shear on plain concrete is obtained 
(or design stirrups if depth of footing is limited). 

(d) Compute A, by eq. (145) and determine the size and number of bars 
making up the effective steel area. In the remaining width of footing provide the 
same size bars at the same spacing. 

(ec) Compute the bond by eq. (148), taking Zo as the sum of the perimeters of 
all bars making up the effective steel area A.. 

(f) Compute the width e by eq. (146). Make the flat top of the footing not 
less than e, and not less than (a + 8 in.) in width. 

78. Effective Width.—The steel close to the edge of footings takes less stress 
than that directly under the pier. In the tests referred to above it was found that 
a total tension equivalent to the actual total of the varying tensions in all bars 
was found by considering all the steel within a certain effective width to be stressed 
as highly as the bars directly under the pier. This effective width was found to be: 
The width of the pier plus the depth of the footing on either side plus 14 of 
the remaining width of the footing. The 1921 J. C. report permits the steel 
outside the effective width to be spaced at twice the interval found within the 
effective width, but this was not Prof. Talbot’s recommendation. In his tests the 
bars were spaced uniformly across the entire width of the footing. 

79. Shape of Footings.—Isolated column footings may have flat tops, sloping 
tops (as in Fig. 29) or stepped tops. The limiting contour for sloping footings is 
governed by the shear. Stepped footings should be so proportioned as to com- 
pletely envelop the minimum sloped footing. The vertical depth at the edge of 
sloped footings, f1, is commonly made 12in. For the practical operation of pouring 
sloping footings without forms a comparatively dry concrete is used, and the slope 
may be as steep as 3:5 without causing any difficulty in the field. Stepped 
footings and flat topped footings require forms. 

80. Punching Shear in Footings.—No attention has been paid thus far to 
punching shear, on which a limit is placed by many specifications. The best 
practice is to consider that the resistance to punching shear is so great that such 
stress is always far less critical than shear as governing diagonal tension. For the 
latter, Prof. Talbot’s tests indicate that the critical section may properly be taken 
at a distance from the face of the column or pier equal to the depth, d, to the steel. 
This section is shown by a heavy line on Fig. 29. The load causing shear on this 
section is the load from the section to the edge of the footing. Formula (147) 
is derived on this basis. 

81. Use of Web Reinforcement.—Web reinforcement is not generally used in 
isolated column footings as it is not economical. Occasionally a condition occurs 
where the foundation conditions require a shallow footing and web reinforcement 
in a few footings becomes desirable. In such cases a section cut by a square prism 
centered on the column center is taken and the shearing stresses and web rein- 
forcement computed on the four planes of this section as for a beam section. 
Successive sections of varying size completely determine the shear design. 

82. Diagram for Determining Depth of Footing.—For fixed proportions of a 
to 6 and for any given column load the depth to the steel, d, remains practically 
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constant for all soil pressures in common use. Figure 30 is based on the assump- 
tion that the column of whatever size will rest upon a pier whose side is at least 
34 of the side of the base of the footing. From this figure the value of d 
for design may be selected with the assurance that the shearing stress as govern- 
ing diagonal tension on the section shown in Fig. 29 will not exceed 40 or 60 lb. 
per sq. in. as noted on the diagram. For any other assumption as to the shear 
section a similar diagram may be prepared. 


hes 


ING: 
3 


8 


Depth to steel in 


Total colurm load ihn thousands of pounds 


Fie. 30.—Approximate depths of square column footings. 


Illustrative Problem.—To design an isolated-column footing resting on soil good for a 
design load of 3,500 lb. per sq. ft. and supporting a 24-in. square column, loaded to 400,000 
Ib. Use fe = 700, fs = 16,000, n = 15 and », = 40 for plain concrete with straight bars, 

_ or 60 for plain concrete with hooked bars. 

The solution of this problem is given on Design Sheet 18. The following notes apply 
to that sheet: (a) In Formula (147) note that the value of (a + 2d) in the numerator is 
used in feet because the load, w, is in lb. per sq. ft. In the denominator (a + 2d) is taken 
in inches as the stress v, is desired in pounds per square inch; (b) a design using a smaller d 
and increasing v- to 60 lb. per sq. in. would be economical as it would save excavation 
as well as concrete. The bond unit stress, however, would tend to be very much higher 
and very small bars would be necessary; (c) the effective width is 109 in. and the total 
width of footing 134 in. The total steel area in the entire width of footing is therefore 


134/09 times 7.20 sq. in. 
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DESIGN SHEET 18 


Oo YA 
Load on soil! (total) = 3,5008/ 
Approximate weight of footing = 270 
Available for col. load = 3,230 
/ 
b2 2 U0 COO 1247 b =11.18. Make footing 11’-2’”’ square 
3,230 
_ 400,000 _ #/a’ 

Berrien = 3,200 

Assume d =.30” a = 2.0’ = 24" ¢ = es = 4.58’ = 55” t: = 12" t = 30 + 


4 = 34” t — ti = 22” (a + 2d) = 24 4+ 60 = 84” =7.0’ di = 8 + (27) (CE) Su iehe” 
_ 3,200[(11.16)? — (7.0)?] 


By Formula (147) ve (3.5) (84) (18.8) 
Ey eid Ee 


oG of stee/ 


This is O.K. with hooked rods ©) 
By eq. (143) 


ur a 31200 


{2 + (1.2) (4.58)](4.58)2 = 252,000’# = 3,020,000" 


By eq. (145) 


3,020,000 =». a” ; + 
An (16,000) (74) (80) 7.20 = 16—34''¢ at 74” 0.¢. 
Hfectivel width = 707s see = 9.08’ = 9’—-1" = 109” 


For total width of footing steel in each direction = 20 —34'’¢, hooked ends ©) 
By Formula (148) 


__ 3,200[(4.58)? — 9.16] _ . -#/o” ; 
= (16) (2.356) (G4) (30) 97.7 O.K. with hooked ends 
By Formula (146) 
(2) (3,020,000) 


23" 


ne (700) (0.396) (0.868) (30) 2 


Make flat top of footing 24’ + 8” = 32” Q 


APPENDIX A 
GENERAL NOTATION! 


For all materials except reinforced concrete: 


f = unit fiber stress. 

» = unit shearing stress (horizontal or vertical). 
V = total shear. 

c = distance from neutral axis to extreme fiber. 
b = breadth of rectangular section. 

d = depth of section. 

A = area of section. 

J = moment of inertia. 

r = radius of gyration. 

S = section modulus. 
M = bending moment or resisting moment. 

2 = span or length. 

Z = span or length. 

F orP = concentrated load or total stress in a member. 
w = uniformly distributed load per unit of length. 
W = total uniformly distributed load. 

R = reactions at supports or resultant of forces. 

E = modulus of elasticity. 

y = deflection at any point in a beam 

A = total deformation or deflection at any point in a beam. 
6 = unit deformation. 

é = eccentricity. 


For reinforced concrete: 
(a) Rectangular Beams and Slabs 

fs = tensile unit stress in steel. 

fe = compressive unit stress in extreme fiber of concrete. 

f-’ = ultimate compressive strength of concrete at age of 28 days, based 
on tests of 6- X 12-in. or 8- X 16-in. cylinders made in accordance with 
A.S.T.M. specifications. 

E, = modulus of elasticity of steel. 

E, = modulus of elasticity of concrete. 


ee For values of f, in flexure not over 900 lb. per sq. in., m is com- 


Tia iy 
monly taken as 15. 
M = moment of resistance, or bending moment in general. 
A, = steel area. 
b = breadth of beam (generally taken as 12 in. in case of slabs). 
d = depth of beam to center of steel. 
k = ratio of depth of neutral axis to depth, d. 
z = depth from compressive face to resultant of compressive stresses. 
j = ratio of lever arm of resisting couple to depth, d. 
jd =d —z = arm of resisting couple. 
p = steel ratio =#. 


Zor Z = span length of beam or slab. 
(b) T-beams 
b = width of flange. 
b’ = width of stem. 
? = thickness of flange. 
1 Notation not found in this appendix appears in text where used. 
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(c) Beams Reinforced for Compression 
A’ = area of compressive steel. 


p’ = steel ratio for compressive steel. 
fs’ = compressive unit stress in steel. 
C = total compressive stress in concrete. 


C’ = total compressive stress in steel. 
d’' = depth of center of compressive steel. 
z = depth to resultant of C and C’. 
(d) Shear, Bond and Web Reinforcement 
V = total shear at any section. 
total shear at any section carried by the web reinforcement. 
maximum shearing unit stress at any section. 
w = bond stress per unit area of bar. 
o = circumference or perimeter of bar. 
Zo = sum of the perimeters of all tension bars at any section. 

s = spacing of web members measured at the neutral axis and in the direc- 
tion of the longitudinal axis of the beam. 

@ = spacing of web reinforcement bars measured perpendicular to their 
direction. . 

A, = total cross-sectional area of web reinforcement within a distance of 
*‘a,” or total area of all bars bent up in any one plane. 

Jy = tensile unit stress in web reinforcement. 

a = angle between web bars and longitudinal bars. 

v% = allowable shearing stress on plain concrete. 
N; = number of stirrups at one end of member. 

(e) Flat Slabs 
= side of square drop. 

c = base diameter of the largest right cone or pyramid which lies 
entire within the column and the column capital, whose vertex angle 
is 90°, and whose base is 114 in. below the bottom of the slab or the 
bottom of the drop, if a drop is present. 

ZL = side of square panel. 

le = that side of any panel, which is at right angles to the section for which 
moments are desired. 

li = that side of any panel which is parallel to the section for which 
moments are desired. 

Mo = total moment in one direction on critical sections of one column strip 
and one middle strip. 
= arithmetical sum of +M., —M,., +M m and —M,, in one direction. 
+M. = positive moment at center of column strip. 
—M, = negative moment across panel and capital edge on column strip. 
—M~» = negative moment across panel edge on middle strip. 
+Mm = positive moment at center of-middle strip. 

q = distance from center of column to center of gravity of semi-periphery 
of column capital, divided by c. For round column capitals g = 3¢; 
for square capitals q = 34, for octagonal capitals q = %. 

ti = thickness of slab. 

tg = thickness of slab and drop combined. 

¢ = thickness of slab at center, with panelled ceiling. 

w = load per square foot of panel including weight of slab. 
W = total load in one panel including weight of slab. 
(f) Columns 
A = cross-sectional area of member, exclusive of any portion used solely 
for protective cover. 
A, = area of longitudinal steel. 


et 

A(1 — p) = net area of concrete. 

total safe axial load (including weight of column). 
unsupported height of column. 
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GENERAL PROPERTIES OF SECTIONS 


1. Area of a Section.—The area of standard rolled sections may be determined from 
the rolling mill handbooks. For the section shown in Fig. la, the area is readily deter- 
mined by dividing the figure into simple figures, in this case the rectangles A, B and C and 
the four triangles D. In the case of the built-up section of Fig. 1b, the total area is readily 
found by summing up the areas of the plates and angles. These areas may be taken from 
any rolling mill handbook. 

2. Statical Moment of an Area.—Let Fig. 2 represent any area. The statical moment 
of this area about any axis, as OX, is the moment of each element of this area about the 
given axis. Assume the area to be divided into strips parallel to the given axis. Sucha 
strip is represented by 1-2 of Fig. 2. Let b = length of this strip, dy = width of strip per- 
pendicular to the given axis, y = perpendicular distance from center of strip to the given 
axis, and Q = statical moment of entire area about the given axis. 

The area of the strip 1-2 is bdy and its statical moment about the axis OX is bydy. 
For the entire area, Q = sum of all such values as bydy, that is 


@ =f" budy a) 


To apply eq. (1) to a given area, the width of section must be expressed as a function of 
y and the resulting equation integrated between the given limits. 


(6) 


Pres - Eire. 12. IG. 3. Fie. 4. 


Consider the rectangle of Fig. 3. Required the statical moment of the figure about an 
axis OX at a distance a below the bottom of the figure. From eq. (1), noting that the width 
of section is constant, we may write 


Fi 
ea ydy = oa 4+ 2ad) = bd(a +5) 


But bd = A = area of section. Hence 
Q@=A(a+5) (2) 


That is, the statical moment about the given axis is equal to the area of the section multi- 
plied by the distance from the axis to a point half way across the section. 
For the triangle of Fig. 4, 


h 
Q =f by ydy 


: : b 
when by = width of section at any point = ih (h — y) 


Hence 


bh? 
Q = [5G — wud = 


But Bh = area of triangle. Thence 


2 
Q = Area times 14 of height of triangle above axis (3) 
The statical moment of an area is sometimes called the first moment of the area. 
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3. Center of Gravity of an Area.—The center of gravity of an areais the point at which 
the entire area must be concentrated in order that the product of the area times the distance 
from this point to a given axis may be equal to the statical moment of the area about the 
given axis. 

Let A represent the area of the section shown in Fig. 5, and let y, represent the distance 
from an axis OX to the center of gravity of the section, assumed 
as located at the point c.g. From the above definition 


A 
= ve: bydy 


A 
Since A = J, bdy, we have in general 


ae bydy 
(A) 
a bdy 
Fia. 5. In the same manner for an axis OY 
kvl dxdx 
(5) 


ve ddx 


Equations (4) and (5) give the coordinates of the center of gravity of the section of Fig. 5 
with respect to an origin at O. 

In these equations the denominators each represent the area of the section. The limits 
of integration indicate the extreme values of x and y for the section. - 

From eqs. (4) or (5), it can be seen that the statical moment of any area about an axis 
through its center of gravity is equal to zero, for under the assumed conditions x, or yg must 
be zero. Since the denominators of eqs. (4) and (5) represent the area 
of the section, which cannot be zero for a real area, yg or x, can be zero Ae Oe aS Beam 
only when the numerators of these equations are equal to zero. But 
these numerators represent the statical moment about the axis in 
question. Therefore, the statical moment of an area is zero for an 
axis through its center of gravity. This relation is of value in the work 
to follow. 

To apply eqs. (4) and (5) to any given figure, the dimensions of 
the section must be expressed as functions of x and y and the in- 
tegrations performed, as indicated. For the rectangle of Fig. 6, 
assume a set of axes OX and OY through the sides OC and OA. Let c.g. represent the 
required center of gravity. The distance from ee OX axis to c.g. as given by ea. (4), a 


b wees 
=f dane ee 
oe bay Gana? 
In the same way, the distance from the OY axis to c.g. as given by eq. (5) is 


bial dxdx 
ene dda 


The point represented by these coordinates is as center of the section. Hence, the center 
of gravity of a rectangle is at the center of the section. 
For the right angie triangle of Fig. 7a, the axes are taken alon i i 
: g the right angl 4 
From eq. (4), the distance from the es oe to c.g. : ares 


teens = 


: ; ; b 
The distance from the OY axis to c.g. is found to be 3° Therefore for a right triangle, 


ae 
2 


Yo 
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the center of gravity is located at a distance from the bases equal to 14 of the altitude 
of the triangle. Note that if the bases of the triangle are bisected and lines are drawn to 
the opposite vertices of the triangle, the intersection of these lines coincides with the c.g. 
of the triangle. Figure 7b shows the coordinates of the c.g. for oblique triangles. 

When the section is very complicated or the outline very irregular, the above method 
cannot readily be applied. In such cases approximate methods of integration may be 
used to advantage. Thus in Fig. 8, the irregular area may be divided into small strips 


2-3(¢+G) 


_ Becrb)+alarbro)) 
NE Cate 
=(@#Z2b)/f 
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ee 
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ee 
L 

Fie. 8. eee | 
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Ree Pies eet 
(6) ee 
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Fig. 9. 


representing rectangles, triangles or other simple areas. At the center of gravity of each 
of these small areas apply a force which is proportional to the area of the strip. Scale or 
calculate the distances from these centers of gravity to any axes, as OX and oY. li A 
represent the area of any strip and x4 and ya the distance from the center of gravity of the 


area A to the given axis, then 


rAzra 
2 =A 
DAya 
d = 
aD Yo =a 


37 
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Figure 9 shows the location of the centers of gravity of a few simple figures. A con- 
venient graphical method for locating the center of gravity of a trapezoid is shown on Fig. 
9a. The construction is as follows: Produce the top of the figure AB to a point C such 
that BC = DE = width of base. In the opposite direction produce the base DE to a 
point F such that HF = AB = width of top. Connect C and F. Bisect the upper and 
lower faces, locating points G and H. Connect Gand H. The intersection of lines CF _ 
and GH coincides with the center of gravity of the section. 

4. Moment of Inertia.—The moment of inertia of an area with respect to any axis is 
the sum of the products formed by multiplying each element of the area by the square of 
its distance from the given axis. Let Fig. 10 represent any area, and let it be required to 
determine a general expression for the moment of inertia of this area with respect to any 
axis, as OX. Divide the area into strips, 1-2, parallel to the axis OX. If dy = width of 
each strip, the area of a strip is bdy. Let I represent the moment of inertia of the given 
area. Then, from the above definition, the moment of the entire area is 


by?*dy (6) 
v2 

To apply eq. (6) to a given area, the width b must be expressed as a function of y and the 

integration performed as indicated. 


Fig. 10. Fre. 11. 


The moment of inertia of an area as given by e4. (6), is a quantity of th: dimensions 
distance to the fourth power, for bdy represents an area which has the dimensions distance 
to the second power, and y? is also distance to the second power. 

5. Moments of Inertia for Parallel Axes (Parallel Axes Theorem).—A very useful and 
simple relation may be obtained between the moment of inertia of an area for an axis 
through its center of gravity and any other parallel axis at a distance a from the gravity 
axis. In Fig. 11 let OX represent an axis through the center of gravity of the section 
(sometimes called a gravity axis) and let OA be any axis parallel to OX and at a distance: 
afrom OX. Let y, the distance from any element of area 1-2, to an axis, be referred to OX. 
Then from the above definition, the moment of inertia about axis OA, which will be denoted 
by I is 


yu 
Ig = fir + y)*dy 
Expanding this expression, noting that a is a constant, we have 
V1 vy vy 
a f bdy + 2af bydy + f by2dy 
Vo UP) Ug 


A ¥ 5 y 
In this equation, fe bdy = A = area of section; | ” bydy = Q =statical moment of area 
2 


Ia 


about an axis through its center of gravity, which is equal to zero; and ite by2dy = 1,= 
Yo 


moment of inertia of area about OX, the gravity axis of the section. Therefore, the above 
equation may be written 

I, =I, + Aa? (7) 
Equation (7) is very useful when an area may be divided into smaller areas for which the 
properties are known. Also, eq. (7) shows that the moment of inertia of a section for an. 
axis through its center of gravity is less than the value for any other axis, for moving the 


axis away from the center of gravity increases the moment of inertia, as indicated by the 
positive value for Aa?2. 


and 
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6. Moments of Inertia for Inclined Axes (Inclined Axes Theorem).—lIn Fig. 12, let OX 
and OY be any pair of rectangular axes through the point O, and let OU and OV be another 
pair of rectangular axes through O but at an angle a from the first axis. Let dA represent 
any element of area, whose coordinates with respect to the OX , OY axes are x and y, and 
u and » with respect to the OU, OV axes. 

The moment of inertia of the area about the OU axis, which will 
be denoted by I, is 

I, = fv7dA 
and about the OV axis for which J, denotes the moment of inertia, 
we have ; 
I, = fwda 
in these equations the limits of integration must cover the entire 
section. 

From Fig. 12 it can be seen that in terms of x and y, the values 

of wu and v are 


u=xcosa +ysina) 
and (8) 
v=ycosa —asina 
Substituting these values of wu and v in the above equations, and expanding the terms, we 
have 
I, = Sf cos*ay7dA —2fsinacosazydA + Sfsin? ax’dA (9) 
and 
I, = f{ cot az’dA +2f sina cosarydA + fsin? ay*dA (10) 
Tn eqs. (9) and (10), (2’dA and /fydA represent respectively, J, and Iz, the moments 
of inertia of the section about the OY and OX axes. The term fxydA is known as the 
product of inertia of the section. It is the sum of all the products obtained hy multiplying 
each element of area by the product of its distances from the OX and OY axes. The 
product of inertia will be denoted by J:,, the subscripts indicating the axes for which the 
product of inertia is taken. Note that Jz, is also a term whose dimensions are distance 
to the fourth power. 
Equations (9) and (10) may then be written” 
I, =I, cos?a — 2Jz, sina cosa +1, sin? a (11) 


y= Ty costa + 2J2y sina cosa + I; sin? a (12) 


| ‘By means of eas. (11) and (12) it is possible to find the moments of inertia for axes OU and 


OV when the moments of inertia and product of inertia 
for the axes OX and OY are known. 

A useful relation: between the moments of inertia 
for the two pairs of axes may be obtained by adding 
eqs. (11) and (12). Noting that cos? a + sin?a =1, we 
have ’ 

Ty +1, =I; + Ly (13) 

The term Jz,, the product of inertia, which appears- 
in eqs. (11) and (12), may have positive, negative or 
Var ecto zero values, depending upon the location of the coordi- 

ty x nate axes. In this respect it differs from the moment of 

inertia, which has only a positive value due to the fact 
that the distance to each area is squared. 
Figure 13 shows the effect of the position of the 


(c ) coordinate axes on the sign of Jz,. Figure 13a shows 
a rectangle with the X axis along the base and the Y 
Fig. 13. - axis through the center of the figure. For every area 


dA, on the right of the Y axis there is a corresponding 
area dA» on the left. If positive directions with respect to an origin at O are taken as 
upward and to the right, it is evident that the product of inertia, Jz, = /xydA =O. In 
Fig. 13b, both x and y are positive, and Jz, = a positive quantity. For the conditions 
shown in Fig. 13c, the z-distances are positive while the y-distances are negative, and 
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Jey = anegative quantity. In general, if one of a pair of axes is an axis of symmetry for 
a section, the product of inertia is zero for that pair of axes. 

7. Products of Inertia for Parallel Axes.—Let it be required to find the relation between 
the products of inertia for the figure of Fig. 14 with respect to the pairs of axes OX, OY and 
OU, OV. For the conditions shown, the product of inertia with respect to the OU, OV 

‘axes is 

Jw = f[6 +a)@+ydA 
= fabdA + SbydA + SardA + faydA 

In this expression, /dA = A = area of section, SxydA = Jzy = product of inertia with 
respect to the OX, OY axes, and SydA and fdxA are respectively, the statical moments 
of the area for the X and Y axes. If the OX, OY axes are assumed 
as passing through the center of gravity of the figure, the above 
statical moments are zero. The above equation then becomes 


Juv = Tay + Aad. _ (14) 


That is, the product of inertia for any pair of axes OU, OV, with 
respect to a pair of parallel axes through the center of gravity of the 
figure is equal to product of inertia for the gravity axes plus the 
area of the figure times the product of the coordinates of the center 
of gravity of the figure with respect to the OU, OV axes. Due 
attention must be paid to signs in calculating the several quantities. 

8. Principal Axes and Principal Moments of Inertia—From eq. (11) or (12), it can 
be seen that the moment of inertia of a section varies with the angle a. To determine the 


maximum value of the moment of inertia, as given by eq. (11), place equal to zero and 


solve for the value of a. If a is the value of this angle, we have 
2S xy 
i; [3G 
There are two angles which answer the conditions imposed by this equation, one in the 
first and the other in the second quadrant, and furthermore, these angles differ in value 
by 90 deg. On substituting values of ao as given by eq. (15) in eq. (11), two values of J, 
will be derived. By the methods of the calculus, it can be shown that one of these is the 
maximum value of I, and the other is the minimum value. These moments of inertia are 
known as the principal moments of inertia for the section and the axes for which they occur 
are known as the principal axes of the section. A similar operation performed on eq. (12) 
will give results in which the values are the reverse of the above. Note that the maximum 
and minimum values of moment of inertia occur for axes which are 90 deg. apart. . 
The product of inertia of an area for a principal axis can readily be shown to be equal 
to zero. Thus for the axis OU of Fig. 12, we have 


Jus = Suda 
On substituting values of uw and v as given by eq. (8), we have 
Juv = Jzy cos 2a + 19 sin 2a(Iz — I,) 
When OU is a principal axis, the angle a has the value given by eq. (15). Substituting 
values of this angle in the above equation it will be found that Jy» is 
equal to zero as stated above. 
Let OX and OY of Fig. 15 be the principal axes of a section, and : 
let I, and I, be the principal moments of inertia. Let OA repre- ae 
sent any other axis at an angle a from OX. Remembering that 
the product of inertia for principal axes is zero, we may write from ne 
eq. (11) 


tan 2a0 = 


(15) 


A 


Bate 
De 


Ia = Ip costa + Ty sin? a (16) es 
Equation (16) is a general equation for moment of inertia about any axis in terms of the 
moments of inertia for the principal axes. ss : 


9. Radius of Gyration.—The radius of gyration of an area is the distance from a given 
axis to a point at which the entire area of the section must be applied in order that the 
product of the area times the square of this distance to the given axis may be equal to the 
moment of inertia of the section about the given axis. If r = radius of gyration of 
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the section as defined above, A = area of section, and J = moment of inertia about the 
given axis, we have 


f = Ar? 
or 
7 
pS WS 
Ae a7) 
For a rectangle of width b and depthd, I = and A = bd. From eq. (17) 


r= Veh = arjt = 0.2800 
12bd 12 

If ra, rz and ry represent the radii of gyration for the corresponding axes of Fig. 15. 

eq. (16) may be written in the form 

ra? =r,? costa +T,? sin? a (18) 
By analytical geometry, it can be shown that eq. (18) represents an 
ellipse with semi-major and minor axes of ry and rz respectively, as 
shown in Fig. 16. The ellipse of Fig. 16 is known as the ineriia ellipse 
for the area of Fig. 15. 

If n—n is a tangent to the ellipse parallel to any axis OA through the 
center of the ellipse; it can be shown that the perpendicular distance 
from the axis OA to the tangent n~—n is equal to the radius of gyration 
of the section of Fig. 15. The construction shown in Fig. 16 offers a Fig. 16. 
convenient method for determination of moment of inertia. 

10. Section Modulus.—In the general formula for resisting moment of beams appears 


the term S = 4 = moment of inertia of section about the neutral axis divided by the dis- 
c 


tance from the neutral axis to an extreme fiber of the section. This quantity is known as 
the section modulus for the beam cross-section. I+ is a quantity of dimensions distance 
to the third power. 

For a rectangle of width b and depth d, we have 


bd 
12 bd? 
2 


Values of section modulus for rolled shapes are given in rolling mill handbooks. 
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DEFLECTION OF BEAMS 


Exuastic Curve Meruop 


1. General Equation of Elastic Curve for Bending.—Let OABL of Fig. 1a show 
(greatly exaggerated) the bent position of the neutral axis of a beam which, before the appli- 
cation of the loads, was represented by the straight line OL. This deformation of the beam 
is due to positive bending moment. 

If points A and B of Fig. 1a represent two adjacent points on the neutral axis of the 
bent beam, the normals at these sections will meet in a point F, which is the center of 
curvature for these points. To locate points on the beam with respect to a given point, 
let O, a point at one end of the beam, be taken as an origin. Any convenient point will 

do as well. Let x and y respec- 
F tively be the horizontal and ver- 
tical distances from the origin O to 
the center of any element AB, and 
assume that zx and y are positive 
when measured to the right and 
Lag \tOrections (names downward respectively, as shown 
ae by the arrows in Fig. 1. It is 
evident that the angle between the 
tangents to the curve at A and Bis 
equal to the angle between the 


a iF radii at these points, as shown in 
Tangent at A elager tatB vA Fig. la. 

(a) ag / i In Fig. 1b let AB and BC show 

| dp f° @, = two adjacent elements of the neutral 

ye bes RP axis, and assume that their projec- 


tions on a horizontal axis are each” 
equal to dx. Let the vertical pro- 
jections of these elements be rep- 
ha resented by dyaz and dyge. From 
4 Fig. 1b, it is evident that the 
difference between dyap and dygc 
is a measure of the change in de- 


| Ae 


; ile ~ Ps 
¢ Hort. otal 
Nac 


EE eEangentatB \e.gy.s| Mugen ata 


’ . 
(4) a Di (c) flection across the two elements AB 
“Tangent at A and BC. Let d’y denote the change 
ErGeel. in vertical projection of the two ele- 


ments. If the deflection is small 
compared to the dimensions of the beam section, which is the usual case, we may consider 
AB = BC = dx and ZBCD = 90 deg. Hence, since d¢ is a very small angle, 
d’y = —dz.d¢ 

The minus sign is used in this equation because, as shown in Fig. 1b the angle between 
element BC and a horizontal axis is less than the corresponding angle forelement AB. To 
conform to the direction notation given above, increasing values of x and y result in increas- 
ing angles between successive elements. Since a decreasing angle exists for the conditions 
shown in Fig. 1b, a minus sign must be used in the above equation. 

From Figs. la or b, dé = dx/R, where R = radius of curve for any small element of the 
neutral axis. 
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Hence 
d’y = —dz?/R 
or 
dy il 
SEW Deh (1) 


The expression d*y/dx? of eq. (1) is known as the second differential coefficient of y, the 
deflection of the beam, with respect to x, the distance from the origin to the point at which 
the deflection is desired. It is a measure of the rate of change of the slope of the neutral 
axis. 

In Fig. 1c, an element of the beam is enlarged to show the effect of bending deformation. 
The deformed element is shown by 3-4-5-6. In the undeformed element, the faces 
3-B—4 and 5—A-6 are parallel lines. If a line 1-A-2 be drawn parallel to 3-B-4, the de- 
formation of the element is represented by 1-5. If the deformation is small, 1 — 3 = 


AB = dz, and we may write 6 = E dx, where f = fiber stress due to amoment M. From 
P M 
eq. (6), p. 23, f = a and hence 


: ite 
- EI 


When the deformations are small, FAB and A—1-5 may be considered as similar triangles, 


dz 


6 dx : ; 2 ‘ 
and we have ae Solving for 6 and equating the resulting expression to the value of 


1 . 1 
6 given above, we have finally 3 = M/EI. Substituting this value of > in eq. (1), we 
R R 


derive 
d’y M 
* dat ~ — BI a 
Equation (2) is the general expression for the differential 
equation of the elastic curve of a beam subjected to bend- WU 


ing due to a clockwise or positivemoment. To determine 
the equation of the elastic curve by means of eq. (2), the 


moment M must be expressed as a function of x, and the (4) 


resulting expression integrated twice. 


2. Application of General Equation of Elastic Curve to Oright — — 
_Solution of Problems in Deflection of Beams.—In the () : Vlas mm, 
articles which follow, the equation of the elastic curve will 
be derived and the maximum deflection will be determined Fra. 2. 


for a few typical cases. 
Simple Beam with Uniform Load.—For the conditions shown in Fig. 2, the general 


Ww . . . 
expression for moment at any point on the beam is M = Q 2 (1 —ax). Substituting this 


value of M in eq. (2) we have 


d*y wx 
dams Our (a) 
Integrating, ; ve f ’ 
Uae A ES oe 
w__2(5 + Gs (6) 


In this equation, dy/dz is the slope of the elastic curve at any point, and C1 is aconstant of 
‘integration which depends for its value upon the conditions of the problem. To determine 
Ci, note that the load on the beam is symmetrical with respect to the beam center. It is 
therefore evident that the elastic curve will be symmetrical about the beam center, and 
that the tangent to the elastic curve at the beam center is horizontal. Since slope of a 
horizontal line is zero, we have as a condition for the determination of C1 in ea. (6), that 
dy/dz = 0 whens = a Substituting these valuesin eq. (6) and solving for Ci, we have 

ev aha () thenb 

C1 = 34ET’ q. (6) t Bi ecomes 
Y 


Ww 5 
ABs = + 24EI (428 — 6lx? + 78) (3) 


in 
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Integrating eq. (3) we have 
y = +57 (! — Qin? + Pa) + Cr 


To determine C2 the constant of integration, note from Fig. 2b that y = 0 when z = 0 
Hence from the above equation C2 = 0 and we have finally 


ae oe — 2x? + 1) (4): 


which is the general equation of the elastic curve for a simpie beam carrying a uniform load. 
The maximum deflection of the beam of Fig. 2 evidently occurs at the point where the 
tangent to the elastic curve is horizontal. As stated above, the tangent is horizontal when 


l : 
“= 5: Substituting this value of z in eq.(4) we have 


4 
Ymaz = a wr (4a) 

Illustrative Problem.—A simple beam 16 ft. long supports a uniform load of 600 lb. per ft. Deter- 
mine the maximum deflection of this beam ininches. Assume that the moment of inertia of the beam is 
100 in*., and that the material is steel for which H = 30,000,000 Ib. per sq. in. 

The maximum deflection is given by eq. (4a). In substituting in eq. (4a) attention must be paid to 
the units in which the several terms are expressed. Since the deflection in inches is desired, all values 
must be expressed in inch units. Thus w = 89% lb. perin., and/ = 16 X 12in. Values of EH and I 
are given directly in inch units. Substituting these values in eq. (4a) we have 

a (5)(600)(16)4(12)3 _ 884,736,000 Pa 


Vmax 384 EI EI 
Compare this result with the problem of p. 52. Substituting values of H and J, 
884,736,000 5 
y = 0.295 in. 


maz ~ (30,000,000)(100) 
Illustrative Problem.—Determine the deflection of the above beam in feet, using foot units. 


100 
Here w = 600, 1 = 16, H = (30,000,000) (144) Ib. per sq. ft. and I = (2)4 ft.4 


Hence S 
os (5)(600)(16)4(12)4 
maz (384) (144) (30,000,000) (100) 
Illustrative Problem.—Determine the deflection at a point 5 ft. from the left end of the beam of the 
above problems. Use inch units. 
Here w = ®9%%g = 50 lb. per in.; = 5 ft. = 60 in.; 1 = 16 ft. = 192 in. Values of EH and J are 
as given above. Substituting in eq. (4) we have / 
i. (50) (60) 
= "(24)(80,000,000) 100) (660? — 2(192)(60)? + (192)8] 
= 0.246 in. 


y = 0.0246 ft. 


Simple Beam with a Single Concentrated Load.—For the 
conditions shown in Fig. 3, the law of variation of moments 
on section AC differs from that on section CB. Hence two 
substitutions must be made in eq. (2). After integrating 
each equation twice, four constants of integration will ap- 
pear which must be determined subject to conditions shown 
in Fig. 3. The detail work is as follows: 

For the portion of the beam from A to C, Mz = Rix = 
W(1 — k)x. Then from eq. (2) 


dy W 
gi ey 2 
Integrating twice, we have 
dy _ W x? 
dee Ta ate (a) 
and 
Ww x3 : 
y= — 3 — He + Ciz + Ce (b) 
For the portion of the beam from C to B, Mz = R2(l — x) = Wk(l—z). Thenfrom eq. (2) 
dy W 


aio EE 
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Integrating twice, we have 


dy _ Wk x2 
dz —ar (# - 3) + Cs (c) 
and 
Wk (lx? 3 
v= -Br(S- §) +00 +0. a 


Equations (6) and (d) are general expressions for the equations of the elastic curves 
for the portions of the beam on either side of the load W. However, these equations can- 
not be used until the values of the constants of integration Ci, C2, C3, and C4 are known. 
Since there are four unknown terms, an equal number of independent equations must be 
set up before the unknowns can be determined. The required independent equations 
May be derived from the necessary relations which must exist between the elastic curves 
on the two sides of the load W in order that the two elastic curves may be joined to form 
a single continuous curve. 

The four independent equations from which the values of the constants of integration 
may be determined are derived from conditions shown in Fig. 3b. From this figure it is 
evident that y in eq. (6) is zero only whenz = 0. Also, yin eq. (d) is zero only when x = I. 
At point C, where the elastic curves to the right and left of the applied load are joined, it 
is evident that values of the slope given by eqs. {a) and (c) must be equal, and also that 
values of y given by eqs. (6) and (d) must be equal. Hence we have the four conditions 
that 

(1) y = 0 when z = 0 in eq. (0). 

(2) y = 0 when z =/inegq. (d). 


(3) dy from eq. (a) = dy from eq. (c) when « = kl in these equations. 
dx dx 
(4) y from eq. (b) = y from eq. (d) when x = ki in these equations. 


Performing the operations indicated and reducing the resulting expressions to their simplest 
form, we derive the following condition equations: 


@)O2— 1, Ager 
(2) O= Sapp Cee 
Wl? 
NS ety 19 
kal 
(4) (1 - cow = — ME +c, ; 


Solving these four equations simultaneously, the values of the constants of integration are 
found to be 


os, 1? — 2 2 =0 
Ci = 6EI (2k + k3 — 3k?) C2 
W kl? W kals 


Substituting these constamts in eqs. (b) and (d), the equation of the elastic line is found to 
be as follows. 


From A toC 

y= yl — WI2 — kl — at (5) 
From C to B 

ag ght EPA (atone= x). = 74) (6) 


The general equations for slope of the tangent to the elastic curve at any point, as given 
by eqs. (a) and (c) with values of Ci and C3 substituted, are as follows 
From A toC 


OT Nie ee ~ k)kI? — 322 (5a) 
tag eer k){(2 ) o7 

From C to B 
dy _ Whey yt (1 SeNDY (6a) 


dz  6EI 
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On substituting values of x in the proper equation, the deflection at any point may be deter= 
mined. At point C, where the load is located, the deflection may be determined from eqs, 
(5) or (6) by substituting « = kl, and we have 


ye = UE A b) (7) 


The maximum deflection for the beam under consideration can be seen from Fig. 4 to 
be at the point where the curve becomes horizontal—that is, 
w/b per tt uniform load where dy/dz = 0. To locate this point, note from Fig. 3 that 
\ the tangent is horizontal on the portion of the curve between 
points A and C. ee eq. (5a) we have 
dy 
ae (= us (1 — k)[(2 — k)kl? — 32?) 
Solving this expression for z, we find that the deflection is a 
maximum when 


2 =k @ -»]? ~ (8) 


Substituting this value of x in eq. (5), the maximum deflection is 
found to be 


Ynee = He a» [Fe - © | (9) 


Equations (8) and (9) give-the position and the amount of the 

maximum deflection when the load W is located at a distance kl 
from the left end of the beam. 

From eq. (9) it can be seen that the maximum deflection 

Fig. 4. depends upon the position of the load W. Evidently there 

is some position of the load for which the deflection will be 

greater than for any other Bn in the beam. To determine the position of the load for 


dYym 
greatest deflection, place ae = from eq. (9) equal to zero and solve for k, from which it 


will be found that k = 14, or the load should be placed at the beam center. Substituting 
k = ¥% in eq. (9) and denoting the resulting deflection by A, we have 


eee WE (19) 


Equation (10) gives the deflection at the beam center for a load W placed at that point. 
This is the greatest deflection for the beam under consideration. 


lilustrative Problem.—A 2- X 1-in. piece of wood laid flatwise spans a 24-in. opening. The beam 
carries a 60-lb. load at a distance of 18 in. from the left end of the beam. Determine the deflection 
under the load and the maximum deflection of the beam. Assume H = 1,500,000 Ib. per sa. in. 
The deflection under the load is given by eq. (7) with W = 60]b., 1 = 24in.,k = 1844 = 0.75, HE = 
1,500,000 Ib per sq. in., and I = }42 bd =(}{2)(2)(1)3 = &% int. 
(60) (24)3(0.75)2(1 — 0.75)2 ; 
Thus = (3) (1,500,000) 4) = 0.0389 in. 


The maximum deflection for the given loading is found from eq. cas with values as above, from which 


(60)(24)9(1 — 0.75) [> (2 — 0.75) | 
Ymaz = (3), 500,000) G%) = 0.0484 in. 
The point at which this deflection occurs is found from eq. (8) to be 
a =["2 (2 — 0.75) |”*24 = (0.558)(24) = 18.42 in. 


from the left end of the beam. 
Compare these results with those given on p. 49. 
Illustrative Problem.—Determine the angle between the horizontal and the tangent to the elastic. 
curve at the left end of the beam and at the load point for the beam given in the preceding problem. 
The slope of the tangent at Ns left end of the beam is given by eq. (5a) with « = 0 from which 
Slope = al —k)(\2 — k)kl2 
For the values given in the above problem, 
60(1 — 0.75)(2 — 0.75)(0.75)(24)2 
Sl = = i 
ope (6) (1,500,000) (34) 0.0054 radians 


‘ 
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In circular measure, a radian is 57° 18’, Hence the required slope is (0.0054)(57.3) = 0.309° = 18,55’. 
This angle is measured in a clockwise direction about point 0 of Fig. 1 with OL as a horizontal axis, 

_ The slope of the tangent at the load point is given by eq. (5a) and eq. (6a) with = kl = 18 in, 
With values of the several terms as above, we have from eq, (6a). 


60 
Slope = (6) (1,500,000) Ge) [3(24 — 18)2 — (1 — 0.752)(24)2](0.75) = 0.00432 radians = 


—0.242 deg. = — 14.52 min. 


The slope of this tangent is in the direction shown for similar conditions in Fig. 3. 


Cantilever Beams.—Assuming the origin of coordinates to be located at point O of the 
cantilever beam of Fig. 4a, the moment at any point distance x from the origin is 


wx? Sune : : 
M, = — ae Substituting this value of M in eq. (2), we have 
dy wa? 
dx? ~ + ORI 
Integrating 
dy wx 


de ET 


To determine C,, note from Fig. 4a that the tangent is horizontal when x =7. Hence 


13 
substituting = = 0 when x = / in the above equation, we find C1 = — a and 
dja Daye 
5 a + ep == 23) (11) 


Integrating again 
= + be @ — rs) +C 
ogo GEE NE ; 


ls ls 
To determine C2, note from Fig. 4a that y = 0 whenz =1/. Therefore a = aie +C,= 


0, from which C2 = +1wil*, and we have 
w : , 

yo ‘iP D4 EI (v4 — 413 + 3/4) (12) 
which is the general equation of the elastic curve for the beam of Fig. 4a. The positive 
value indicates that y is measured upward from 0. From Fig. 4a it can be seen that the 
maximum value of y occurs when x = 0. Placing * = 0 in eq. (12), we have 
eas 
SEI 
Figure 4b shows a cantilever beam with a single concentrated load at a distance a from the 
free end. Since the law of variation of moments differs for the two portions of the beam 
shown by AC and C3 of Fig. 4b two substitutions must be made in eq. (2). For an origin 
at the deflected position of the free end of the beam, the moment at any point in the beam 
is 


Ymaz = + (13) 


From A to C. M=0 
From C to B. M = —W(a —-a) 
Substituting in eq. (2), the integrations are as follows: 
From A to C From C to B 
dy dy _ ne Tie 
dy dy _wl(@ — 
Bit ie et 57%. 5.0) ut -w(% ax) +Cs . .. © 


Bre CeCe ho it AO) Bry =W(E-S)+ or ta... @ 


ll 
=) 


The constants of integration may be determined from the following conditions: y 


ll 
~ 


d d 
when x = 0 in eq. (0); = from eq. (a) = 7 from eq. (c) when x = a; yfrom eq. (b) 


from eq. (d) when x = a; and au = Oineq. (c) whenz =/. These conditions are evident 
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from a study of Fig. 4b. Performing the operations indicated, the values of the constants 
of integration are found to be 
a =-Ya-a C, =0 
Was 
6 
Substituting these values in eqs. (b) and (d), the equation of the elastic curve is found to be ° 
From A to C, 


c= — a — 24) i 


Zs We | _ ayo 14 
Le: 2EI q @) j ~ 
From C to B 
ee Ae siaant — 2a) — a? 15 
¥2 = BET [as — 3ax 3la(1 — 2a) — a3] (15) 


The slope of the tangent to the elastic curve, as given by eqs. (a) and (c), is 
From A to C. 


CL ete RT ea % 
dx 2HI we a) i) 
From C to B, 
y W 
As OBI [x2 — 2az — l(l — 2a)] (17) 


From eq. (14) it can be seen that the portion OC of the elastic curve is a straight line. 


Illustrative Problem.—A 4- X 8-in. wooden member, placed with the 8-in. side vertical, forms a 
cantilever beam 6 ft. long. At a point 2 ft. from the free end, a 1,000-lb. load is placed. Determine 
the deflection in inches at the free end of the beam, assuming EH = 1,500,000 in.-lb. 

The formula for deflection at the free end is given by eq. (15) with x = 1, from which 


W 
Unaz = = 6EI (L — a)2( 21 a a) 


The minus sign in this equation indicates that the perer tion is upward with respect to the free end of 
d3 (4)(8)8 : 

patios] F Fag ek ANGLES CE, 4 

12 12 17034 in‘. 

Substituting values as given above, using distances in feet and multiplying by 1,728 to reduce to inches, 

we have 


the beam. The value of J for the given beam is J = 


“a (1,000) (1,728) 
(6) (4,500,000) (17034) 


Umac = 


(6 — 2)2(12 +2) = —0.252 in. 


Beam with an Overhanging End—Figure 5a 
shows a beam supported at points B and C and 
with an overhanging end AB. Between sup- 
ports the beam carries a uniform load of w» 
lb. per ft. and at the free end of the over- 
hanging arm the beam supports a single con- 
centrated load of W lb. The complete equation 
of the elastic curve will be determined for the 
given conditions. 


ae. & The reactions and moments are as follows: 
_ wl, (tte _wl _ Wa 
R= > +w(4 ) R= 4 — We 
: Wr Wa\ ,, 
Mens = —Wa a L) a = ( is at) (l a x) 


where Mp and Mgc denote respectively, the moment at any point on AB or BC. The 
value of x is positive when measured as shown in Fig. 5a. 
Substituting in eq. (2) we have 


From A to B 
BrS4 = +W(a — 2) ; 
er = +wla-S) +0 on 
Bry =+W(@-#)+ee+0 ® 
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From B to C 
ad W. 
EI the anaes 
dy lx? xs 
EI a. = + F2(ix - -¥(%_2 + Cs (c) 
2 
Hy =+4"e(2_2 =) _ (lt wm) + Ce $C (a) 


The constants of integration are to be eon, subject * the following conditions (see 
Fig. 5b): 


y = 0 in (6) when z = 0; y = O in (d) whenzx = 0; 
y = 0Oin (d) when x =; and Win (6) = — Hin (a) when x = 0. 


The minus sign in this last condition is necessary because of the change in positive direc- 
tions at point B. Subject to the above conditions, the constants of integration are found 
to have the following values: 
Wal wis Wal wis 

on ORS eet nos 

Ca —10) Ca— 10 
Substituting these values in the above equations, the general equations for the elastic curve 
and slope of the tangent at any point are found to be: 


From A to B 


“alc (2al + 8ax — x?) — oe (18 

Sa Gal + Gaz — 32%) - FF] (19) 
From B to Ne 

ae l= Or (91 2) +570 + le — 2) ]@ —2) (20) 

wy Hil 7 (2lt — 6le + 32%) + 35 (F = Gla? + 42%] (21) 


Figure 5b shows the form of the elastic curve plotted from these equations. 
The maximum deflection in the cantilever arm occurs at the free end, point A of Fig. 5. 
Placing x = a in eq. (18), we have 


va = Baty - 2 (22) 


The maximum deflection in the span BC occurs where the tangent to the elastic 
nw 
curve is horizontal. This point may be located by placing = from eq. (21) equal to zero 


and solving for x. Let kl be this value of x, where k is the fractional part of the span 
between the left support and the point of maximum deflection. Performing the operation 
indicated, the value of k is given by the cubic equation 


2 (34 SW 0) xe + OO + (4 - aay 0 (23) 


To determine the maximum deflection in any given beam, solve eq. (23) for h by the 
methods given in Art. 70b, p. 537, and calculate the corresponding value of x. Substitute 
this value of xz in eq. (20). This procedure is advisable in this case because a genera’ 
expression for maximum deflection is too complicated and cumbersome. 


Illustrative Problem.—A 10-in. 25.4-Ib. steel I-beam is used to form a beam of the type shown in 
Fig. 5. Calculate the deflection at the free end of the cantilever arm and the maximum deflection in the 
span BC. Let W = 6,000 lb., w = 1,200 Ib. per ft., a = 5 ft., and? = 15 ft. The moment of inertia 
of the given I-beam section is 122.1 in‘. and Z = 30,000, 000 Ib. per sq. in. ae ; 

The deflection at the free end of the cantilever arm is given by eq. (22). Substituting values given 

i i ion, have, using inch units 
above in this equation, we g ki 20180) 


60 1 fi eeltG 
va = ‘gp 0ons000 a) Ls) <6H00)(60 (150° 60) (12)(24) 


i which 
ea yee 0.0738 in. 
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The point in span BC at which the maximum deflection occurs, is found from eq. (23). Substituting 

the given values in this equation we derive the following cubic equation for k, 
ke — 1.833k2 + 0.666% + 0.0278 = 0 
Solving this equation by the method given in Art. 70b, p. 537, we find k = 0.565. Hence the distance 
from point B, Fig. 5, to the point of maximum deflection is 
x = kl = (0.565)(15) = 8.47 ft. = 102 in. 

Substituting 2 = 102 in., and other values as given above, in eq. (20), the maximum deflection is found 
to be 


(360 — 102) + 
(1,200) (102) 


(12)(24) [(180)2 + (180)(102) — (102)4] } (180 — 102) 


ee 1 { _ (6,000) (60) (102) 
Ymaz = (369,000,000) (122.1) (6)(180) 


from which 
Ymaz = 0.180 in. 


Unit Loap MrtHop oe 


3. Derivation of General Formula.—The deflection of a beain due to any given loading 
may be determined by placing the external work done by this loading during the deflection 
of the beam equal to the internal work done on the fibers of the beam, for it is evident that 
a body can be at rest and in a state of elastic equilibrium only when the work of applied 
loads is balanced by work done within the body. In Art. $7, p. 9, it has been shown 
that the internal work, or elastic resilience of a body, is given by the expression 


2 
Elastic resilience = K = one (Volume of body) 


where f = fiber stress due to applied loading and H = modulus of elasticity of the material: 

Let the simple beam of Fig. 6a be acted upon by a 1 lb. or unit load placed at point 
C, a distance a from the left end of the 
beam. At any cross-section of the beam 
at a distance x from any convenient origin, 
let the moment due to the unit load be m 
and let the stress on any fiber at a distance 
c from the neutral axis, Fig. 6b, be denoted 
by f. If the length of any fiber parallel to 
the beam axis is dz, and the area of that 
element is dA, as shown in Fig. 6b, the 
volume of that element is dA(dz), and we 


have 
Kea ae 
Fia. 6. Pa een 
mc 
From eq. 6, p. 23, f = Pre and for the entire cross-section of Fig. 6b. 
1 (°' mc? 
ee eS 
Se ip aA de 
C1 F 
But i : c’dA = I = moment of inertia of the section. Therefore 
1 m? 
k= on a 
For all such sections over the entire beam from A to B, 
E: _1 Am? 
K = Total average internal work = Ou nae: dx (1) 


Let the deflection of the beam at point C where the unit load is applied be denoted by d 
and assume that the load is gradually applied to the beam so that the deflection varies from 
zero to its maximum value. The average external work done by the unit load is one-half 


the deflection times the load causing that deflection, or 
d : 

A =— 
verage external work 3 (2) 


From eqs. (1) and (2) we derive a 
an [inte 
=Jent@ (3) 
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Equation (3) gives the deflection of point C, Fig. 6a, due to a 1-lb. load placed at that point 
The deflection will be in the direction of the 1-lb. load. ; 
It is sometimes desired to determine the angular rotation of any plane of a beam—as 
for example, the plane n-n of Fig. 6c. This may be done by applying a unit couple at 
the plane in question and calculating the external work due to the rotation. On equating 
this expression to the internal work, as given by eq. (1), the angular rotation may be 
determined. 
‘ It can be shown that the work done by a couple is equal to the moment of the couple 
times the angular rotation. Let a: denote the angular rotation of plane n-n of Fig. 6a. 
The average work done by a unit couple during a rotation a is then 


Average external work =15 a1 (4) 


Hence from eqs. (1) and (4) 
‘Am? 
a= fon (5) 


Equation (5) gives the angular rotation in radians of any plane due to a unit couple applied 
to that plane. 

The deflection of any point C, Fig. 6d, or the angular rotation of a plane at that point 
due to any set of applied loads, such as those shown in Fig. 6d, may be determined by 
proportion from the corresponding values given by eqs. (3) or (5). In Art. 67, p. 82, itis 
shown that the deflection is directly proportional to the fiber stress. Since fiber stresses 
are proportional to moment, it is evident that the deflection, or rotation, due to any set of 
applied loads is to the corresponding value due to unit loading as the moment due to the 
applied loads is to the moment due to the unit loading. If y = deflection due to applied 
loads, and M = moment due to applied loads, we have the proportion 


y:d::M:m 
or 
M 
= oa d 
Substituting the value of d from eq. (3) we have 
A Mm ; 
If a2 = angular rotation due to applied loads, a similar proportion gives 
A Mm 


In these equations, y = deflection of any desired pot; @ = angular rotation in radians 
of a plane at any desired point; M@ = moment due to applied loads; H = modulus of elas- 
ticity of material composing the beam; J = moment of inertia of beam section; and m = 
a quantity of linear dimensions which is equal to the moment at any section due to a unit 
load, or unit couple, applied at the point whose deflection, or angular rotation, is 
desired and in the direction of the desired deflection, or rotation. 

In solving problems in deflection and angular rotation by the method given above, it is 
not necessary that the direction of the deflection or rotation be known beforehand. Proper 
attention paid to the algebraic sign of the product Mm will show whether the correct 
direction has been assumed for the unit loading. If M and m are alike in character (both 
positive or negative moments) it is evident from the above discussion that they cause 
deflections or rotations in the same direction, while if they are unlike in character they 
cause deflections or rotations in opposite directions. Denoting positive moments by plus 
and negative moments by minus, the product of like moments carries a plus sign and the 
product of unlike moments carries a minus sign. Therefore, assume any convenient 
direction for the unit load or couple and pay careful attention to the sign of the product Mm. 
If the final result is positive, the deflection or rotation is in the direction assumed for the 
unit loading. If the final result has a negative sign, the deflection or rotation is in a direc- 
tion opposite to that assumed for the unit loading. 

4. Application of Unit Load Method to Problems in Deflection and Angle of Rotation— 
Beam with Uniform Load (Moment of Inertia Constant).—To find the general equation for 
the vertical deflection of point C at a distance x from the left end of the beam of Fig. 7a 
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due to a uniform load, apply a 1-lb. load at point C. Evidently the deflection is down- 
ward so the 1-lb. load is to be applied as shown in Fig. 7c. 

The moment diagram for the uniform loading is shown in Fig. b and the moment diagram 
for the 1-lb. load is shown in Fig. c. Moment equations, expressed in terms of z, the dis- 
tance from any point to the left end of the beam, are given on the diagrams. From these 
diagrams it can be seen that values of M for the entire beam are given by a single equation : 
while values of m are given by two equations, for the law of variation of m changes at the 
point of application of the unit load. Therefore in substituting in eq. (6), the general 
expression must be made up for the portions of the beam where the law of variation of 
moments changes. 

Substituting in eq. (6), we have 


v= fly e-GP le + false -lleaae 


The first integral is for the portion of the beam from A to C and the second integral is for 
the portion from C to B. Performing. the 
operations indicated, noting that x is a con- 


yur lb. per ff 
TO 


A B stant and that z is variable, we have 
PROM eo fel ieee y = Sa (is — 2lx? + 23) (8) 
Note that eq. (8) is exactly the same as eq. 
ee (4), p. 584. Hence eq. (8) gives the equa- ~ 
fe z-> Momert diagram for tion of the elastic curve for the given beam. 
uniform load The angular rotation of a vertical plane 
is a x Vib () through point C will now be*determined, 


using eq. (7). Since the tangent to the 
elastic curve at any point is perpendicular 


mtr. -m=a(G hy 


kz > Kore Bh Me for 
CEG), 


gl 


ex | dlagram 


7 n= am-He- 
7-~. for unit couple ‘af base: 
( qd) i dagram 
Fie. 7. innet, 2). 


to any normal section of a beam, substitution in eq. (7) will give the slope of the tangent 
to the elastic curve at any point. Applying a unit couple at point C, assuming a positive 
or clockwise rotation, the resulting moment diagram is shown in Fig. 7d. Substituting 
in eq. (7), we have 


d 1 1 E: 
2 = 2 - fPalee-al(-Det+ false = 5] (so e2 5 2) de 


Integrating and reducing, we have finally, 
2 A Oa 2 3 ; 
a =F = ogy (U — Gla? + 42") (9) 
This expression is the same as given by eq. (8) p. 583. 
To determine the deflection at the center of a beam uniformly loaded, place the 1-lb. 


load as shown in Fig. 8. Substituting in eq. (6) values of M and m as shown on Fig. 8, we 
have 


v= falSe-olget flee -a) Se 
2 


Integrating ae 
wl 
Y = 384 BI (10) 
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Since the m diagram is symmetrical about the beam center, as shown in Fig. 8, and since M 
for the entire beam is given by the same equation, the substitution in eq. (6) might have 
been written 


1 


i RED Se 
y=2f* srl (—2)| ide 
On integrating this expression the result will be the same as given above. 


Illustrative Problem.—A simple beam 16 ft. long supports a uniform load of 600 lb. per ft. Deter- 
mine the maximum deflection of this beam in inches. Assume that the moment of inertia of the beam 
is 100 in.4, and that the material is steel for which E = 30,000,000 lb. per sq. in. 

From conditions of symmetry, it is evident that the maximum deflection occurs at the center of the 
beam. The loading conditions are as shown in Fig. 8. Substituting given values in the formulas for M 
and m, using foot units, we have 


M = 300x(16 — 2) ft.-lb., and m = 5 ft-lb. 


The equation for m holds for the left side of the beam. Noting from Fig. 8 that the M/ and m diagrams 
are symmetrical about the center of the beam, we have 


af (2) (1,728) 8 x 
doe Al Mmdx = 736,000,000) (100) (h BOOTS Re) age 
The multiplier 1,728 in the right-hand member of the above equation is made necessary by the fact that 
the moment equations are expressed in foot-pound units while the deflection is desired in inch units. 
Now, as stated in Art. 3, p. 591, M is expressed in linear-force units, m is expressed in linear units, and 
dz is also in linear units. The quantity { Mmdz therefore has the dimensions of force times linear units 
to the third power. Hence to reduce /Mmdz to inch units when the moments are expressed in feet 
units, we must multiply by (12) = 1,728! 
Performing the operations indicated by the above equation, we have 


y = 0.295 in. 


Beam with Uniform Load (Moment of Inertia Not Constant) Assume that the beam 
is a built-up girder, such as a plate girder with cover plates, as shown in Fig. 9. Let the 
moment of inertia of the end-quarters be J: and the moment of inertia of the middle 
half be I2. Required the deflection of the center point. The M and m diagrams are the 
* same as given in Fig. 8. : 

Since the moment of inertia is not constant for the entire girder, substitution in eq. (6) 
must be made for the sections for which the moment of inertia differs as well as for the sec- 
tions for which the law of variation of M and m change. 

Substitution in eq. (6) gives 


Integrating and reducing, we have finally 


wii, 5 (I2— 11) 
x a 11 
Sa agar, 13 gaa Th aed 


When the moment of inertia is constant, or when J; = J2, this expression reduces to 

5 wit 

¥ = 384 EI 

The above solution for deflection of a girder with varying moment of inertia is very 

convenient when there are a limited number of changes of moment of inertia and when the 

loading is comparatively simple. However, since a substitution must be made in eq. (6) 

for each change in moment of inertia and for each change in the law of variation of M and 

m, the determination of the deflection of a long plate girder due to a set of concentrated 

loads becomes a long and tedious process. For such cases the Area Moment Method or 
the Elastic Weight Method are more convenient. 

In sume cases, the moment of inertia varies from section to section. When the moment 

of inertia can be expressed as a function of z, it may be placed in the general equation and 


_ 38 


, aS on p. 584. 
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the integration performed. Such integrations are generally very complicated. The above 
case represents the problem in the form usually encountered in practice. 


Illustrative Problem.—Assume the following data for the beam of Fig. 9 and calculate the deflection 
in inches at the center of the beam. w = 1,200 lb. per ft., 7 = 10 ft., Ji = 36 int., J2 = 48 in*t., and 
EL = 30,000,000 Jb. per sq. in. as 

x . ; 

For the conditions shown, M = 600 x (10 — =z) ft.-lb., and m = 9 ft-lb. Noting that values of M 
and m are symmetrical about the beam center, and the deflection in inches is required, we have from 
eq. (6) . 


_ (2)(1,728) ave 600x(10 — x) & ik 6002(10 — 2) x 
4¥ = 30,000,000 ls 36 Pe Be 48 2 | 


from which ZI beam 60 Ib. 
y = 0.197 in. k-x ‘ jt 
Direct substitution in eq. (11) gives the same 
result. 
Simple Beam with Single Concentrated Load 
Illustrative Problem.—A 2- X 1-in, piece of wood 
Jaid flatwise spans a 24-in. opening. The beam 
carries a 60-lb. load at a distance of 18 in. from the 
left end of the beam. Determine the deflection 
under the load and the maximum deflection of the 


beamininches. Assume # = 1,500,000 lb. per sq. in. M aragram (£) 
Figure 10a shows the given beam and Fig. 10d = 5 -IN=4(0A-X) 
shows the M diagram. The moments are given in p Z 
inch-pound units. 5 
To determine the deflection under the load apply es C (c) 
a 1-lb. load downward at point C of Fig. 10a. The i 
m diagram is shown in Fig. 10c. Soy, Ooms 


- Unit couple 


From eq. (6) 
2/6. ¥ Unit couple loading |B. 
crt fone te 
1b, per fF ; ke /342" (7) iy 
A a ae eds 0559 


RU Pe pteen a44Ix (e) ‘0559(24-x) 


Fia. 9. Fie. 10. 


vor a Ble (152)(7) dz + fetuses — 2)] [3 (C4 = 2) a 


For the given conditions, I = %2bd? = (142)(2)(1)3 = 16 int. and hence EI = 250,000. 
Performing the integrations indicated above, we have 


ye = 0.0389 in. 


The maximum deflection occurs at the point where the tangent to the elastic curve is horizontal. 
Assume this point to be located at a distance xo from the left end of the beam. The value of xo may be 
determined by placing a unit couple at this point, as shown in Fig. 10d, substituting values of M and 
m in eq. (7) and solving for xo subject to the condition that a = slope of tangent to elastic curve = 0. 

Figure 10d shows the values of m in inch-pound units. Substituting in eq. (7) we have ; 


«marl fr aso(- A) ae + J asn(a - fae + [45024 - 2)(1 -Z) aa] =0 


Integrating and solving for a, we have 
xo = 13.42 in. 


That is, the maximum deflection occurs at a point 13.42 in. from the left end of the akan Figure 10e 
shows the unit load in position at the point of maximum deflection and the resulting m diagram 
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Substituting in eq. (6), we have 


on 1 13.42 18 
umaz = 7 [ J, (152)(0.441e)de + vaag (1527)10.559(24 — x)lde | + 


24 
f* 45(24 — x)[0.559(24 — x)]dx 
from which 
Ymaz = 0.0484 in. 
The above results check those given on Dacl. 


Cantilever Beams.—Figure 11 shows a cantilever beam supporting a uniform load. Let 
it be required to determine the general formula for deflection of the free end. Assuming 
the deflection of the free end to be downward, the unit load acts as shown in Eig elle he 
M axid m diagrams for the applied and unit load are as shown on Fig. 11. Substituting 
in eq. (6), we have 


ce RL EN _ 1 [twa 
mee = ay J, ( ok a)dx = 5 jo # 


ele 
hee? SET 


Integrating, 


1000 Ib. 

4x8" Wooden beam 
; 8" ye 

Y 


Unit load \//b, 


~1000(x-2). 


M diagram 
m diagram m diagram 
Fig. 11. ‘Fre. 12. 


Illustrative Problem.—A 6-ft. cantilever beam supports a 1,000-Ib. load placed as shown in Fig. 12, 
The beam consists of a 4- X 8-in. member with the 8-in. side vertical. Determine the deflection of the 
free end in inches. Assume £ for timber as 1,500,000 lb. per sq. in. 

Assume the deflection to be downward. For an origin at the free end, the Mf and m diagrams are as 
shown in Fig, 12. The moments are expressed in foot-pounds. Substituting ineq. (6), we have 


a fs eS ad Be _ 1,000(3734) 
Y =F fit —1000¢e —2)(—2)] dz = EI 1,000(e? onde = ees 


For a 4- X 8-in. rectangular section 
1 abd? _ (4)8)8 
SPELT ae 


= 17034 


Substituting values of EZ and I in the above equation, remembering that the deflection in inches is 
desired, we have 
_ (1,000) (3734) (1,728) 


= = 0.252 in, 
(1,500,000)(17034) ~~ 0-252 In 


Beam with Overhanging End. 

Illustrative Problem.—A 10-in. 25.4-Ib. steel I-beam is used to form a beam of the type shown in 
Fig. 13. For the dimensions and loadings shown on Fig. 13 calculate the deflection at the free end of the 
cantilever arm and the maximum deflection in the span BC. The moment of inertia of the given beam 
section is 122.1 in.4 and E = 30,000,000 lb. per sa. in. : 

The moment diagram for the given loading is shown in Fig. 13a. The values shown on the diagram 


are expressed in foot-pound units. : 
To determine the deflection of the free end of the cantilever arm, apply a 1-lb. load acting downward 
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at point A, of Fig. 13b. The resulting m diagram, expressed in foot-pound units, is as shown in Fig 
13b. Substituting in eq. (6), we have 


1,728 Y vet ie 
YA = (30,000,000)(122.1) [fic OO YN eg 2 ee 


f'.000012 — 0.6z? — 30))[—%(15 — z)|az] 


from which finally 
y = + 0.0738 in. downward deflection 
The maximum deflection in the span BC occurs at the point where the slope of the tangent to the 
elastic curve is horizontal. Assume this point to be located at a distance 15k ft. from the left support, 
where & is a fraction which is less than unity. Apply at this point a unit couple, as shown in Fig. 13c. 
The m diagram for this couple is shown on Fig. 138c. 


6000 Lb, 


2 M=1000(I1x-30-06x?) 


; (2 
Me. ‘M=6000(5-X) ) 


m=-(8-x)” 
0435 /b 


\ 
2A 


BD =H-£ 


Fie. 13. 
Substituting in eq. (7) we have 


a 1 15k ie 16 
=z) 9 [1000012 — 0.62 — 30))[ — al dx + fz [1,000(112 — 0.622 — 30) G- a) dx 


Integrating this expression, placing the result equal to zero, and solving for k, we have the cubic equation 
k8 — 1.833k2 + 0.666k + 0.0278 =0 

Solving this equation by the method given in Art. 70b, p. 537, we find k = 0.565. Hence the distance 

from the left support to the point of maximum deflection is (15)(0.565) = 8.47 ft. To determine the 

maximum deflection, apply a 1-lb. load as shown in Fig. 13d and determine the corresponding m values 

Substituting in eq. (6), we have, noting that the deflection in inches is desired, 


yi 1,728 aa 
= an Ooolnon isa [ » 000112 — 0.62? — 30)](0.435x)dr + 


a 


Ymaz 


15 
ie [1,000(112 — 0.62 — 30)][0.565(15 — z)Jdz] 
from which . 
Ymaz = 0.180 in. 
These values check the results given on p. 589 
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INDEX 


A Axes, parallel, moments of inertia for, 2 
principal, definition, 2 
See also Inclined axes; Parallel axes. 
Axial stresses, 7 
Axis, neutral, see Neutral axis. 


Alternating stress failure, 9 
American Bridge Co., formula for steel 
columns, 305 
for working loads on columns, 136 
gas pipe separators, 226 B 
American Ry. Eng. Assoc., bending 
stress on pins, 352 Bases for beams and girders, 282-286 
deflection of wooden beams, 358 for cast-iron columns, 303 
estimating shear in a column, 311 for columns, 314-319 
experiments on impact, 8 for wooden columns, 394 
formula for compressive resistance of. Batho, Prof. C., 288, 294, 295 
webs, 204, 206 Beams and slabs reinforced for compres- 
for steel columns, 305 sion, 461-481 
for wooden columns, 388, 392 design sheet, 465 
for working loads for columns, 135 designing details, 464 
proportions of heads, 292 formulas, 461 
reduction formula for bridge work, 195 steps in design, 463 
rule for proportioning web stiffeners, tables and diagrams, 466—481 
278 Beams, bearing plates and bases for, 


for thickness of web plate, 253 
spacing of intermediate web stiffeners, 
277 
_ splicing plate girder flanges, 351 
strength values of structural timber, 357 
unit stresses for tension members, 330 
web buckling formula, 208 
working unit stresses for structural 
timber, 597 
American Society for Testing Materials, 
gage length for tensile tests, 6 


282-286 
bending and direct stress, 136-149 
definition, 1 
deflection of, 48-98, 582-596 
under unsymmetrical bending, 169- 
171 
fiber stress coefficients, tables, 166 
investigation of, 164 
partially continuous, 128-130 
plain concrete, 36 
reinforced-concrete, 36-43 
See also Reinforced concrete beams. 


Anchorage for column bases, 318 
Anchors, for beams and girders, 285 
Angles, gages for, 324 
Apparent elastic limit, 5 
Area of a section, 
See also Sections, general properties of. 


Area-moment method of analysis of 
continuous beams, 111-121 unsymmetrical bending, 149-171, 222 


of analysis of restrained beams, 100—- variations in fiber stress, 167 
105 wooden, 356-375 


of computing deflection, 44-62 Bearing plates and bases for beams and 
theorem of three moments, 118-121 girders, 282-286 
599 


simple and cantilever, see Simple and 
cantilever beams. . 
standard gages and dimensions, table, 
575 322 
steel, properties, 173 
See also Steel beams. 
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Bearing plates and bases for beams and 
girders, anchors, 285 
bolsters, design of, 284 
expansion bearings, design of, 285 
ribbed bases, design of, 284 
simple bearing plates, design of, 283 
types and uses, 282 
Bending and direct stress, 136-149 
deformations due to, 137-146 
fiber stresses, determination of, 137- 
149 
kern of a section, 147-149 
members subjected to unsymmetrical 
bending, 146 
nature of the problem, 136 
Bending, in concrete construction, 526 
moment, of beams, 15, 174 
of beams, unsymmetrical, 149-171, 222 
See also Simple and cantilever 
beams. 
stress, 7 
Berger, W., 511-513, 515 
Bethlehem beams and girders, method of 
shaping, 172 
H-section of steel column, 174, 307 
I-beams, flexural efficiencies, 188 
properties, 173 
section modulus, 181 
steel beams, economic section for 
flexure, 177 
Birnbaum, 405 
Blooming rolls, 172 
Bolsters, design of, for beams and girders, 
284 
used in wooden construction, 427-429 
Bolted fish plate splice, 417, 422 
Bolts for wooden construction, 396 
lateral resistance, 405-410 
resistance to withdrawal, 410 
Bond stress, 7 
in a reinforced-concrete beam, 42 
Boston building code, cast-iron lintels, 
231 
formula for cast-iron columns, 301 
for steel columns, 305 
Box girders, 232-246 
advantages and disadvantages, 234 
diaphragms, 238 
flange riveting, 238 
length of flange plates, 236 
net section modulus, table, 236 
proportioning for moment, 234 
stiffeners, 238 


INDEX 


Box girders, types and uses, 232 
Bracket connections, 339 
of cast-iron columns, 303 
Brackets for T-beams in concrete work, 
453 
Brass, value of Poisson’s ratio for, 4 
Bridges, long span plate girders in, 247 
Built-in beam, definition, 1 
Built-up bases, design of, 317 
separators, for multiple beam girders, 
227 
Burr, W. H., formulas for wooden 
columns, 392 . 
Butt joints, 327 


Cc 


Caissons, design of, 500 
Camber in concrete forms, 444 
Cambria formula for compression flange, 
195 
method of proportioning beams for 
buckling of web, 204 
Steel Handbook formula for cast-iron 
column, 301 ; 
tables for box girders, 234 
of deflection of beams, 214 
of proportions of heads, 292 
Canada, Dept. of Railways and Canals, 
stiffeners of girders, 278 
Canadian Engineering Standards Asso- 
ciation, formula for bridge work, 
195, 196 
spacing for web stiffeners, 277 
Cantilever beam, definition, 1 
See also, Simple and cantilever beams. 
foundation slabs, 568 
Caps of cast-iron columns, 303 
Carnegie formula for compression flange, 
195 
for stress due to diagonal buckling, 
204, 206 
for vertical buckling of web, 207, 208 
I-beams, economic section for flexure, 
176 
section modulus, 181 
Pocket Companion, tables for beam 
girders, 234 : 
Steel Co., H-sections rolled by, 174 
supplementary beams, 177 
tables of proportions of heads, 292 
Cast-iron columns, 299-305 
bracket connections, 303 


INDEX 


Cast-iron columns, caps and bases, 303 
design of, 302 
formulas, 301 
inspection of, 301 
manufacture of, 300 
properties, 300 
tests of, 301 
use of, 299 
Cast-iron lintels, 231 
properties of, 300 
separators for multiple beam girders, 226 
shrinkage of, 7 
stress-deformation diagram for, 5 
Center of gravity of an area, 2, 576 
Channels, gages and dimensions, table, 
325 
See also Steel beams. 
Chicago Building Law, 
cast-iron columns, 301 
Clearance of rivets, 324-326 
Coefficient of expansion, definition, 8 
Coefficients, deflection, 77-81 
Column bases, 314-319 
anchorage, 318 
built-up bases, design of, 317 
plain bases, design of, 315 
ribbed cast bases, design of, 316 
types and uses, 314 
Column, definition, 1 
Columns, 130-136 
American Bridge Company formula, 
136 
American Railway Engineering Assoc. 
formula for working loads, 135 
cast-iron, 299-305 
definition, 130 
Euler’s formula for long columns, 131, 
132 
forms of, 130 
ideal column, eccentrically loaded, 132 
in concrete construction, see Members 
subject to direct axial compression. 
Johnson straight-line formula, 134 
parabolic formula, 135 
practical length columns, formulas for, 
133 
radius of gyration, 130 
Rankine formula for, 134 
slenderness ratio, 130 
steel, 305, 314 
properties, 174 
unit stress, 130 
wooden, 387-395 


formula for 
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Columns, wooden, 387-395 
connections with girders, 427—430 
Combined stresses, 7 
Components of a force, definition, 11 
Composition of forces, definition, 11 
examples, 12, 13 
Compression, 4 
flange, buckling of, 194 
in concrete construction, see Members 
subject to direct axial compression 
and Members subject to bending 
and direct compression. 
members, splices in, 332 
splices, 423 
tests, information obtained from, 6 
Compressive reinforcement in concrete 
work, 461 ; 
Computing deflection of beams, 43-77 
Concrete beams, plain, 36 
See also Reinforced-concrete beams. 
bond stress, 7 
coefficient of expansion, 8 
piers, design of, 500 
reinforced, see Reinforced concrete 
members. 
reliability, 9 
shrinkage, 7 
stress-deformation diagram for, 5 
value of Poisson’s ratio for, 4 
Concurrent forces, definition, 11 
See also Forces. 
Conjugate beam, definition, 62 
Connection angles, 332 
Connections for steel members, 320-355 
See also Splices and connections. 
Continuous beams, definition, 1 
See also Restrained and continuous 
beams. 
Copper, value of Poisson’s ratio for, 4 
Couple, of forces, definition, 11 
Cross bending of tension members, 298 


D 


Dead load, 10 
definition, 2 
Definitions of terms, 1-2 
Deflection of beams, 43-98, 582-596 
approximate method for determina- 
tion, 84-86 
area-moment methods of computing, 
44-62 
comparative values of bending and 
shearing deflection, 92-94 
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Deflection of beams, deflection coeffi- 
cients, 77-81 
deflection coefficients, in terms of fiber 
stress, 81-82 
elastic curve method, 582-590 
application to problems, 583 
general equation, 582 
elastic weight method of computing, 
62-73 
Euler’s method of computing, 44 
graphical methods of determining, 
73-77 
limiting deflection, 82 
methods of computing, 43-77 
proportioning for, 212 
reciprocal displacements, 
theorem of, 83 
reinforced-concrete beams, deflection 
of, 94-98 
shearing stresses, deflection due to, 86— 
92 
Turneaure and Maurer’s method of 
determining, 97 
under unsymmetrical bending, 169-171 
unit load method, 590-596 
application to problems, 591 
derivation of formula, 590 
wooden beams, 357 
Deformation, definition, 3 
Design of reinforced concrete members, 
431-572 
See also Reinforced concrete members. 
Design of steel and cast-iron members, 
172-319 
beams, steel, 174-224 
bearing plates and bases for beams 
and girders, 282-286 
box girders, 232-246 
cast-iron columns, 299-305 
column bases, 314-319 
metallic lintels, 230-232 
multiple beam girders, 224-230 
plate girders, 246-282 
properties of sections, 172-174 
steel columns, 305-314 
steel shapes, 172-174 
tension members, steel, 286-299 
Design of wooden members, 356-395 
beams, 356-375 
columns, 387-395 
girders, 376-387 
Dewell, H. D., on Design of wooden 
members, 356-395 


Maxwell’s 


Dewell, H. D., on Splices and connections 
for wooden members, 396-430 
Diaphragms for box girders, 238 
for multiple steel girders, 227 

Direct stress, see Bending and direct 
stress. 

Double integration, method of computing 
deflection, 44 

Drift bolts, see Bolts. 


E 


Eccentric connections for steel members, 
336 ¥ 
force, definition, 7 
Edge distance of rivets, 324 
Efficiencies of I-beams and channels, 177 
Elastic curve method of determining 
deflection of beams, 44, 582-590 
curve of a beam, 11 
limit, 3, 5 
weight method of analysis of continu- 
ous beams, 125 
of analysis of restrained beams, 
105-111 
of computing deflection of beams, 
2 B28 
Elasticity, modulus of, 3, 5 
Ellis, C. A., on Deflection of beams, 43 
on Restrained and continuous beams, 
98-130 
Elongation, percentage of, 6 
Emperger column, 500 
Equilibrium of forces, 11 
of non-concurrent forces, 13 
Kuler’s formula for long columns, 131, 132 
method of computing deflection of 
beams, 44 
Expansion bearings, design of, 285 
External forces, definition, 2 
Eye bar members, 286 
proportioning of, 292. 


F 


Factor of safety, 9 

Fatigue, 9 

Fiber stress, coefficient for beams, 166 
deflection in terms of, 81 
formulas, for unsymmetrical bending, 

149-152 

in a beam, 22-24 
in beams, table, 196 


INDEX 


Fiber stress of columns, problems in, 
137-149 
variations in, 167 
Fish plate splices, 417-420, 422 
Fixed beam, definition, 1 
Flange buckling, proportioning beams 
for, 194 
holes in beams, 177-189 
riveting for plate girders, 270-274 
of box girders, 240 
Flanges, of plate girders, 247 
See also Plate girders. 
Flat slab floor panels, 483-498 
assumption as to tensile stress in 
concrete, 486 ; 
comparison of specifications, 484 
compression reinforcement in place of 
drop, 493 
description, 483 
design sheets, 494-498 
details of design, 492 
diameter of column capital, 492 
floor loads coming on lintel beams, 491 
interior beams, 491 
rectangular panels, 493 
size of drop, 492 
slab thickness in panel construction, 
492 
without drop, 492 
slabs supported on walls, 494 
steps in design, 487 
tables, 485, 486, 488, 489 
tile fillers, 492 — 
use of wire mesh, 493 
Flats, definition, 172 
Fleming, R., 195 
quoted on deflections resulting from 
flexure and shear, 216 
on flexural stress for beams, 195, 196 
on kinds of rivets, 321 
on rivets and bolts in direct tension, 
328 
tables of fiber stress, 166 
Flexural efficiencies of I-beams, 188 
modulus, 152 
Flexure formulas for reinforced-concrete 
beams, 37-40 
theory of, for beams, 21 
Flitch-plate girders, 382 
Floors, flat slab, see Flat slab floor 
panels. 
Footings, in reinforced concrete work, 
568-572 
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Footings in reinforced concrete work, 
design sheet, 572 

diagram for determining depth, 570 
effective width, 570 
formulas, 568 
notation in formulas, 568 
punching shear, 570 
shape, 570 
steps in design, 569 
use of web reinforcement, 570 

Force, definition, 2 

Forces, composition of concurrent, 12 
composition of non-concurrent, 13 
definitions, 11 
equilibrium of non-concurrent, 13 
resolution into components, 12 
shear, 14 

Formwork for concrete, 444 

Fowler, C. E., 305 

Fraenkel, Prof., 44 


G 


Gage lines of rivets, 324 
Gardner and Lindberg, 511-513, 515 
Gas pipe separators for multiple beam 
girders, 226 
Girder, definition, 1 
Girders, bearing plates and bases for, 
282-286 
box, 232-246 
multiple beam, 224-230 
plate, 246-282 
wooden, 359, 376-387 
connections with columns, 427-430 
connections with joists, 423-426 
Glass, value of Poisson’s ratio for, 4 
Gordon formula for steel columns, 305 
Graphical methods for determining de- 
flection of beams, 73-77 
Greene, C. E., area-moment method of.- 
analysis of continuous beams, 111— 
121 
of analysis of restrained beams, 100-105 
of computing deflection, 44-62 
Greiner, J. E., 296 
Grey column, 307 
Gyration, radius of, definition, 2 


H 


Haunches for T-beams in concrete work, 
453 
Hooke’s law, 3 
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Hool, G. A., diagrams and formulas, of 

bending and direct compression, 528 

on Bending and direct stress, 136-149 

on Simple and cantilever beams, 10-43 

Howe, Prof. M. A., investigations of 
allowable pressure on timber, 416 


I 


J-beams, standard, 173 
web crippling of, 205, 
See also Steel beams. 
Impact, definition, 8 
formula, 8 
Inclined axes theorem, 579 
Inertia, moments of, definition, 2 
Ingots, definition, 172 
Inner forces, definition, 2 
Intensity of shearing stress in a beam, 
25-30 
of stress, definition, 3 
Internal forces, definition, 2 


J 


Jacoby, Prof., formula for pressure on 
timber, 416 

Johnson, J. B., 301 

on Loads for wooden columns, 392 
Johnson, T. H., straight-line formula, 134 
Joist hangers, 425 
Joists, wooden, 358 

connection with girders, 423-426 


Kk 


Kercher, Henry, 189 
Kern of a section, 147 
Kidwell’s tests on wooden girders, 378 
Kinne, W. S., diagrams and formulas of 
bending and direct compression, 527 
on Bending and direct stress, 136 
on Deflection of beams, 43 
on Unsymmetrical bending, 149-171 
Kolbirk, 405 
Kommers, J. B., method for determina- 
tion of deflection of beams, 84-86 
on Columns, 130-136 
on Design of cast-iron columns, 302 
on Steel columns, 305-314 


L 


Lag screws, 396 
Lap joints, 327 
Lateral flexure of girders, 281 


INDEX 


Lead, value of Poisson’s ratio for, 4 
Leffler, R. R., 462 
Lehigh Valley Railroad, plate girder 
spans, 247 
Lever arm of a force, 11 
Lintels, metallic, 230-232 
Live load, 10 
definition, 2 
Load, dead and live, 10 
definition, 2 
Loading of a beam, 10 
Loads, concentrated, 20 
concentrated moving, 19 
effect on principal stresses in the web 
of a beam, 33-35 
moving, shear and moment due to, 
19, 20 
uniform, 20 
on columns, 130-136 
Lord, A. R., on Design of reinforced 
concrete members, 431-572 


M 


Machine bolts, 396 
Maney’s method of determining deflec- 
tion of concrete beams, 94-96 
Manufacture of steel shapes, 172 
Maurer’s method of determining deflec- 
tion of beams, 97 
Maxwell’s theorem of reciprocal dis- 
placements, 83 
McKibben, Prof. F. P., 294, 295 
Member, definition, 1 
Members subject to bending and direct 
compression, 526-567 
circular sections, 541-545 
designing for bending and _ direct 
compression, 545 
diagrams, 548-567 
notation, 527 
plain concrete piers for eccentric load- 
ing, 527 
rectangular sections, 528-540 
steps in design, 546 
tying of the steel to prevent buckling, 
547 
Members subject to direct axial compres- 
sion, 498-525 ; 
columns with cast-iron core, 503 
with structural steel core, 503 
design sheets, 507, 508 
diagrams and tables, 509-525 
formulas, 498 


INDEX 


Members subject to direct axial com- 
pression, general considerations, 500 
height or length of member, 499 
load applied on part of area only, 503 
plain concrete piers, 500 
walls, 504 
reinforcement details, 505 
spiral columns, 502 
tied columns, 501 
Members subject to direct axial tension, 
526 
Metallic lintels, 230-232 
cast-iron, 231 
steel, 230 
types and uses, 230 
Modulus of elasticity, 3, 5 
of resilience, 9 
of rupture, 7 
Mohr, O., area-moment method of 
computing deflection, 44 
Moment, bending, of steel beams, 174 
maximum, 17-20 
of a couple, definition, 11 
of a force, definition, 11 
of forces, diagrams, 17 
of inertia, definition, 2 
of an area, 578 
Moments, coefficients, 
beams, 125-128 
effect on, of settlement of support of 
beams, 122 
Moore, H. F., study of flange buckling, 
197 
of web crippling of I-beams, 205 
Morris, C. T., on Forms of cross-section 
of steel columns, 305 
Mueller-Breslau, Prof., 44 
Multiple beam girders, 224-230 
advantages and disadvantages, 225 
proportioning of, 228 
separators, 226 
types and uses, 224 


N 


Nails for wooden members, 396 

lateral resistance, 404 

resistance to withdrawal, 410 
Necking-down, 5 
Net section of steel tension members, 289 
Neutral axis, 11 

formulas for, 149 

of punched beams, 177-179 

problem, 21 


for continuous 
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Neutral line, 11 
surface of a beam, 11 
New York building 
lintels, 231 
formula for cast-iron columns, 301 
for steel columns, 305 
New York Dept. of buildings, tests of 
cast-iron columns, 801 
on bracket connections, 305 
Non-concurrent forces, definition, 11 
See also Forces. 
Norsworthy, L. D., on Simple and canti- 
lever beams, 10—43 
Notation for formulas, 573 


code, cast-iron 


O 


One way solid slabs, in concrete work, 
432-449 
design of, 440 
Origin of moments, definition, 11 
Osborne system of riveting, 321 
Outer forces, definition, 2 


iP 


Parabolic formula for columns, 135 
Parallel axes of an area, moments of 
inertia for, 578 
products of inertia for, 580 
theorem, 578 
Pencoyd rule for reducing flexural stress, 
195 
Percentage of elongation, 6 
reduction of area, 6 
Philadelphia formula for steel columns, 
305 
Phoenix Bridge Co., tests of cast-iron 
columns, 301 
Piers, concrete, 500 
designed for eccentric loading, 527 
Pin connections, 351 
Pitch of rivets, 324 
Plate girder flanges, splicing, 351 
web splices, 345-350 
Plate girders, 246-282 
bearings, 249 
characteristics, 246 
composition, 247 
of flanges, 263 
concentrated load stiffeners, 279 
diagonal tension, proportioning for, 254 
economic depth, 269 
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. Plate girders, flange buckling, 266 
flange riveting, 270-274 
flanges, 247 
intermediate web stiffeners, 274 
lateral flexure, 281 - 
length of flange plates, 266-269 
limiting buckling stresses, 253 
maximum compressive stresses, table, 
252 
moment of resistance, 
method, 257, 262 
exact method, 255, 262 
of girders with sloping flanges, 26 
moments of inertia, table, 257 
proportioning of stiffeners, 278 
rivet pitch in flange plates, 273 
spacing in sloping flanges, 273 
section moduli, table, 257 
shear, proportioning for, 250 
stiffeners, 248 
stress conditions, 249 
thickness ratio of web, 253 
torsion on, 282 
variation in web compression, 252 
web, 247 
buckling, proportioning for, 250 
Plates, sheared, 172 
steel, definition, 172 
universal mill, 172 
Poisson’s ratio, 4 
Portland Bureau of Buildings, 404 
Post and girder cap connections, 429 
caps, 429 
definition, 1 
Pressure on timber, 415, 416 
Products of inertia for parallel axes, 580 
Properties of steel sections, 173 
Proportioning beams for flange buckling, 
194 
of punched beams, 179 
Punched beams, see Steel beams. 


approximate 


R 


Radius of gyration of an area, 2, 580 
Railway bridge work, reduction formulas 
for, 195 

Rankine formula for columns, 134 

for compression flange, 195 

for fixed-ended columns, 204 
Reactions, 11 

coefficients for continuous beams, 125- 

128 


INDEX 


Reactions, definition, 2 
effect on, of settlement of support of 


beams, 122 
in continuous beams, 121-125 
Reciprocal displacements, Maxwell’s 


theorem of, 83 
Rectangular beams in concrete work, 
432-449 
anchorage of web reinforcement bars, 
443 
bar spacing and sizes, 441 
bars carried through to support, 442 
beam sizes influenced by formwork, 444 
weight, 436 
camber in forms, 444 
construction loads, 444 
depth of concrete below beam, 440 
design sheets, 446-449 
steps in, 436 
formulas, 432 
minimum spacing of bars, 441 
points where bars may be bent, 442 
selection of working stresses, 435 
shear and moment diagrams, 434 
‘size of web reinforcement bars, 442 
span length, 434 
stirrup spacing, rules, 444 
temperature reinforcement, 444 
web reinforcement, 437-440 
Reduction formulas for railway bridge 
work, 195 


of area, percentage, in tensile tests, 6— 


Reinforced-concrete beams, 36-43 
bond stress, 42 
deflection of, 94-98 
flexure formulas, 37-40 
location, 36 
shearing stresses in, 40-41 
strengthening, methods of, 41 
tensile stress lines, 36 
web reinforcement, 42 : 
Reinforced-concrete members, 431-572 © 
beams and slabs reinforced for com-— 
pression, 461-481 
flat slab floor panels, 483-498 
footings, 568-572 
members listed, 431 
subject to bending and direct 
compression, 526-567 
direct axial compression, 498-525 
direct axial tension, 526 
rectangular beams, and POSNEy, solid 
slabs, 432-449 


INDEX 


Reinforced-concrete members, slabs 
supported upon four edges, 481-483 
T-beams and ribbed one-way slabs, 
449-461 
Reinforcement of beams, compressive, 461 
for bending, 190 
Reinforcing plates, length of, 191 
riveting of, 194 
Repeated stresses, 8 
Resilience, definition, 9 
Resolution of forces, definition, 11 
example, 12 
Restrained and continuous beams, 98-130 
area-moment method of analysis, 100- 
105, 111-121 
coefficients for moments and reactions 
for continuous beams, 125-128 
continuous girders on elastic supports, 
124 
definitions, 1, 98 
effect of settlement of supports, on 
moments and reactions, 122-125 
elastic weights method of analysis, 
105-111, 125 
partially continuous beams, 128-130 
properties of restrained beams, 111, 112 
reactions in continuous beams, 121-125 
Resultant of forces, definition, 11 
Reverse stress, 9 
Ribbed cast bases for columns, design 
of, 316 
one-way slabs, 457 
Rivet holes, 327 
Riveted joints, distribution of stress, 328 
tension members, proportioning of, 292 
Riveting, conventional signs for, 321 
flanges for plate girders, 270-274 
of box girders, 238 : 
of reinforcing plates, 194 
Rivets, definitions, 324 
kinds of, 320 
sizes, 321 
spacing of, 324-327 
subjection to direct tension, 328 
Rod members, 286, 290 
Rogers, H. S., on Cast-iron columns, 299— 
305 
Rolls, blooming, 172 


Ss 
S-line, 152 


S-polygons, 153-165 
construction. 156 
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S-polygons, for a channel, 157 
for a rectangle, 156 
for an angle section, 158 
for I-beam, 157 
for Z-bars and T-bars, 160 
solution of problems by, 162, 165 
Screws, 396 
lateral resistance, 405 
resistance to withdrawal, 410 
Section modulus for a beam cross-section, 
581 
of punched beams, 
approximate, 185 
net, 181 
Sections, general properties of, 173, 174, 
575-581 
area, 575 
_ center of gravity of an area, 576 
inclined axes theorem, 579 
moment of inertia, 578 
parallel axes theorem, 578 
principa] axes and moments of inertia, 
580 
products of inertia for parallel axes, 580 
radius of gyration, 580 
section modulus, 581 
statical moment of an area, 575 
Separators, for multiple beam girders, 226 
Shapes, steel, definition, 172 
See also Steel shapes. 
Shear and moment of rectangular beams 
in concrete work, 434 
Shear, definition, 6 
diagrams, 17 
maximum, 17—20 — 
on beams, 14 
pin splice, 421, 422 
tests, 6 
Shearing stresses, deflection of beams 
due to, 86-92 
in a beam, 24-30 
in reinforced-conerete beams, 40-41 
proportioning beams for, 198-203 
Shrinkage, definition, 7 
Simple and cantilever beams, 10-43 
bending moment,15 
definitions, 1 
effect of .a load on a beam, 10 
fiber stress in a beam, 22-24 
flexure formulas for reinforced-concrete 
beams, 37—40 
forces, definitions, 11 
limitations of theory of bending, 30 


correction of 
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Simple and cantilever beams, loading, 10 
maximum shear and moment, 17-20 
moving loads, shear and moment due 
to, 19-20 

neutral axis, position of, 21 

plain concrete beams, 36 

principal stresses in the web of a beam, 
31-35 

principles of statics used in finding 
reactions, 11 

reactions, 11 

shear, 14 

shear and moment diagrams, 15 

shearing stresses in a beam, 24-30 

in reinforced-concrete beams, 40-41 

steel reinforcement in concrete beams, 
36 

strengthening reinforced-concrete 
beams, 41 

tensile stress lines in  reinforced- 
concrete beams, 36 

theory of flexure for homogeneous 


beams, 21 
web reinforcement of concrete 
beams, 42 
Simpson, R., tests on bearing values of 
timber, 416 


Slabs supported upon four edges, 481-483 
beam-strip method of design, 482 
design sheet, 483 
detailing the reinforcing steel, 482 
slab-analysis methods of design, 482 
Slenderness ratio of columns, 130 
Smith, C. §., formula for wooden 
columns, 392 

Southern Pine Assoc., 357, 360 

Span length of rectangular beams in 
concrete work, 434 

Spikes, 396 
lateral resistance, 404 
resistance to withdrawal, 410 

Spiral columns, 502 

Splices and connections for steel 

members, 320-355 
bracket connections, 339 
connection angles, 332 
design of connections subjected to 
bending, direct stress, and shear, 
342 
subjected to torsion, 344 
distribution of stress in riveted joints, 
328 
eccentric connections, 336 


Splices and corrections for steel members, 
kinds of connections, 320 
lap and butt joints, 327 
pin connections, 351 
plate girder flange splices, 351 
web splices, 345-350 
rivet holes, 327 
rivets and conventional signs for 
riveting, 320 
vs. bolts in direct tension, 328 
sizes of rivets, 321 
spacing of rivets, 324-327 
splices in compression members, 332 
in tension members, 329 
stresses induced in pins and pin plates, 
351-355 
Splices and connections for wooden 
members, 396-430 ° 
bolted fish plate splice, 417, 418 
bolts, 396 
compression on surfaces inclined to 
direction of fibers, 416 
splices, 423 
connection of joist to steel girders, 
426 
connections between columns and 
girders, 427-430 
joists and girders, 423 
joist hangers, 425 
joists framed into girders, 424 
lateral resistance of nails, screws, and 
bolts, 404-410 
modified wooden fish plate splice, 418 
nails, 396 
post and girder cap connections, 429 
resistance of timber to pressure from 
a metal pin, 415 
to withdrawal of nails, screws, and 
bolts, 410 
screws, 396 
shear pin splice, 421 —. 
steel-tabled fish plate splice, 420 
tabled wooden fish plate splice. 419 
tenon bar splice, 421 
tension splices, 416 
comparison, 422 
washers, 411-415 : 
St. Venant, theory of bending of beams, 
31 
Statical moment of an area, 2, 575 
Statically indeterminate beams, 98 
Statics, principles used in finding 
reactions, 11 


INDEX 


Steel beams, 174-224 
combined stresses, 219 
correction of approximate 
modulus, 185 

deflection, proportioning for, 212 

diagonal buckling of web, 203 

economic section for flexure, 176 

efficiencies of beams, flexural, 187 

fiber stresses, table, 196 

flange buckling, proportioning for, 194 

limiting longitudinal position of flange 
holes, 189 

moment, proportioning for, 174 

net section modulus, 181 

neutral axis of punched beams, 177— 
179 

proportioning of punched beams, 179 

reinforcement of, for bending, 190 

reinforcing plates, length of, 191 

riveting of, 194 

relative efficiencies of beams and 
channels, 177 

safe loads, 175 

shear, proportioning for, 198-203 

stress conditions to be met, 174 

torsion, proportioning for, 224 

trussing of beams, 219 

unsymmetrical bending, proportioning 
for, 222 

vertical buckling of web, 207 

Steel, bond stress, 7 
coefficient of expansion, 8 

Steel columns, 305-314 
design of cross-section, 307 
details, 310 
eccentrically loaded columns, 308 
forms of cross-section, 305 
formulas, 305 
latticing, design of, 311 
shear in a column, 310 
tie-plates and forked ends, design of, 

313 

Steel lintels, 230 

reinforcement in concrete beams, 36- 
43 
reliability, 9 

Steel shapes, 172-174 
definitions, 172 : 
manufacture of, 172 
standard I-beams and channels, 173 

See also Sections, properties of. 

Steel, stress-deformation diagram for, 4 
tabled fish plate splice, 420, 422 

od 


section 
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Steel tension members, 286-299 
choice of section, 288 
cross bending, 298 
eye bar members, proportioning of, 
292 
forms and uses, 286 
net section, 289 
riveted tension members, proportion- 
ing of, 292 
rod members, proportioning of, 290 
theory of design, 287 
Steel, value of Poisson’s ratio for, 4 
Stiffeners for box girders, 238 
for plate girders, 248 
intermediate web, 274 
See also under Plate girders. 
Stiffness, definition, 7 
Stirrups, rules for spacing, 444 
used in web reinforcement, 437 
Stone, value of Poisson’s ratio for, 4 
Strain, definition, 3 
Stress and deformation, 3-10 
axial and combined stresses, 7 
bending stress, 7 
bond stress, 7 
compression tests, 6 
deformation defined, 3 
~ diagrams, 4 
direct stress, 4 
elastic limit, 3 
factor of safety, 9 
impact, 8 
kinds of stress, 4 
modulus of elasticity, 3 
of rupture, 7 
Poisson’s ratio, 4 
repeated stresses, 8 
resilience, 9 
shear and torsion, 6 
tests, 6 
shrinkage of materials, 7 
stiffness, 7 
strain defined, 3 
stress defined, 3 
stress-deformation diagrams, 4 
temperature stresses, 7 
tension tests, 5 
work of a force, 9 
working stress, 9 
Stresses, axial and combined, 7 
bending and direct, 136-149 
bond, in reinforced-concrete beams, 42 
direct, 4 
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Stresses, fiber, in a beam, 22-24 
principal, in the web of a beam, 31-35 
problems in, 137-149 

See also Fiber stress. 
repeated, 8 
* shearing, in a beam, 24-30 
in reinforced-concrete beams, 40—41 

Structure, definition, 1 

Strut, definition, 1 

Struts and ties, properties, 174 

Supports of beams, effect of settlement 

of, 122 


At 


T-bars, S-polygons for, 160, 163 
T-beams in concrete work, 449-461 

bond considerations, 456 

brackets and haunches, 453 

critical sections, 457 

design sheets, 459-461 

formulas, 449-453 

general proportions, 457 

lateral spacing of longitudinal bars, 457 

reinforcement for shrinkage stresses, 

458 

steps in design, 453 

stresses, discussion of, 454-456 

use of T-beam diagram, 454 


uses, 449 
Tabled wooden fish plate splice, 419, 
422 
' Tait, W. S§., on Reinforced concrete 


members, 431-572 
Talbot, Prof., 569, 570 
Temperature stresses, 7, 8 
Tenon bar splice, 421, 422 
Tensile stress in concrete, 486 
in reinforced concrete beams, 36 
Tension, definition, 4 
Tension members in concrete construc- 
tion, 526 » 
splices in, 329 
steel, 286-299 
See also Steel tension members. 
Tension splices in wooden construction, 
416-422 
tests, facts obtained from, 5 
Theorem of three moments, 118-121 
Tie, definition, 1 
Tied columns, design of, 501 
Tieneman tests on deflection of wooden 
beams, 358 


INDEX 


Timber, structural, working unit stresses, 
597 
used for wooden beams, 357. 
See also Splices and connections for 
wooden members. 
Torsion, definition, 6 
of steel beams, 224 
Truss, definition, 2 
Trussed girders, 383-387 
Trussing of steel beams, 219 
Turneaure’s method of determining de- 
flection of beams, 97 
Tying steel reinforcement to prevent 
buckling, 547 


U 


Ultimate strength, 5 
Unit deformation, 3 
load method of determining deflection 
of beams, 44, 590-596 
stress, definition, 3 
U. 8. Dept. of Agriculture, formula for 
wooden columns, 388 
Unsymmetrical bending, 149-171, 222 
construction of S-polygons, 156-160 
deflection of beams under, 169-171 
flexural modulus, 152 
formulas for fiber stress, 149-152 
investigation of beams, 164 
plane of bending, changes in position 
of, 167 
position of neutral axis, formulas, 149- 
152 
proportioning for, 222 
S-line, 152 
S-polygons, 153-163 
solution of problems, 160 
tables of fiber stress coefficients for 
beams, 166 
variation in fiber stress, 167 
See also under Bending and direct 
stress. 


W 


Walls, concrete, design of, 504 
Washers, in timber construction, 411-415 
Watertown Arsenal tests, formula for 
cast-iron columns, 301 
on wooden columns, 392 
Web of beams, diagonal buckling, 203 
vertical buckling of, 207 
web of plate girders, 247 


INDEX 


Web reinforcement for column footings, 
570 
of concrete beams, 42 
rectangular beams, 437-440 
See also Rectangular beams in 
reinforced concrete work. 
Web splices for plate girders, 345-350 
Web stiffeners for plate girders, 274 
See also under Plate girders. 
West Coast Lumbermen’s Assoc., 357, 
360 
Westergaard, H. M., 62 
Whitney, C. S., 541 
Willson, C. A., on Splices and connec- 
tions for steel members, 320-355 
on Stress and deformation, 3-10 
Wilson, T. R. C., 404, 405 
Wilson, W. M., 205 
Winslow formula for wooden columns, 
388 
Wood screws, 396 
stress-deformation diagram for, 5 
Wooden beams, 356-375 
allowable unit stresses, 356 
bearing at ends of beams, 357 
deflection, 357 
factors, in design of, 356 
girders, 359 
horizontal shear, 357 
joists, 358 
kinds of timber, 357 
lateral support for beams, 358 
quality of timber, 357 
sized and surfaced timbers, 358 
tables and explanations, 360-375 
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Wooden columns, 387-395 
bases for, 394 
built-up columns, 393 
formulas, 388 
ultimate loads, 392 
Wooden girders, 376-387 
built-up, 376 
examples of design, 378-382 
factors in design, 376 
flitch-plate girders, 382 
solid section, 376 
trussed girders, 383-387 
Wooden members, design of, 356-395 
splices and connections for, 396-430 
Work of a force, definition, 9 
Working stress, definition, 9 
stresses in reinforced concrete work, 
435 
unit stresses for structural timber, 597 


Y 


Yield point, 5 
Young, C. R., on Bearing plates and 
bases for beams and girders, 282-286 
Box girders, 232-246 
Column bases,-314-319 
Metallic lintels, 230-232 
Multiple beam girders, 224-230 
Plate girders, 246-282 
Steel beams, 174-224 
Steel tension members, 286-299 
Young’s modulus, 3 


Z 
Z-bars, S-polygona. for, 160, 163 
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